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PREFACE

Many, yet not all, chemical substances consist of molecules. The fact that molecules
have a "structure” is known since the middle of the XIX century. Since then, one of the
principal goals of chemistry is to establish (causal) relations between the chemical and
physical (experimentally observable and measurable) properties of substance and the
structure of the corresponding molecules. Countless results along these lines have been
obtained, and their presentation comprise significant parts of textbooks of organic,
inorganic and physical chemistry, not to mention treatises on theoretical chemistry.

The vast majority of such "chemical rules” are qualitative in nature. A trivial
example: if the molecule possesses a -COOH group then the corresponding chemical
compound (usually, but not always) exhibits an acidic behavior.

A century-long tendency in chemistry is to go a step further and to find
guantitative relations of the same kind. Here, however, one encounters a major problem.
Molecular structure (to simplify: the features expressed by means of structural formulas)
is a non-numerical notion. The measured physico-chemical properties of substances are
quantities that are expressed by numbers (plus units, plus experimental errors). Hence, to
find a relation between molecular structure and any physico-chemical property, one must
somehow transform the information contained in the molecular structure into a number
(or, more generally, into a sequence of numbers). Nobody knows how to make this
transformation or these transformations.

At this moment there is no theory that could serve as a reliable guide for solving
this problem. There have been many many many attempts in this direction. One group of
them uses so-called topological indices. A topological index is a quantity that is somehow
calculated from the molecular graph and for which we believe (or, sometimes, are able to
demonstrate) that it reflects relevant structural features of the underlying molecule. This
book is aimed at giving a reasonably comprehensive survey of the present, fin de siécle,
state-of-the-art of the theory and practice of topological indices.

Some twenty years ago there were a dozen or so topological indices, only few of
them with noteworthy chemical applications. Nowadays, their number increased
enormously. The readers of this book are warned that in Chapter 7 the number of distinct
topological indices will exceed 10,000. An alternative title of our book could be
"Topological Indices - A Jungle Guide". There are two nasty, but inevitable questions: Is
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there any need for topological indices? Is there any real benefit for chemistry (or to
generalize: for mankind) from the usage of topological indices?

Some twenty years ago these authors would certainly offer "yes" as answers, but
would have a hard time to convince the less gullible part of the chemical community.
Nowadays, the answers are still "yes", but their justification is much easier.

The applications of topological indices reached a level when they are directly used
for designing pharmacologically valuable compounds. Let the titles of some recently
published papers speak for themselves: Quantitative Structure-Activity Relationship
Studies on Local Anesthetics [S.P. Gupta, Chem. Rev. 1991, 91, 1109-1119]; Structure-
Activity Study of Antiviral 5- Vinylpyrimidine Nucleoside Analogs Using Wiener's
Topological Index [S. Mendiratta, A. K. Madan, J. Chem. Inf. Comput. Sci. 1994, 34,
867-871]; Structure-Activity Study on Antiulcer Agents Using Wiener's Topological Index
and Molecular Topological Index [A. Goel & A. K. Madan, J. Chem. Inf. Comput. Sci.
1995, 35, 504-509]; Modelling Antileukemic Activity of Carboquinones with
Electrotopological State and Chi Indices [J. D. Gough & L. H. Hall, J. Chem. Inf.
Comput. Sci. 1999, 39, 356-361]. Of all recent successes made by the aid of topological
indices we mention just one. The paper G. Grassy, B. Calas, A. Yasri, R. Lahana, J. Woo,
S. lyer, M. Kaczorek, R. Floc'h, & R.Buelow, Computer Assisted Rational Design of
Immunosuppressive Compounds, [Nature Biotechnol. 1998, 16, 748-752] reports on a
search for peptides possessing immunosuppressive activity. They used 27 structure-
descriptors, of which 12 topological indices. From a combinatorial library of about
280,000 compounds they selected 26 peptides for which high activity was predicted. Five
of them were actually synthesized and tested experimentally. The most potent of these
showed an immunosuppressive activity approximately 100 times higher than the lead
compound.

One may suspect that in pharmaceutical companies many analogous researches have
been (and are currently being) undertaken, with even better results, but - understandably -
are not publicized.

* % %

Returning to topological indices: They, of course, are not the miraculous
philosopher's stone of our times. They are far from other powerful tools of theoretical
chemistry (such as thermodynamics or quantum mechanics). They, however, offer a
meager hope to connect structure with properties, and to do this in a quantitative manner.
They, perhaps, deserve the attention of a limited group of chemists. They, perhaps,
deserve that every chemist should know a bit about them. They, perhaps, deserve to be
mentioned in (undergraduate) courses of organic, physical and pharmacological
chemistry.
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Chapter 1

INTRODUCTION TO MOLECULAR TOPOLOGY

Graph theory applied in the study of molecular structures represents an
interdisciplinary science, called chemica graph theory or molecular topology. By using
tools taken from the graph theory, set theory and statistics it attempts to identify structural
features involved in structure-property activity relationships. The partitioning of a
molecular property and recombining its fragmental values by additive models is one of its
main tasks. Topological characterization of chemical structures allows the classification
of molecules and modeling unknown structures with desired properties.

Before detailing the specific questions of molecular topology, some basic definitions'
in graph theory are needed.

1.1. GRAPHS

A graph, G= G(V, E) isapair of two sets. V = V(G), afinite nonempty set of N
points (i.e. vertices) and E = E(G), the sat of Q unordered pairs of digtinct points of V.
Each pair of points (v, v;) (or smply (i,j) ) isaline(i.e. edge), e, of G if and only if
(i,i))l E(G).Inagraph, N equals the cardinality, V|, of the set V while Q is identical to
|EJ. A graph with N pointsand Q linesiscaled a (N, Q) graph (i.e. agraph of order N and
dimension Q). Two vertices are adjacent if they are joined by an edge. If two distinct
edges are incident with a common vertex then they are adjacent edges. The angle
between edges as well as the edge length are disregarded. The term graph was introduced
by Sylvester.?

Thereis avariety of graphs, some of them being mentioned below.
A directed graph or digraph consists of a finite nonempty set V of points along with a
collection of ordered pairs of distinct points. The elements of E are directed linesor arcs’
In a multigraph two points may be joined by more than one line. Figure 1.1. shows the
three types of graphs above mentioned.
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5 . O—~
Figure 1.1 Graph Digraph Multigraph

A path graph, P, is an unbranched chain. A tree, T, isabranched structure. A
star isaset of vertices joined by a common vertex; it is denoted by Sy, with N' = N-1. A
cycle, C, isachain which starts and ends in one and the same vertex. (Figure 1.2).

~ A 4 O

Figure 1.2. Path Tree Star Cyde

A completegraph, Ky, is the graph with any two vertices adjacent. The number
of edgesin acomplete graph is N(N-1)/2. In Figure 1.3, complete graphswith N=1t0 5

are presented
= A XKW
K Ka Ks

Figure 1.2. Ki K, 3

A bigraph (i.e. bipartite graph) is a graph whose vertex set V can be partitioned
into two disjoint subsets; V. E V, =V; V, C V, = /E such that any edge (i,j) T E(G) joins
V, with \,."* A graph is bipartite if and only if dl its cycles are even.*

If any vertex il V, is adjacent to any vertex j1 \V, then G is a complete bipartite
graph and is symbolized by K.,,, with m=|V;| and n = |V,| A star isacomplete bigraph
Kin. Itisobviousthat K., has mn edges. Figure 1.4 presents some bigraphs.

< R =<

Figure 1.4. Bigraphs Kis Kas Kas
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A rooted graph is agraph in which heteroatoms or carbons with an unshared electron

are specified®® (Figure 1.5).
Ill /k/*
N

Figure 1.5. Rooted graphs

A homeomorph of a graph G is agraph resulted by inserting vertices of degree 2

(Figure 1.6)°

Figure 1.6. Homeomorphs of tetrahedron

A planar graph is a graph which can be drawn in the plane so that any two edges
intersect to each other at most by their endpoints.” The regions defined by a plane graph
are caled faces, F, the unbounded region being the exterior face' (e.g.f, in Figure 1.7).
For any spherical polyhedron with |V| vertices, |E| edges and |F| faces the Euler formula®

is true: V|- |E|+|F| =2. A graph is planar if and only if it has no subgraphs
homeomorphic to Ks or Ks 3 (Kuratowski's theorem) ?

W

Figure 1.7. A planar graph and its faces
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The line graph, L(G), of agraph G, is constructed such that its points represent
lines of G and two points of L(G) are adjacent if the corresponding lines of G are incident
to a common point." Figure 1.8 illustrates this derivative of a graph (see also Sect. 8.2).

Lo

Figure 1.8. A graph and itsline graph

The complementary graph of agraph G = (V, E) isagraph G = (V, E), having the
same st of vertices but joined with edges if and only if they were not present in G. The

degree of each vertex in G equas the difference between the vertex degree in the complete
graph Ky and the corresponding vertex in G.” (Figure 1.9).

5
| A
1/2\3/4 3<‘5/4—2

Figure 1.9. A graph and its complement

A graph G islabded, G(Lb), when its points are digtinguished (e.g. by their numbers)
from those of the corresponding abstract graph. *° There exists N! possibilities of numbering
agraph of order N, G(Lb); i = 1,2,...N!

Two graphs G=(V, E) and G;=(V;, E,) are isomorphic (written G @G,) if there
exigts afunction f : V——V; which obeys the conditions”***?

(1) f isabijection (one-to-one and onto)

(2) for al verticesi,ji V; (ij)l E« (f(i), f()I E.
Thefunction f is called an isomorphism.
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If f isthe permutation operation, then there exists a permutation for which G(Lb)
and G, (Lb) coincide (see Figure 1.10 - see also Sect. 8.1).

12 6 9 2/l\\4
/ ¢ s
44_8/_\10 %7/

Figure 1.10. Two isomorphic graphs

A subgraph of agraph G isagraph G, = (Vy, Ey) havingV, 1 Vand E; 1 E
(Figure 1.11.).

Figure 1.11. A graph and one of its subgraphs

A spanning subgraphis a subgraph G; = (V, E;) containing all the vertices of G
but E; I E (Figure 1.12)).

R

Figure 1.12. A graph and some of its spanning subgraphs
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1.2. WALKS

A walk isafinitestring, win = (M)1£ien, Vi1 V(G ) such that any pair (vi.q, v;) T
E(G), i=2...,n. Revisiting of vertices and edges is allowed."*** Thewalk is closed if v,
= v, and is open otherwise. When closed, it is also called sef-returning walk. The set of

all walksin G isdenoted by W(G) . Thelength of awak wyn = (V))1£i £n equalsthe
number of occurrences of edgesin it.

The concept of walk is very extended. If no other conditions are imposed, the
walk is called arandomwalk. Additional conditions specify various kinds of walk.***

A trail (i.e. Eulerian walk) isawalk having al its edges distinct. Revisiting of
verticesis allowed.

A path (i.e. sdf-avoiding walk) is afinite string, pin = Viigien, V1 V(G) such
that any pair (vi.1, ) T E(G), i=2....,n and i v;, (Vi-y, Vi) * (v, vj) forany 1£i < j£n.
Revisiting of vertices and edges, as well as branching is prohibited. The set of all paths in
G isdenoted by P(G).

A graph is connected if every pair of verticesisjoined by a path. A maximal
connected subgraph of G is caled a component. A disconnected graph has at least two
components.*

A terminal path, t py,= (V)igign, Vil MG), isthepath involvingawak w
= V1, V2,...,Vn, Vk, that isno moreapath in G, for any viJ V(G) such that (v, i) 1 E.

A closed path isacycdle (i.e. circuit). The girth of agraph, g(G), is the length of a
shortest cycle (if any) in G. Thecircumference, ¢(G) is the length of alongest cycle! A
cycleis both a sdlf-returning and a self -avoiding walk. A n-membered cycle includesn
termind pathsin it.

A path is Hamiltonian if n = | V| . In other words, a Hamiltonian path visits once
al the verticesin G. If such apath is aclosed one, then it is a Hamiltonian circuit. Figure
1.13 illustrates each type of the above discussed walks.

O Co O Q0 OOl

Figure 1.13. Closedwak path trail cycle Hamiltonian Hamiltonian
path circuit

The distance, d;;, between two verticesv; and v is the length of a shortest path joining
them, if any : di; = min I(p;;); otherwised;; = ¥. A shortest path is often called a geodesic.
The eccentricity of avertex i, ecc;, in a connected graph is the maximum distance
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between i and any vertex j of G: ecci = max d;. The radius of a graph, r(G), is the
minimum eccentricity among all vertices i in G: r(G) = min ecG = min max d;.
Conversely, the diameter of agraph, d(G), is the maximum eccentricity in G: d(G) = max
ecc = max max d; . The set of all distances (i.e. geodesics) in G is denoted by D(G).

The detour, djj, between two vertices v; and v, is the length of a longest path
joining these vertices, if any : djj = max I( pjj); otherwisedjj = ¥. The set of all detours
(i.e. longest paths) in G is denoted by D(G).

In aconnected graph, the distance and the detour are metrics, that is, for dl
vertices v;, vj and v,

1. m;3 O, withm; =0if and only if v; = v
2.m;j = m;
3. mj + mk 3 mk

When I(pjj) is expressed in number of edges, the distance is called topological

distance; when it is measured in meters or submultiples.(nm, pm) it is a metric distance
Table 1.1 illustrates the two types of distances.

Table 1.1. Topological and Metric Distances

Chemical Topological Metric Distance
Compound Distance (pm)
CHs- CH, 1 154
CH, = CH, 1 134
CH° CH 1 121

An invariant of a graph is a graph theoretical property, which is preserved by
isomorphism.* In other words, it remains unchanged, irrespective of the numbering or
pictorial representation of G.

The degree, deg Vv, (i.e. valency, sometimes denoted by k ord ) of avertex v, in G
is the number of edges incident in v;." Since any edge has two endpoints, it contributes

twice to the sum of degrees of vertices in G, such that é i degv, = 2Q, aresult which

was the first theorem of graph theory (Euler, 1736)." In a(N, Q) graph, 0 £ deg v; £ N-1,
for any vertex v;. If al vertices have the same degree, k, the graph is called k-regular;
otherwise it is irregular (Figure 1.14). The 4regular graph in Figure 1.14 is both an
Eulerian and Hamiltonian graph.
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Figure 1.14. A regular and an irregular graph

1.3. CHEMICAL GRAPHS

A chemical graph isamode of achemical system, used to characterize the

interactions among its components. atoms, bonds, groups of atoms or molecules. A
structural formula of a chemical compound can be represented by a molecular graph, its

vertices being atoms and edges corresponding to covalent bonds.
Usually hydrogen atoms are not depicted in which case we speak of hydrogen

depleted molecular graphs. (Figure 1.15).

Figure 1.15. A molecular graph and its hydrogen depleted representation

The heavy atoms different from carbon (i.e. heteroatoms) can be represented, as
shown in Figure 1.5. Similarly, a transform of a molecule (e.g. a chemical reaction) can
be visualized by areaction graph, whose vertices are chemical species and edges reaction

pathways. Within this book, only molecular graphs are considered.
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Chapter 2

TOPOLOGICAL MATRICES

A molecular graph can be represented by: a sequence of numbers, a polynomial, a
single number or a matrix." These representations are aimed 1 be unique, for a given
structure. Topological matrices can be accepted as a rational basis for designing

topological indices? The main types of matrix descriptors are listed and illustrated in the
following.

2.1. ADJACENCY MATRIX

Since early 1874, Sylvester® has associated to an organic molecule amatrix A(G).
Thisis a square table, of dimensions NxN, whose entries are defined as:

A I it ad ()T E@) -
[ ]”'%o it  i=j o (i,j)i E@©) @1

A(G) characterizes a graph up to isomorphism. It allows the reconstruction of
the graph. A(G) is symmetric vs. its main diagonal, so that the transpose A'(G) leaves
A(G) unchanged:

AT(G)=A(G) (2.2)

Figure 2.1 illustrates the adjacency matrix for the graph G, and its powers, A®,
till @ = 3. Note that the entries [A° ];; represent walks of length e, “w, * whereas the

diagonal entries, [A°];; count self returning walks (or closed walks), ®srw. The sum of the
i-throw, RS, or of the i-th columns, CS of the entriesin A® equals the number of walks (of

length e) starting from the vertex i. It is caled the walk degree, “w;; for e= 1, one retrieves
the classical vertex degree, degi = 'wi.
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A 1V\4=degi A 2W. A3 3VV|
1/{0001 1 1110 3 0113 5
20011 2 1211 5 1234 10
310101 2 1121 5 1324 10
411110 3 0113 5 3442 13

Figure 2.1. Adjacency matrices for the graph G;;.

If multibonds are taken into account, a variant of A(G) , denoted C(G), (the
connectivity matrix) can be written:

i b if it and (i, )1 E(G)

) it i=j or ()i E(G) 23

[Cljj =

where bjj is the conventional bond order: 1; 2; 3; 1.5 for simple, double, triple and
aromatic bonds, respectively.
In its general form, the walk degree, can be defined as:.

®wi =8 [C°); (24)
i

The raising at a power e, of a square matrix, can be euded by applying the
agorithm of Diudea, Topan and Graovac.® It evaluates a (topological) property of a vertex
i, by iterative summation of the first neighbors contributions. The algorithm, called “W,, ,
is defined as:

M +eW =W, (25)

[T Wnli =& (MI;[*Wn 1) "Wl =1 (26)
J

[$T W Tij =[*Wp Iij =IM]j; 27)

where M is any square matrix and ®W is the diagonal matrix of walk degrees. The
diagona elements, [*W\]ii equal the RS of M €, or in other words, they are walk degrees,
Swi,i (weighted by the property collected by M):°
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[*WmJi = & [M °Tjj = *w; (28)
J

The half sum of the local invariants Swy , in a graph, defines a global invariant,
cdled the walk number Wy :

1
Wy =Wy (G) :Eé CW.i (29

When M = A; C, the quantity %Wy (or simply W) represents the so called
molecular walk count® when M = D, (i.e., the distance matrix - see below) then Wiy
equals the Wiener number of rank e (see Chap. Topologica Indices).

The sum of diagonal eements in a square matrix is called trace, Tr(M ©):

(M) =4 [M*®; (2.10)

The haf sum of diagona eements offers a global invariant, *SRWy  (Salf
Returning Walk number):

SRW,, :%é [M®].. =MOM(M ) 2.11)
i

which equals the moment of order e of the matrix M, MOM(M ®). When M = A, the

elements [A®]ii count both sdif returning walks and circuits of length e. MOM(A®) is
related to the spectral properties of molecular graphs €.g., the energy of molecular
orbitals).”

Figure 2.2 illustrates the graphical evaluation of “w; and W numbers, by using
weighted graphs G{ wi} .

Ga2("W) G23(W)

€ ‘W ‘w
3 2 3 2

1 27 N2 1 5 X3 1 5
6 3 7 4

2 62 N5~ \2 11 37 X8~ \2 12
17 7 19 10

3 122 N9~ N3 24 77 X187 4 29

Figure 2.2. Graphica evauation of ®w; and "W e = 1-3.
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For indicating the edge adjacency, the EA matrix is used. The edge adjacency can

be obtained from the line graph, L(G) (see Sect. 8.2). When a relation between vertices
and edges is needed, the incidency matrix, VEA, can be constructed (Figure 2.3).*®

2
4_L 5 7 Gos

EA(G,4) VEA(G,4)
12 13 14 15 56 67 78 12 13 14 15 56 67 78
2 0 1 1 1 0 0 O 111 1 11 0 0 O
13/ 1 0 1 1 0 0 O 211 0 0 0O O O O
141 1 1 0 1 0 O O 3]0 1 00 O O O
51 1 1 0 1 0 O 4]0 0 1. 0 0 0 O
5% 0 0 0 1 0 1 O 510 0 01 1 0 O
6/ 0O 0O 0 0 1 O 1 6/ 0 0 00O 1 1 O
781 0 0 0O O 0 1 O 710 0 00 O 1 1
8 0 0 0O O 0 1
Figure 2.3. MatricesEA and VEA for the graph G, 4
2.2. LAPLACIAN MATRIX
The Laplacian matrix is defined as**
La(G) = DEG(G) - A(G) (212

where DEG isthe diagona matrix of vertex degrees and A is the adjacency matrix.
In multigraphs, A is changed by C (connectivity) matrix. For the graph Gs (3-methyl-
heptan), the Laplacian is shown in Figure 2.4.
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163 -1 -1 -1 0 0 0y
2612 -10 0 0 Oy
2 5 A v
331 -1 2 0 0 0 o0
_,€ a
\ Jl 6 LaG,)=4g1 0 0 4 -1 -1 -1
- 560 0 O 1 0 odu
e u
J; 660 0 0 -1 0 1 Oy
Gzs 70 0 0 -1 0 O 1l
Spectrum of elgenvalues:
|1 |2 |3 |4 |5 |6 I7

0 03983 10000 10000 3.0000 3.3399 5.2618
t(Gzs) =3; Q(Ges) =7

Figure 2.4. The Laplacian matrix of the graph Ggs.

The Laplacian matrix is also referred to as the Kirchhoff matrix.*>*>*® It isinvolved in the
matrix-tree theorem.'” Thus, the number of spanning trees, {G), in a cycde-containing
structure, is given by:

t(G) = valet ([Lal;) ¥ (2.13)

where [La]jj; is a submatrix of La, from which the row i and column j were
deleted. The number t(G) can aso be caculated from the spectrum of eigenvalues, | i, of
the Laplacian, by relation *

N
t(G) =W/ NYO I ; (2.14)
i=2

The Laplacian spectrum can be used for calculating the Wiener number® ** and
represents a source of other graph invariants (see Chap. Wiener- Type Indices). For
example, the number of edges, Q, in agraph can be caculated by**

I, =@/ 2)Tr(La) (2.15)

Qo=

_1
Q—2i

2
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2.3 DISTANCE MATRIX

Distance Matrix D(G), was introduced in 1969 by Harary.* It is a square
symmetric table, of dimension NxN, whose entries are defined as:

[D]ij_‘lNe,(i,j):(i,J')T D(G), if it ]

- 216
1o if i=j (216)

where Ne,ij = dij, the topological distance between i and j. The matrix D, (denoted
hereafter D, by reasons that will become clear in the following), for the graph Gae. is
illustrated in Figure 2.5. The RS (De); denotes the distance from the vertex i toal N -1
verticesin graph.

4 6
1~ N3~ N5~ Gos

De (G26):

1234567 38|R
1101234523 ]|2
211012341214
3/121012321|12
4132101232| 14
514321014 3| 18
6| 54321054)| 24
712 1234503| 2
8132123430 18

Figure 2.5. Distance matrix for the graph Gz

D. matrix can be built up by calculating the boolean powers A% e [1, d(G)],
where A = | + A, with | being the unity matrix and d(G) the diameter of graph. The
procedureisillustrated for the graph G,,4 in Figure 2.6.
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A'(Gza)
123456738

De (Gz4)
123456738

OCOO0OOOO -
OCOO0OOO -
cNoNoNall_ o N Nl
OO0 d100
O O0OH1000O0
1O 100000
A1 000000

A A 1000

A NM<T WO OO

<STLOLLWOL®MAN-AO
MNMITITITANAO
NOMOOM—AO N
A NANNOANM
A ANNONMSSL
A NONNMS L
SO ANNNMIT LW

OcddddNM<

A NM<T WO O~

A’(Ga)
1 2 3 4 5 6 7 8

A*(Gza)
12345678

O OOO -
1O OO
(el B B B |
el e R e B
—TdTAddddd OO
A1 OO
A OO

A A A O

A NM<ILO O~

O OO
O OOO -
O OO
A A O
A1 O OO
A" dd O OO0
A O OO

A1 OO

A NM<T WO O~

A%(Gos)
1 2 3 45 6 7 8

A%(Gza)
123456738

Ll e Rl e B I B |

L B B B B B B

L I e B B I |

L B e B B I |

e e e B B B |

S B B e B B B |

R R B e |

L B B B B B B

S NMITLO O~

1O OO
Sl B B B B B |
S e B B B B B B |
e e B B B |
A A A O
A O
TdTAddddddO

S B B e B B B |

A NMITLO O~

Figure 2.6. The construction of De (G,4) by using boolean powers, A® for G,..

The entries [DJ; are defined by:

(2.17)

d©G)

12 .

[Dlij=e:[A%;t [A*y; e
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By applying the ®Wy algorithm (egs 2.5-2.7) on De results in ®*Wpe numbers,
which are Wiener numbers of rank e*® (see Chap. Topological Indices). The diagonal

entries in the matrix (D.)° represent degrees of the self returning walks, ®srwp ; , weighted
by distance.

Figure 2.7 illustrates the graphical evaluation of ®wp; quantities, by using the

weighted graph G{®Wb,; }. Note that the matrix D, can be considered as the connectivity
matrix of a complete graph, Ky (having the same number, N, of vertices as the initia

graph) with the weight (i.e., multiplicity) of edges equaling the distance dij;.

o o -t
Gu7 Ks{ Wb, = 1} Ks{ "wo, } Ks{ “Wb, }

"W, =20 AW\, = 167

Figure 2.7. Graphical evaluation of the numbers Swp; and "W .

2.4. DETOUR MATRIX

In cycle-containing graphs, when the shortest path (i.e., geodesic) is replaced by the
longest path between two vertices i and j, the maximum path matrix, or the detour matrix,
D. can be constructed'**

i Neg,jy: ()T 2(G), if it

[De]”:}o it i=j

(2.18)

Figure 2.8. illugtrates this matrix for 1-Ethyl-2-methyl-cyclopropane, G2 s.
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1

|

i \ 5 Gos
4___ 5~

De (Gzs) D-D(Gzg)

1 2 3 4 5 6 1 2 3 4 5 6
110 1 3 3 4 5 1{0 1 3 3 4 5
211 0 2 2 3 4 211 0 2 2 3 4
313 2 0 2 3 4 312 1 0 2 3 4
413 2 2 0 1 2 412 1 1 0 1 2
514 3 3 1 0 1 513 2 2 1 0 1
6|5 4 4 2 1 O 6|4 3 3 2 1 O

Figure 2.8. Detour, De, and detour-distance, D-D, matrices for the graph Gog.

The two types of paths, the shortest and the largest ones, can be combined in one
and the same square matrix, D-D, (originaly caled Maximum minimum Path, MmP,”
whose entries are defined as:

1 Neg,jys ()T D(G), if i<]
I 1 H T - . .

[D-DJij = i Neg,j); (@i,i)1 D(G), if i>] (2.19)
10 i Q=]

It is easily seen that the upper triangle is identical to that in the matrix De while the
lower triangle coincides to that in the De matrix.

2.5. 3D - DISTANCE MATRICES

When one considers the genuine distances between atoms (.e., the distances
measured through space), one obtains the geometric matrix, G.*** * When the distances
refers to the vertices of a graph embedded on a graphite or a diamond lattice, we speak of
topographic matrix, T.? It is exemplified in Figure 2.9, for cis- (G294 ) and trans-
butadiene (G2.9 p).
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Gog a Gogb
T (G29a) T (G 29b)
€0 1 /3 2u €0 1 3 47U
e u e u
gl 0 1 Jég gl 0 1 3y
gﬁ 1 0 13 gﬁ 1 0 13
82 43 1 04 &7 3 1 0¢
D/D (G29a) D/D (G29b)
€0 1 43/2 23U €0 1 43/2 2/3U
e u e u
gl 0 1 «/5/2@ gl 0 1 Jﬁlzg
2/5/2 1 o 14 g/é/z 1 o 14
62/3 312 1 0§ 82/3 312 1 0§

Figure 2.9. (3D) - Distance matrices

Distance / Distance matrix,** D / D, (also denoted Distance-Distance matrix)
reports ratios of the geometric distance (i.e., measured through space, for a graph

embedded in a 2D or a 3D grid) to graph distances (i.e, measured through bonds). It is
aso exemplified in Figure 2.9.
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2.6. COMBINATORIAL MATRICES

Recently, two path-defined matrices have been proposed: the distance-path,'® Dy,
and the detour-path,”® Dy (see also™®) whose elements are combinatorially calculated from
the classical distance (i.e., distance-edge), De and detour (i.e, detour-edge), De matrices

_INpGji6.0)1 D), if it ]

[Dpljj =0 i =] (2.20)
~_INpGpi (DT 2(G), if it
[? plij _%O it iz (2.21)

Me ij +1O
Np . =§é ]21 §={([M<=Ju)2+[l\/le]u }2, Mm=D;D (2.22)

Np,i represents the number of all internal paths® of length 1£| g £|@, j)| included in
the path (i,j).

4 6 N,
1~ N3~ 5~ 9~
!3 Gz S~ L e G210
Dp Dp

1 2 3 4 5 6 7 8]|RS 1 2 3 4 5 6 7 8 9 10
1{0 1 3 6 10 15 3 6|44 110 1521 6 10 15 21 28 28 1
211 0 1 3 6 10 1 3|25 2115 0 15 10 6 10 15 21 21 21
3/3 1 0 1 3 6 3 1]|18 3(21 15 0 15 21 15 21 28 28 28
416 3 1 0 1 3 6 3|23 416 1015 0 15 10 15 21 21 10
5/10 6 3 1 0 1 10 6|37 5(10 6 21 15 0 15 21 28 28 15
615 10 6 3 1 0 15 10|60 6|15 10 15 10 15 0 15 21 21 21
713 1 3 6 10 15 0 6|4 7121 1521 15 2115 0 1 1 28
86 3 1 3 6 10 6 0|35 8(28 21 28 21 2821 1 O 3 36
9(28 21 2821 28 21 1 3 0O 36

101 21 28 10 15 21 28 36 36 O

Figure 2.10. Combinatorial matrices
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Matrices Dp and Dy, dlow the direct calculation of the hyper-Wiener, VW, and
hyper -detour , ww, indices, respectively. (see Chap. Topological Indices). Matrix Dp, like
De, alows the immediate reconstruction of the original graph: entries[1] give A matrix.

2.7. WIENER MATRICES

Randic proposed a square matrix, denominated Wiener matrix,®*° W, and
exploited it as a source of structural invariants, useful in QSPR/QSAR. For trees, the non-
diagonal entries in such amatrix are defined as:

[Weplij = Niep Nigp (2.23)

where N and N; denote the number of vertices lying on the two sides of the edge/path, e/p
(having i and j as endpoints). The diagonal entries are zero.

Eqg. 2.23 defines just the edge/path contributions to a globa index: it is the
Wiener number,*° W, when defined on edge, (i.e., (i,j)i E(G)) and hyper-Wiener number>**
VWW, when defined on path (i.e., (i,j )] P(G)) - see Chap. Topologica Indices).

Wiener matrices are illustrated in Figure 2.10, for the graph G,10. W, is an
adjacency matrix weighted by the number of external paths which include a given edge, e.
Note that any topological index defined on edge, can be written as a weighted adjacency
matrix.

W, dlows the reconstruction of the original graph according to the Randic
conjecture” "take asinglelinein W, at once. Identify the largest entry [W,];; in that line
and replace it by 1. After the completion of all lines, make the matrix symmetric. Thus
results in the matrix A, from which the reconstruction is trivia®.

7

4 6
1~ N3~ N5~ Gy

b

We W,

1 2 3 45 6 7 8|RS 1 2 3 45 6 7 8|RS
10 7 0 0 0 0 0 0]7 110 7 5 3 2 1 1 1|2
2|7 0150 0 0 7 0 2017 015 9 6 3 7 3|0
3o 150 15 0 0 0 7|37 35 15 0 1510 5 5 7|62
40 0 15 0 12 0 0 0|2 43 9 15 0 12 6 3 3|5
5/0 0 012 0 7 0 0]19 52 6 10 2 0 7 2 2|4
6|0 0 0 0 7 0 0 0f7 61 3 5 6 7 0 1 1|
7/0 7 0 0 0o 0 0 0f7 771 7 5 3 2 1 0 1|2
glo o0 7 00 0 0 0]7 81 3 7 3 2 1 1 0|18

Figure 2.11. Wiener matrices for the graph G,
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2.8. SZEGED MATRICES

Since the Wiener matrix is not defined in cyclic structures, (see eq 2.23)
Gutmar™ has changed the meaning of N; and N, asfollows:

Nep = YAV V(G); dy <dy} % (2.24)
Nep = AVA V(G); dyy <di}% (2.25)

Thus, ni ¢, and n; ¢, denote the cardinality of the sets of vertices lying closer to i
andto j; vertices equidistantto i and j are not counted. These quantities are the ground for
the novel invariant, called the Szeged index™*® (see Chap. 5).

Consequently, eq 2.23 can be re-written as:

[SZDeplij = Niep Njep (2.26)
where [SZD¢plij are the non-diagonal entries in the new matrices, caled the Szeged-
Distance matrices,*® edge-defined (i.e., (i,j ) E (G)), SZD., or path-defined, (i.e., (i,j )1
P(G)), &D,. The diagona entries in these matrices are zero. Figure 2.12 illustrates the
Szeged-Distance matrices for Gy (acyclic) and G212 (cyclic).

7

8___7
4 6 2/ \ 6
11— N3/ 55— 1 W 5~
J3 Gos N Gor
SZDe(GZ.G) SZDe(GZ.lz)

1 2 3 4 5 6 7 8]|RS 1 2 3 4 5 6 7 8
1{0 7 0 O O O O oOf <7 1{0 7 0 O O O O O
217 0 15 0 0 O 7 O] 29 217 0 12 0 O O 0 6
3/0 15 0 15 0 0 O 7|37 3(0 12 0 12 0 O O O
4({0 0 15 0 12 0 0O O] 27 410 0 12 0 12 0 8 O
50 0 0 12 0 7 O O] 19 5/]0 0 0 12 0 7 O O
60 0 O O 7 0O O 0] 7 6(0 0 O O 7 O O O
710 7 0 O O O O O] 7 710 0 0O 8 0O O O 12
80 0 7 O O O O O] 7 8|0 6 0 O O O 12 O

SZDp(Gz_g) SZDp(GZ.lZ)

1 2 3 4 5 6 7 8 RS 1 2 3 4 5 6 7 8
110 7 5 15 9 15 1 15| 67 110 7 5 10 12 12 10 5
2|17 0 15 9 15 10 7 3 66 27 0 12 8 12 10 12 6
3|5 15 0 15 10 12 5 7 69 35 12 0 12 8 12 6 8
4 115 9 15 0 12 6 15 3 75 4110 8 12 0 12 6 8 12
519 15 10 12 0 7 9 15]| 87 512 12 8 12 0 7 8 12
6 |15 10 12 6 7 O 15 10| 85 6 (12 10 12 6 7 O 12 10
711 7 5 15 9 15 0 15| 67 7110 12 6 8 8 12 0 12
8 [15 3 7 3 15 10 15 O 68 8|5 6 8 12 12 10 12 O

Figure 2.12. Szeged-distance matrice
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Usually, a path (,j) is characterized by its endpoints i and j, namely, by their
associated numbers. In Wiener matrices a path is characterized by the numbers N; and N,
(see above). Now, let renounce to the characterization of j and build up a square matrix
whose entries ook at a single endpoint, i. According to this principle, referred to as the
principle of unsymmetric characterization of a path,***' a new matrix, called the
unsymmetric Szeged matrix, USZ , was constructed. The entries [UM];, M = SZD
(Szeged-Distance - eq 2.28) and SZD (Szeged-Detour - eq 2.29), are defined as.

[UMITij =ni i) (2.27)
nG) :| {v|vT V(G);dy, <d}, }| (2.28)
i, ) :‘ {V|VT V(G); djy < djv } ‘ (229

The diagonal entries in these matrices are zero. Note that the symbol nj ¢ j) recall
the path (i,j) but the quantity gven by eq 2.28 isidentica to njgp ,€q 2.24. Figure 2.13
illustrates the unsymmetric Szeged matrices for the graph Go.13

6/[\2

Goi3
\4/\8
USZD(Gz13) USZXG2.13)
1 2 3 45 6 7 8 1 2 3 45 6 7 8
110 4 3 4 2 5 5 5 110 6 2 6 2 7 7 6
23032;1334 2|2 03 2 2 333
4 4 4 4 7 3|2 5052777
FEREEEES
5|2 6 26 07 7 6
6|3 2 4 2301 4 6l1 111101 1
7173 2 4 2 3 1 0 4 711111110 1
831 1 132 20 sl2 2122220

Figure 2.13. Unsymmetric Szeged matrices for the graph Gy 13
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These matrices can be symmetrized by the procedure

SMp = UM - (UM)" (2.30)
SMe = Mp- A (2.31)

where A is the adjacency matrix. The symbol - indicates the Hadamard (pairwise) matrix
product” (i.e, [Ma - Myplij = Malij [Mp]ij ). For the symmetric matrices, the letter Sis
usually missing.

Two indices are calculated™ > * on the Szeged matrices, M, M = SZD; SZD

[o]

IEM)=Q [M]j =IE2UM) =@ [UM]; [UM] (232)

IP(M)=3 M pljj =IP2UM) =g [UM];[UM]; (233

where summation goes over al edges, e, (resulting an index) and over al paths, p,
(resulting a hyper-index)*® respectively. The symbol varies by the operator used and by
the type of matrix: symmetric or unsymmetric (see Sect. 6.1). It is obvious that (M} =
[2(UM). Note that |E(SZD) means the classical Szeged index, symbolized Sz by Gutman.

2.9. PATH MATRIX P

Randic** defined the entries in the P matrix as the quotient between the number of
paths P' in a subgraph, G' = G-(i), (resulted by cutting the edge (i,j) from the graph G),
to the number of paths Pin G

APy /P if it oand (i,])T E(G)

o (2.34)
70 if i=j or (i,))] E(G)

When the subgraph G - (i,j) is disconnected, then the contributions for each
component are added. This matrix is illustrated in Figure 2.14. The index calculated on
this matrix is caled the P'/P index. By a similar procedure, Randic et a.* defined the
graphical bond order related to a certain graph invariant (see Chap. Topological Indices).
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Figure 2.14. Path matrix for the graph Gp.14

2.10. HosoYA MATRIX

4
5/ \3
L - — B\l Go14
\1 /
P(G2.14)
1 2 3 4 5 6 7 8
1 0 55/95 0 0 0 55/95 0 0
2 55/95 0 50/95 0 0 0 0 53/95
3 0 50/95 0 52/95 0 0 0 0
4 0 0 52/95 0 52/95 0 0 0
5 0 0 0 52/95 0 50/95 0 0
6 | 55/95 0 0 0 50/95 0 53/95 0
7 0 0 0 0 0 53/95 0 54/95
8 0 53/95 0 0 0 0 54/95 0

Randic* introduced the Hosoya matrix by an analogue cutting procedure. He
calculated the Hosoya number,*” Z, on the spanning subgraph G - (i) of atree

[Z];j

_1Z(G- (,0); (, )T PG) if it ]
“lo ifi=j

(2.35)

The Z number counts the modes of selecting k edges in a graph such that they are
non-adjacent to each other (i.e, the number of k-matching of G - see Chap. Topologica
Indices). The matrix isillustrated in Figure 2.5 for the graph Gy 1s.
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Z (G2.15)
1 2 3 4 5 6 7
110 11 8 6 4 7 4
6 7 2 |11 0 12 9 6 11 6
£ 3|8 120 128 8 8
4 16 9 12 0 11 6 11
17 N3 N5 54 6 8 110 4 7
6 |7 17 8 6 4 0 4
Gois 714 6 8 11 7 4 0
((F)) G-(i)) Non-adjacent two edge selections (k = 2) Z(G-(i)))
23) 6 7 ) ) J\ 1(0)+5(1)+6(2)=12
1~ 3~ N5 o
)\\\/\ )\\\/k
24 6 7 ) ) k 1(0)+4(2)+4(2)=9
1~ 3 N5 TN it
)‘\\,/”\ )‘\/”k
(25) 6 7 ) ) I 1(0)+3(1)+2(2)=6

Figure 2.15. Construction of Hosoya matrix, Z, for the graph G, 15

The Z matrix and the path numbers, calculated on it, were further generalized for

cycle-containing graphs as well as for edge-weighted molecular graphs.

48,49
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2.11. CLUJ MATRICES

2.11.1. CJ Matrices

The unsymmetric Cluj matrix, UCJ , has been recently proposed by Diudea®
#4350 1t js defined by using dither the distance or the detour concept: The non-diagonal
entries, [UM]jj , M = CJD (Cluj-Distance) or CJD (Cluj-Detour), are defined as.

[UM]; = kgazf"[vi,j,pd (2.36)

Vi p, =l M V@)dy, <divi Gn N pe =0k

(2.37)
k] D(G) or DG)}: h k=12,...

where |Vi,j,pk | isthe cardinality of the set v, e which is taken as the maximum over

al paths px = (i,j)x - D(G) and D(G) are the sets of distances (.e., geodesics) and
detours (i.e., elongations), respectively .

The set Vi j.pi consists of vertices v lying closer to the vertex i (condition diy <
djv). This variant of Cluj matrices is caled™ at least one path external to the path (i),
since at least one of the paths (v,i)n must be external with respect o the path (,j)x :
(i,v)h N pk ={i} . In cycle-containing structures, more than one path (i,j )x May exist, thus
supplying various sets Vi ik - By definition, the (i,j)-entry in the Cluj matrices is taken

as max ||Vi' i K | |. The diagona entries are zero. For paths (i,v), no other restriction is

imposed. The above definitions hold for any connected graph. The Cluj matrices are
square arrays, of dimension NxN, usually unsymmetric (excepting some symmetric
regular graphs). They can be symmetrized cf. egs 2.30 and 2.31. Figure 2.16 illustrates
these matrices for the graphs G5 and G2 16.
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;
1 9
4 6 2~ 10~ N8
1~ N3~ N5~ g
13 Gz N4 N6 Gy

UCJID(G,p) UCJID( G..6)
1 2 3 4 5 6 7 8|R3(W, 1 2 3 4 56 7 8 9 10
1 [0 1 11 1 11 1 7 1lo 11 2 211 2 1 1
2 |7 o 33 3 3 7 3| 2 2|1 0 1 1 2 2 2 3 3 1
3 |5 5 05 5 55 7| 37 3|1 1 0 11 3 3 2 2 2
4 |3 3 3 06 6 3 3| 27 412 11 0 1 1 2 1 1 2
5 |2 2 2 2 0 7 2 2| 19 5|2 2 1.1 0 1 1 2 2 3
6 |1 1 11 1 0 1 1 7 6|1 1 2 1 1 0 1 1 2 2
7 |11 11 1 10 1 7 72 2 3 3 110 1 1 2
8 |1 1 11 1 11 0 7 83 3 2 2 2 1 1 0 1 1
CS(Dy|20 14 12 14 18 24 20 18 9|1 2 1 1 2 2 1 1 0 1
0[{1 1 2 2 3 2 2 1 10

Figure 2.16. Unsymmetric Cluj matrices for the graphs G, and G, 1.

It is obvious that, in trees, UCJD isidentical to UCJD, due to the uniqueness of
the path joining a pair of vertices (i, ).
In trees, UCJD matrix shows an interesting property:

RS(UCJD) = RS(W,) (2.38)
CS(UCJD) =CS(Dy) (2.39)
Thus, UCJD contains some information included in both W, and D, matrices. The half

sum of entries in al the three matrices equa the Wiener index (see Chap. Topological
Indices):

IPUCID) = (/24 [UCIDI; =W 2Q,; & [Welj <V 2)&; & [Delij =W
(2.40)
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Note that the operator IP(M), (meaning the haf sum of entries in a square
matrix), aswell as IE2(M) and IP2(M) (see egs 2.32 and 2.33) may be calculated both
for symmetric and unsymmetric matrices. When the last two operators are calculated on a
symmetric matrix, the terms of sum represent squared entries in that matrix. This is the
reason for the number 2 in the symbol of these operators. Only in trees, and only for Cluj
distance indices,

IE2(UM) = IP(UM) (2.41)

2.11.2. CF Matrices

It happens that v, ™ be sets of disconnected vertices. This fact is undesirable

when molecular graphs (which are always connected graphs) are investigated. If V, ™
real (connected) chemica fragments are wanted, the Cluj fragmental matrices” are
defined. In this version, the sets v, ip A€ defined as

Vijp =MVT V(Gp): Gy =G+ pii diy(Gy) <du(Gp): Pk D(G) or DG} (242)

where d;\(Gp) and dj(Gp) are the topological distances between a vertex v and vertices i
and j, respectively, in the spanning subgraph Gp resulted by cutting the path px = (i,j)x
(except its endpoints) from G.

The set Vi j.pi consists now of vertices lying closer to the vertex i in G,. This

version is called® all paths external to thepath (i j)x , by reason that al paths (i,v)n, h =
1,2,... (see eq 2.37) areexternal with respect to py, since the last path was aready cut off.
The diagonal entries are zero.

When px T D(G), then Cluj Fragmental Distance matrix, CFD, is defined; in
case px I D(G) , the matrix is Cluj Fragmental Detour, CFD. The entries [UM lij M=
CFD; CFD represent connected subgraphs, both in Gp and G.
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Theorem 2.1.

Forany i, j T MG), and for any path joining i and j, p;; T Py;(G), the Clyj
Fragment, CFi (Gp) ° v, i.Pi (cf. eq. 2.42) , isafragment (i.e., connected subgraph).

Demonstration:

Let vi CFi(Gp), involving diy(Gp) <dj\(Gp) (Szeged-Clyj criterion). It follows
that diy is finite and a shortest path joining i and v, piy T Pi(Gp) may exist (for smplicity
Gp is heresfter missing).

For any vertex k lying on that path, k T piv, we have to prove that di < di and
(cf. criterion) k T CF; and CF; is connected.

Fromk T piy, it follows that there exists a path joining k and i, pik] P, such that
pik [ pivand apath joining k and v, pi 1 P With piv I piv. 1t is immediate that piy = pik
E pw. Since piv is a geodesic it follows that it is a sum of geodesics. Thus, we can write
diy = dik + dky.

Case 1. djy isfinite (Gp is connected). There exists a path pjy, which is the shortest
path joining v and j such that dj, £ djx + dw (d isametric) and, from hypothess,

dik + dw = div<dy £ dix + dv 248
following that dix < djk, kT CF;and CF; is connected.

Case 2: djy isinfinite (Gp is disconnected). There is no path pjy, tojoin j and v.
The following relations hold

dik = diy-diy< ¥ - diw<¥ (2.44)
dik 3 diy-Oi 3 ¥ - diw=¥ (2.45)

It isimmediate that dix <djk, kT CFj and CF; is connected.

The Cluj matrices, UCJDp, UCFDp, UCJD, and UCFD ,, for the graph G,.17 are
illustrated in Figure 2.17 along with the corresponding fragmentation. A disconnected
subgraph, CJD; is herein encountered.

In acyclic structures, CIJDe = CFDe = SZDe = We and CJIDp = CFDp = Wp. In
cyclic graphs, CIJDe = CFDe = SZDewhile CID,* CFD,* SZDy,CID,t CFDpt SZDy
and Wep are not defined. Relationships between the corresponding indices will be
discussed in the Chap. Cluj Indices.
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2 7
Ga17
1 6 8
UCJD (G217) UCFD (Gz17)

1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
1o 4 2 2 2 2 2 4 110 4 2 2 2 2 3 5
23 0 2 2 2 2 2 3 2|13 0 2 2 2 3 2 4
3|5 4 0 4 4 4 3 5 3|5 4 0 4 4 4 3 6
4/!3 5 3 0 3 3 4 4 413 5 3 0 3 3 4 5
53 4 2 2 0 3 3 4 5/!5 5 2 2 0 4 4 5
6|3 3 3 3 3 0 4 7 6|3 4 3 3 3 0 4 7
713 3 2 3 3 3 0 4 713 3 2 3 3 3 0 6
8|1 1 1 1 1 1 1 o0 81 1 1 1 1 1 1 0

CJD; CFD

(2,8),[247,86,8], (2,8),[24 76,8, AL
{ 2, 1, 5} (disconnected) J/ {21,35) =TSN
/ |
! |
(2,8),[21,3,868, (2,8)[21,3,6,9], g |
{245 {24,5 7 N

(8,2,[86,31,2],{8

(8,2),[8,6,7,4,2],{ 8 2’/!74\\7

N

(8,2,[86,31,2,
{8

(8,2,[86,7,4,2,
{8

Figure 2.17.Unsymmetric Cluj matrices and fragmentation for the graph G, 17.

An interesting property is shown by the detour-based matrices. CJD, and CFDy.
Let consider the vertices 8 (of degree 1) and 5 (of degree 2) in G417, Figure 2.17. The
vertex 8 is an external vertex (with a termina path ending in it) while the vertex 5 is an
internal one (usualy atermina path not ending in it). An externa vertex, like 8, shows dl
its entries in the Cluj matrices equal to 1 (see Figure 2.17). The same entries are shown by

the internal vertex 5.
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UCJD (Ger) UCFD(Gz17)

1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
110 1.1 1 1 2 1 2 110 1.1 1 1 2 1 2
211 0 1 1 1 1 2 1 21 0 1 1 1 1 2 1
312 2 0 3 3 2 2 2 3|12 2 0 3 4 2 2 2
412 2 2 0 2 2 2 3 412 2 2 0 4 2 2 3
5/17 1 1 1 0 1 1 1 5(/12 1 1 1 0 1 1 1
6(3 2 2 2 2 0 2 7 6(3 2 2 2 2 0 2 7
71 3 1 1 1 1 0 1 711 3 1.1 1 1 0 1
g8(f1 1 1 1 1 1 1 O g(f1 1 1 1 1 1 1 O

CJDi CFD;
(31 5)1 [311521415]5 (31 5)1 [351121455]1 /4\
{368} ™~ {3678 TN

(3,5), [3,6,7,4,5],
{31}

(5.3), [54,2,1,3],
{5}

(5.3), [54,7,6,3],
{5}

ul

L
\_
/

(3,5), [3,6,7,4,5],
{3.1,2}

(5.3), [54,2,1,3],
{5}

(5.3), [54,7,6,3],
{5}

I/

N\

Figure 2.17. (continued).

Thisunusua property is called theinternal ending of all detoursjoining avertex i and the
remaining verticesin G. Such avertex is called an internal endpoint® There exist graphs
with al the vertices internal endpoints and their detours are Hamiltonian paths now. This
kind of graph we cdl the full Hamiltonian detour graph, FHD (see Chap. 8).
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2.12. DISTANCE EXTENDED MATRICES

Tratch et al.>® have proposed an extended distance matrix, E, whose entries are
the product of the entries in the D matrix and a multiplier, m; , which is the number of
paths in the graph of which path (i,j) is a subgraph. In acyclic structures, it equas the
entriesin the Wiener matrix W, so that E is further referred to as D_W, matrix

[D_Wglij = [Delij mj= [Delij [Wplij = dijNi N; (2.46)

where d; isthe topological distance betweeniandj and N;, N; have the same meaning
as in case of the Wiener matrix (see above). The D_W, matrix is just the Hadamard
product’* of the D, and W, matrices. The half sum of its entries gives an expanded
Wiener number.?**® Figure 2.18 illustrates this matrix for the graph G..

g Gas
D_Wp(Gze) D_UCJID( Gzp)

1 2 345 6 7 8|RS 1 2 3 4 5 6 7 8 |R§W,)
1 o 7 109 8 5 2 3| 4 1 o 1 2 3 45 2 3| 2
2 |7 0 1518 18 127 6 | 8 2 [7 03 6 9 127 6| 5
3 [10 15 0 15 20 15 10 7 | R 3 [10 5 0 5 1015 10 7 | 62
4 9 18150 12129 6 | 81 4 9 6 3 0 6 129 6| 51
5 [8 182 120 7 8 6 | 7 5 8 6 4 2 07 8 6| 4
6 [5 1215127 0 5 4 | 60 6 5 4 3 2 10 5 4| 2
7 |2 7 109 8 5 0 3 | 4 7 |2 12 3 45 03| 2
8 3 6 7 6 6 4 3 0|3 8 [3 2 1 2 3 4 3 0| 18
CSl|44 83 92 81 79 60 44 35 CS(Dp) |4 25 18 23 37 60 44 35

Figure 2.18. Distance-extended matrices, for the graph G.s.
Similarly, Diudea® has performed the Hadamard product D.- UCJD
[D_UCJD]j; = [De]ij [UCIDJij = dij Niij) (2.47)

This matrix (illustrated in Figure 2.18 for the graph G,;) shows, in trees, the equalities
CS(D_UCJD) = CS(Dy) (2.48)
RS(D_UCJD) = RS(Wp) (2.49)
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Thus, IP(D_UCJD) caculates the hyper-Wiener index (as the haf sum of its
entries). The D_UCJD matrix is a direct proof of the finding’” that the sum of all internal
paths (given by D,) equalsthe sumof all external paths (given by Wp) with respect to all
pairs(i,j) inagraph. The matrix D_UCJD offers a new definition of the hyper-
Wiener number (see Chap. Topological Indices and eq 2.47). Various other combinations:
D M or D M, M being a symmetric or unsymmetric square matrix, were performed in
trees or in cycle-containing graphs, by means of the CLUJ software program.

Similarly, a 3D-extenson® (eg., by using the geometric matrix, G) alows the
construction of various 3D-distance extended matrices, such as G_UCJD (see Figure
2.19). They can offer 3D- sensitive indices.

6
4
1+~ N3~ N5 G

}

UCJID(G21s) G(G21s)
4 1 2 3 4 5 6 7

~NOoO ok, WN B

0.0000 15414 25709 39411 45163 25178 3.0305
15414 0.0000 1.5543 2.5634 3.0891 1.5388 2.5821
25709 1.5543 0.0000 1.5468 2.5852 2.5930 1.5395
39411 25634 1.5468 0.0000 1.5364 3.0398 2.5461
45163 3.0891 2.5852 1.5364 0.0000 3.6199 3.9326
25178 1.5388 25930 3.0398 3.6199 0.0000 3.2366
3.0305 25821 1.5395 25461 3.9326 3.2366 0.0000

PP RPNDNOOO R
PR RPNDNORN
P PR NO WR W
P PO O Ul W o
P ORNMNOORO®
ORr RPN WLERN

P PP OUWR
N UohWNR

G_UCJID(G21s)

1 2 3 4 5 6 7
0.0000 15414 2.5709 3.9411 4.5163 25178 3.0305
9.2484 0.0000 4.6629 7.6902 9.2673 9.2328 7.7463
10.2836  6.2172 0.0000 7.7340 129260 10.3720 9.2370
7.8822 5.1268 3.0936 0.0000 9.2184 6.0796 5.0922
4.5163 3.0891 2.5852 1.5364 0.0000 3.6199 3.9326
25178 1.5388 2.5930 3.0398 3.6199 0.0000 3.2366
3.0305 25821 1.5395 2.5461 3.9326 3.2366 0.0000

~NOoO o~ WDNPRE

Figure 2.19. 3D-Distance-extended Cluj matrix for the graph Gz 1s.
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2.13. RECIPROCAL MATRICES

In chemical graph theory, the distance matrix accounts for the through bond
interactions of atoms in molecules. However, these interactions decrease as the distance
between atoms increases. This reason lead to the introduction, in 1993, by the group of
Balabar™ and Tringjstic,™ respectively, of the reciprocal distance matrix, RDe. The
entriesin this matrix are defined by

[RDelij = 1/[Del; (2.50)

RDe matrix alows the calculation of a Wiener number analogue, called the
Harary index’® (see Chap. Topological Indices), in the honor of Frank Harary.

Since topological matrices are considered natural sources in deriving graph
descriptors?*®*° some other matrices having entries as reciprocal (topological) property :
[RM]ij = 1/[M]ij; M = Wegp, Dp, UZD and UCJID have been recently proposed by
Diudea® as a ground for new Harary-type indices (see Chap. Topologica Indices).
Figure 2.20. illustrates some reciprocal property matrices, for the graph G s.

3 S
RDe(G 28) RDp (G 28)
1 2 3 4 5 6 1 2 3 4 5 6
11 O 1 12 12 13 14 1 0 1 3 U3 U6 1/10
2] 1 0 1 1 12 13 2 1 0 1 1 /3 1/6
3| 12 1 0 1 12 13 3| 13 1 0 1 /3 1/6
41 1/2 1 1 0 1 1/2 4| 13 1 1 0 1 1/3
5( 1/13 1/2 1/2 1 0 1 5| 1/6 1/3 1/3 1 0 1
6| Y4 13 13 12 1 0 6| 1/2¢ 16 1/6 1/3 1 0
RUSZD (G2.8) RUCJD (G2.8)
1 2 3 4 5 6 1 2 3 4 5 6
1 0 1 1 1 1/2 1/3 1 0 1 1 1 1 1
2| 155 0 12 12 13 14 2| 15 0 12 12 13 13
3| 14 1 0 1 /3 14 3| 14 1 0 1 /3 1/3
4| 14 13 13 0 /4 14 4 114 U3 13 0 /4 1/4
5| Y3 12 12 12 0 1/5 5| 12 12 12 12 0 1/5
6| /2 12 12 1 1 0 6] 1 1 1 1 1 0

Figure 2.20. Reciprocal matrices for the graph Gys.
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2.14. WALK MATRICES

Diudea [96Diul] has recently proposed the walk matrix,'"**" Wmwimzm3),
constructed by the principle of the single endpoint characterization of a path,'®>®

[WmMp,Mo Mz i =M2liyy, 1ilM3]ij =[RS((M pM2iygm alij (251)

where Wiv1,i isthe walk degree, of elongation [M ];j , of the vertex i, weighted by the
property collected in matrix M1 (i.e., the i™ row sum of the matrix M1, raised to power
[M2]ij). The diagonal entries are zero. It is a square, (in general) non-symmetric matrix.
This matrix, that mixes three square matrices, isa true matrix operator (see below).

Let, first, (M1, M,,M3) be(M 4, 1, 1), where1 isthe matrix with the off-diagonal
elements equal to 1. Inthiscase, the (i])-elements of matrix Wm1,1,1,) will be

[Wmy, 1 ]ij =[RS(M1)]i =Ww i (252

Next, consider the combination (M 1, 1, M 3); the corresponding walk matrix can
be expressed as the Hadamard product

WMy 1Mz) = Wimy11) - M3 (2.53)

Examples are given in Figure 2.21 for the Graph G, 18, incase M;= AandM 3= De

The sum of al entriesin W, , , , can be obtained by

UWim,imgU' = 8 [R(W(m 1mg))]i =U(MM g)uT (254

where u and u" are the unit vector (of order N) and its transpose, respectively. The row
sum vector in Wu1.1,v3 can be achieved by the pairwise product of the row sumsin M1
and M 3, respectively:

[RS(W(m1,1M3))li =[IRS(M1)]i[RS(M 3)]; (2.55)

This vector represents a collection of pairwise products of local (topological)
properties (encoded as corresponding row sumsin M; and M ; - see above). Eq 254 isa
joint of the Cramer and Hadamard matrix algebra, by means of Wv1,1,m3).
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G218{ RS(De)i}
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Figure 2.21. W1,m2,m3) lgebrafor the graph Gpas ( K;
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Aswalk numbers, eq 2.55 can be written

WW(Ml,l,M3)vi =W p,i WM ,i (2.56)

When M1 = M3, then eq 2.56 becomes
_ _2
Wiy 1yd =W, W i =" Wi (2.57)

and, by extension

_ _(n+1
WW(m My ="Wiy iWir =Py (2.58)

where n is the matrix having entries |n];; and (”+1)WM i means a (weighted) walk
number, of length n+1. As globa walk numbers, eq 2.58 can be written

2\N\N(|\/|'n,|\/|) :UW(M ,n,M)u-r =u((M)n M)UT =2(n+1)WM (2_59)

Eqgs 2.54 and 2.59 prove that Wm1,m2,m3) IS atrue matrix operator.

Figure 2.21 illustrates that the sum of entriesin Wa 1,pe equalsthat in Wipe 1,4,
However, the two matrices are not identical. Only the vectors of their walk numbers (i.e.,
row sums) are identical. In this particular case, the walk numbers mean the local
contributions to the degree-distance index of Dobrynin>® reinvented by Estrada® or the
non-trivial part of the Schultz index.®* In walk number symbols, the local index can be
written as

Wiwia 1,001 = WaiWDe,i =Wwp 1 0y i (2.60)
The twin unsymmetric walk matrices (having reversed sequence M 1,1,M 3) show,

thus, common row sums but different column sums. However, the common point of these
matrices is the Cramer product AD. (or in generd, M 1M 5):

CS(Wa,1,0¢) =CS(ADg) (2.61)
CS(W(pe,1.A)) = RS(ADe) (2.62)

A particular case of the walk matrix, RW(a pey) , (See also Sect. 2.13) is identica to the
redricted randomwalk matrix of Randic.*
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2.15. SCHULTZ MATRICES

The Schultz matrices, SCH(G) are related to the molecular topological index,
MTI, or the Schultz index,”* (see Chap. Topological Indices). Diudea and Randic® have
extended the Schultz's definition by using a combination of three square matrices, one of
them being obligatory the adjacency matrix

SCH MpAM3z) =M1 (A +M3) =M1A + MM 3 (2.63)

It iseasily seen that SCHa A, De IS the matrix on which the Schultz original index

can be calculated. Analogue Schultz matrices, of sequence: (De,A,De), (RDe,ARDe) and
(Wp,A,W,) have been proposed and the corresponding indices tested for correlating
ability.*+%

A Schultz-extended matrix is related to the walk matrix by®"®®

USCHw, A MgU" =UWiu, 1ammg)t =W 1 aU" +UWqu, 1" (264)

When one of the square matrices are unsymmetric, the resulting Schultz matrix
will aso be unsymmetric. Matrices Wm1,m2,m3) involved in the caculation of
SCH pea,ucip), for the graph G, 45 are illustrated in Figure 2.22. It can be seen that the
sum of all entries in the walk matrix W, 1(a+ucjpy equas that in SCHpeaucip),

calculated by Cramer agebra.



Figure 2.22. Wak and Schultz matrices for the graph G2 1s.
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6
4 G
1~ 3~ <5 218
UCJD A +UCID

1 2 3 4 5 6 7]|RS 1 2 3 4 5 6 7]|RS
1o 1 1 1 1 1 1] 6 1o 2 1 1 1 1 1] 7
216 0 3 3 3 6 3| 24 217 0 4 3 3 7 3| 27
314 4 0 5 5 4 6| 28 314 5 0 6 5 4 7| 3
412 2 2 0 6 2 2|16 412 2 3 0 7 2 2] 18
5/1 1 1 1 0 1 1| 6 511 1 1 2 0 1 1| 7
6/1 1 1 1 1 0 1| 6 6/1 2 1 1 1 0 1| 7
7/1 1 1 1 1 1 0] 6 7l1 1 2 1 1 1 o] 7

2 104

W(pe14) W(pe1,ucip)

1 2 3 4 5 6 7]|Rs 1 2 3 4 5 6 7]|Rs
10 15 0 0 0 0 0] 15 1[0 15 15 15 15 15 15| P
2|/10 0 10 0 O 10 O 30 2160 0 30 30 30 60 30| 240
310 9 0 9 0 0 9| 2 3(3 36 0 45 45 36 S4| 252
40 0 12 0 12 0 0| 24 4024 24 24 0 72 24 24| 192
5/0 0 0 17 0 0 O] 17 5(17 17 17 17 0 17 17| 102
6/0 15 0 0 O O O 15 6(15 15 15 15 15 0 15| 9
7/0 0 14 0 0 0 O] 14 7014 14 14 14 14 14 14| 0O

142 1050
W(De1,(a+UCID)) SCH(pea uciD)

1 2 3 4 5 6 7]|Rs 1 2 3 4 5 6 7|Rs
1/ 0 30 15 15 15 15 15| 105 1({30 27 25 28 39 28 29| 206
2|17 0 40 30 30 70 30| 270 2114 18 15 16 23 14 16| 116
3136 45 0 ©4 45 36 63| 279 3114 13 15 12 15 14 11 A
424 24 36 0 84 24 24| 216 4024 20 19 22 19 24 20| 148
5(17 17 17 34 0 17 17| 119 53 31 29 32 37 38 33| 238
61 30 15 15 15 0 15( 105 6128 27 25 28 39 30 29| 206
714 14 28 14 14 14 0| ® 7028 24 23 24 31 28 26| 184

1192 1192
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2.16. LAYER AND SEQUENCE MATRICES

Layer matrices have been proposed in connection to the sequences of walks. DDS
(Distance Degree Sequence)” ™ PDS (Path Degree Sequence),*™ and WS (Walk
Sequence)." They are built up on the layer partitions in a graph.

A layer partition G(i) with respect to the vertex i,in G, is defined as®

,70,75
G(i)={G();. iT [0ecc;] and vi G(v); U dy, =]} (2.65)

where ecg is the eccentricity of i. Figure 2.23 illustrates the layer partitions for the graph
G2.19.

Go19 Go19(1,5) Go19(2) Go19(3) Go19(4)

Ga10 (1) ={(1), (2), (3,9), (4}
G210 (2) ={(2), (1.3,5), (4)}
G210 (3) ={(3), (2.4), (L5}
Gz10 (4) ={(4), 3), (2, (1.9)}
G219 (5) ={(5), (2), (1.3), (4)}

Figure 2.23. Layer partitions G(i) for the graph G 10.

Let G(v); bethe]j th layer of vertices v located at distancej, in the layer partition
G(i):

G(v); ={Wdiy =} (2.66)
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6
4 G
1~ N3~ 5 218
LC(Go19) LDSGz1s)
j 0 1 2 3 4 0 1 2 3 4
111 1 2 2 1 15 10 24 26 17
211 3 2 1 o0 0 39 26 17 0
3|1 3 3 0 0 9 3 47 0 0
411 2 2 2 0 2 2% 24 3V 0
5|11 1 1 2 2 17 12 9 24 30
6| 1 1 2 2 1 5 10 24 26 17
711 1 2 3 o0 4 9 2 41 O
C(Ga1g) =7 DS(Gz18) = 92
1 3 5 12
2 4 1|2 8 Jz 16
1~ N3~ 1 KN VN 57 N127 4 127 26~ °\8§
| L | L
1 2 3 4
Ga1s{"W} Go18{"W} Go18 {"W} G218 {"Wi}
1 2 3 4
L*W(G2.1s) L“W(Gy.18) L*W(G2.18) L"W(G2.1s)
ilo 1 2 3 4 01 2 3 4 0 1 2 3 4 0 1 2 3 4
111 3 4 3 1 35 9 7 2 5 12 17 14 4 12 2 38 28 8
2|13 5 3 1 0 5 12 7 2 0 2 2 14 4 0 2 5 28 8 0
3/!3 6 3 00 6 12 8 0 0 2 2% 14 0 O 2% 5 32 0 0
412 4 4 2 0 4 8 8 6 2 8 16 18 10 O 16 34 34 24 0
51 2 3 4 2 2 4 6 8 6 4 8 12 18 10 8 16 26 34 24
6|1 3 4 3 1 3 5 9 7 2 5 12 17 14 4 12 2 38 28 8
711 3 5 3 0 36 9 80 6 12 20 14 O 2 2% 338 2 0
2
"WG2.18) = 12 W(G218) = 26 *W(Gp.18) = 52 “W(Gp.18) = 108

Figure 2.24. Layer matrices for the graph G 1s.
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The entriesin alayer matrix, LM, collect the property M, (topological or chemical) for all
vertices v belonging to the layer G(v),

[LM]j= &M, (267)

Thematrix LM can be written as

LM (G) ={[LM]j; iT MG); i1 [0,dG)]} (2.68)

where d(G) is the diameter of the graph. The dimensions of such a matrix are Nx
(d(G)+1). Figure 2.24 illustrates some layer matrices. LC (Layer of Cardindities), LDS

(Layer of Distance Sums) and L°W (Layer of Walk degrees, of length €), for the graph

G21s.
Some properties of LM matrices are given below:

(2 The sum of entries in any row equals the sum on the column j = 0 and equals the

global property M(G). When this property involves edges (e.g., a walk) the quantity M(G)
must be divided by 2 for being equivalent to the walk numbers, Wy

&;[LM]; =& [LM]o=M @) (269)

(2) The entriesin the column j = 1 of matrix L %W become the entries in the columnj = 0
of the matrix L= *w

[LW]i1 = [L®'W]io (2.70)

The aboverelation is valid for any graph, excepting the multigraphs. It represents
the essence of the ®Wj, algorithm (see Sect. 2.1) and aso of the Morgan algorithm.”®

(3) The LC matrix (layer matrix of cardinalities) counts vertices lying on concentric

layers/shells around each vertex i T V(G). Thus, the property M = 1 (i.e., the cardinality)
and:

&; [LClj =& [LClo="G)¥%=NG) 271)

&;[LCli= 2¥E(G /= 2Q(G) 2.72)
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Figure 2.25. Sequence matrices and their spectrafor the graph Gy 2.



46 M. V. Diudeg, |. Gutman and L. Jantschi

In fact this matrix follows just the layer partitionsin G. The L C matrix can be viewed asa
collection of distance degree sequences®” ™ DDS (i.e., the number of vertices lying at the
distance j form the vertex i - see below).

A sequence matrix,””"® QM , is defined as
[SM];; = no. of M of length j traversing the vertex i (273

where M stands for some topological quantities involving edges: (all) paths, shortest paths
(i.e., distances), longest paths (i.e., detours), cycles, (see aso Chap. 8) etc.

A global sequence of M, called the M sequence (i.e, spectrum), is derived from
such matrices

MS; =f &.[SM];; j=12..N (2.74)

wheref is 1/2 for path-type sequences and 1/j for the cycle sequence. Eq 2.74 provides the
globa sequence DDS, from the sequence matrix of distance degrees, SDD, which is
smilar to LC, excepting the column j = 0 and the zero-columns j = d(G)+1,
d(G)+2,....d(G)+N. Thus, the LC matrix is the joint point of the LM and SM matrices.
Figure 2.25 illustrates some sequence matrices and their spectrafor the graph G 2.

The spectra of all paths, APS, of distance degrees, DDS, of shortest paths, SPS,
of detour degrees, DDS, and of longest paths, LPS, are different from each other in cycle-
containing graphs but equal to each other in acyclic graphs, by virtue of the uniqueness of
the path joining any two vertices.

Layer and sequence matrices can be represented in alineform For the graph
Go1s, LC canbewritten as;

LC(G8)={1(11221);2(1321);3(1,33),;4(1,222);511,122)
6(1,1,2,21); 7(1,1,2,3) }

A canonical form can be written: the rows are ordered in decreasing length, (as
non zero elements) and, a the same length, in lexicographic ordering.™

Layer and sequence matrices are useful in studies of basic topologica properties
of the graphs as well asin calculating some topological indices (eg. indices of centrality
and centrocomplexity - see Chap. Topological Indices).

* * %

Other matrices. Any topologica index, defined on edge, can be written as
weighted adjacency matrix.> ** % "® A resistance distance matrix was proposed by
Klein et a. ® ® in connection with the electrical network theory. A topological state
matrix, taking into account the paths and chemical identity of vertices was proposed by
Hall and Kier.** A series of matrices, considering the heteroatoms and stereochemistry
was proposed by Schultz et al.®*°* as extensions of the molecular topological index.
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Chapter 3

POLYNOMIALS IN CHEMICAL GRAPH THEORY

3.1. INTRODUCTION

Why Polynomials?
There are two main routes by which polynomials enter into chemical graph heory.
First, in quantum chemistry, the (approximate) solution of the Schrodinger equation:
|:|?j=Ej>f?j, j=1,23, ..., (XY

is usualy reduced to the finding of eigenvalues and eigenvectors of the so-called

Hamiltonian matrix (which, in turn, is the Hamiltonian operator H represented within
some finite vector basis). Now, if H is such a Hamiltonian matrix, then its eigenvalues are
approximately equal to the energies E;, E,, E;,..., occurring in eq 3.1. These eilgenvaues
are the solutions of the so-caled secular equation

detffel - H]=0 (32

where| stands for the unit matrix of a pertinent order. The left hand side of (3.2), namely
det[d - H] (33)

isjust a polynomial in the indeterminate e. The degree of this polynomial (N) is equal to

the dimension of the vector space in which the Hamiltonian operator H is represented,
and is aso equd to the order of the Hamiltonian matrix H.
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In quite a few approximations encountered in quantum chemistry, the
Hamiltonian matrix is somehow related to a molecular graph. The best known, and
simplest, example is found in the Hlickel molecular orbita theory:

H =aywo* + bymoA(G)

where A(G) is the adjacency matrix of a pertinently constructed skeleton graph (often
called “Huckel graph”, representing the p-electron network of a conjugated hydrocarbon,
1% whereas a4 wo and 3 wo are parameters of the Hiickel theory (not to be confused with
the polynomias a and b considered in the later parts of this chapter). In this case the
polynomial (3.3) isequal to

ée-a u
bHMON >det: HMO'-A(G)[;I
e “Hwmo 0]
the non-trivial part of whichis
j (G,1)=det[? - AG)| (3.4)

with the indeterminate | standing instead of €-ay mo)/by mo- The polynomia (3.4) is
caled the characteristic polynomial of the graph G. It is certainly the most popular and
most extensively studied graph polynomial in chemica graph theory.

Consider, as an example, the graph Gz, depicted in Figure 3.1. It has eight
vertices (N = 8, labeled by 1, 2, ..., 8) and seven edges (m= 7, labeled by a, b, ..., Q).
Then
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Either by direct expanson of this determinant or (better) by some of the
numerous known techniques for the calculation of the characteristic polynomia (see
below) it is not too difficult to obtain:

j Ggq,1)=I8-71%+13%-47 (35)
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It isthen an easy exercise in calculus to find the zeros of this polynomial, namely
the roots of the equation j (G341, ) =0. These eight zeros read:

|1:2;|2:1/3+2Jg;|3:1/¥;|4:0;

3.6
om0 = /3+JE_| _ {3-J§_| —o ©9
5—-&4 16—~ T) 7= T! 8 — Y,

1 o d 5 7
a\g/c e\/f \/\
Z/b b\s
G31 Cy Pa
N N
>r\/\kAj< f o~
XN Pn

GS.Z

Figure 3.1. Examplesillustrating the unusual connections between molecular graph,
revealed by means of graph polynomials; for details see text

Various modifications of ] have been put forward in the chemical literature, for
instance the matching polynomial, *° the mpolynomia '>** and the b-polynomial, ***°
defined and discussed at a later point. These could be understood as the constituents of
the secular equations, eq 3.3, of some, appropriately modified, Hamiltonian operators.
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Instead of the determinant in eg. 3.4, some authors considered the analogous expression
with the permanent ** " - the permanental polynomial. Recently a more the general class
of so-called immanantal polynomials attracted the attention of researchers, **° of which
the characteristic and the permanental polynomials are special cases.

Second, in numerous, both chemica and non-chemical, applications of graph
theory one often encounters finite sequences of certain graph invariants, all associated to
the same graph. Suppose C = (Cy, Cy, C,, ..., G) is such asequence. Then instead of p+1
distinct quantities C,, k = 0, 1, 2, ...p, one could introduce a single quantity - a
polynomia - defined as

Col P+ ..+ Cl 2+ Cyl +Cp © gckl K 3.7)
k=0

Needless to say that (3.7) is not the only possible form which a polynomial
associated with the sequences C may be given.

The polynomial (3.7) contains precisely the same information as the sequence C.
In some cases, however, it is easier to work with apolynomial than with a sequence. In
some other cases, certain collective properties of the invariants considered, namely
properties which can be deduced only by simultaneoudly taking into account the values of
alC, k=012 ..., p, aein anatural way deduced from the polynomial. To say the
same in a more direct way: there are collective properties of sequences of graph
invariants which hardly ever would be discovered without analyzing graph polynomias
of the form (3.7).

Toillustrate the above, consider so-called independent edge sets of the graph Gz,
(see Figure 3.1). A collection of edges of a graph is said to be independent if no two
edges have a vertex in common. It is reasonable to classify the independent edge sets
according to the number of edges they contain. In the case of Gs; no four edges are
independent (and therefore there are no independent edge sets with more than three
edges). There are four distinct independent edge sets containing 3 edges:

{a.d.f} {a,d, g} {b.df} {b,d g}
and thirteen such sets containing 2 edges:

{a,d} {a, €} {a,f} {a g}
{b,d} {b, €} {b, f} {b,g}
Eg, e}i {c.f} {c, g} {df}
9
Formally speaking, each set containing a single edge is also an independent edge

set. Clearly, Gs; has seven such sets. The empty set may be viewed as aindependent edge
set (of any graph) with zero edges; this set is unique.

Denote by m(G, k) the number of k-element independent edge sets of the graph
G. Then MG;y, 0) = 1, MGgy, 1) = 7, M(Gsy, 2) = 13, MGsy, 3) =4, MGsy, 5) =0,
mM(Gz1, 6) = 0, MGs;, 7) = 0, etc. The sequence thus obtained is infinite, but it is
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reasonable to end it a the value of k for which m(G, k)t 0, m(G, k+1) = 0. We thus arrive
a afinite sequence (1, 7, 13, 4) which by (3.7) is transformed into the cubic polynomial

QGsz1, 1 )=1+71 +1312+413 (3.8)

When a graphic polynomial is defined as in the above example, then it is fully
obscure whether its zeros have any distinguished property. Yet, al the (three) zeros of the
above polynomia are negative, rea-valued numbers (which the readers could check
relatively easily). The same collective property of the sequence (M(Gk), k =0, 1, 2, ...)
holds in the case of all graphs G: the zeros of al polynomiak of the form

QAG) =Q(G/I)= 4 MG,k (3.9)
k3 0
are negative, real-valued numbers.
At a later point we shall see that the zeros of this graph polynomias are quite
important in theoretical chemistry.
Q(G,l), (3.9), has been introduced by Hosoya * and called Z-counting
polynomial.

More Motivations for Graph Polynomials

Some properties of the graph polynomials are trivial and obvious. For instance,
such is the fact that the value of the Z-counting polynomial, eq 3.9, at | =1isequd to the
Hosoyatopological index Z. Recall that this topological index is just defined as.

Z(G)= § MG,k

k30

The fact that the zeros of j (Gz1,1 ), eq 3.6, occur in pairs (X, -X) is a manifestation
of one of the first genera results of chemical graph theary ever obtained - the famous
Coulson-Rushbrooke pairing theorem. #* % Although far from being a trivial feature, the
pairing of the numbers (3.6) should be no surprise to a reader of this book.

In many instances, however, by means of graph polynomials some quite unusual
connections between (molecular) graphs can be envisaged. We illustrate this by a few
examples.

The polynomial (3.5) can be factorized as.

i Gaal)=(1*-47)(1%-3%+1)

Each of these factors is a characteristic polynomiad itsaf: (1% - 41 ?) is the
characteristic polynomial of the 4-membered cycle, C,, see Figure 3.1, whereas| *- 31 * +
1 isthe characteristic polynomia of the path graph with 4 vertices, P,, see Figure 3.1. As
a consequence, the set of eigenvalues of Gsi, eq 3.6, is just the union of the set of
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eigenvalues of C, and P,. The eigenvaues of C, are +2, -2, 0 & 0. The eigenvalues of P,

areix/3i«/§.

This observations s, in fact, a special case (for N = 4) of amore general result: 2

J X 1) =] Cal )i (Pul) (3.10)

From eq 3.10, we see that the two-component graph consisting of a copy of C,
and a copy of Py has the same characteristic polynomia as the graph Xy. Thus we
encountered an infinite family of pairs of non-isomorphic graphs with coinciding
characteristic polynomials. (With regard to this so-caled isospectrality property of
graphs, which is not duly discussed in this chapter, see Refs. 2").

It is somewhat less obvious that the polynomias (3.5) and (3.8) are closely

related. Indeed, for i = +/- 1, we have that

14 &0
A
is equal to the Z-counting polynomial, eq 3.8. An analogous result holds for al nvertex
acyclic graphs: **

v éee,i—lng(G,l ) (311)

A dill less obvious result is that Q(Gs1,1) = 1+7+13+4 = 25 is equd to the
number of Kekulé structures of the benzenoid hydrocarbon Gs,, shown in Figure 3.1.
This, again, is a special case of a more general finding* The sextet polynomial of every
unbranched catacondensed benzenoid molecule coincides with the Z-counting polynomial
of a certain graph (called Gutman tree).** * Because the sum of the coefficients of the
sextet polynomial is equal to the Kekulé structure count, 7 it follows that the Hosoya
index of the Gutman treeis equal to the number of Kekulé structures of the corresponding
benzenoid system; in our example, Gz, is the Gutman tree of the benzenoid hydrocarbon
Gs». More details can be found elsewhere. ** %

If we combine al the above examples, then we arrive at the fully unexpected
conclusion that the number of Kekulé structures of the benzenoid hydrocarbon Gs, can be
computed from the characteristic polynomials of the cycle C, and the path graph P,4, both
of which are determinants of order four.

Chemical graph theory is full of such unusua connections, which are not only
useful and stimulating for the underlying chemica theories, but also represent a great
satisfaction to those who work on them. Since relations of this kind are continuously
being discovered until the most recent times, there is no danger that this field of research
has been exhausted.
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Concerning Bibliography

Before starting with the discussion on some particular polynomials of interest in
chemical graph theory, afew words should be said about the published scientific worksin
thisfield. They are legion!

Producing a complete or, at least, nearly complete bibliography of papers dealing
with graph polynomials would hardly be a feasible task. Such a bibliography would have
to include many thousands of articles, published in journals devoted to chemistry,
mathematics, physics, computer sciences, engineering, medicine, pharmacology,
environmental sciences, ... . The references given at the end of this chapter, athough
guite numerous, are intended only to mention a few (perhaps most significant) articles,
reviews and books, and to direct the interested reader towards a more
extensive literature search.

Many books are either fully or to a great extent concerned with graph
polynomids, primarily with the characteristic polynomia (both ordinary and Laplacian).
13,39, 41% Of the reviews dealing with graph polynomials we mention a few., 3% 3 405677
Many of these books and reviews contain tables of graph polynomials and/or their zeros,
additional tables are found Refs. "®®°, An amost complete list of mathematical papers
concerned with the characteristic polynomial of graphs has been collected in the book **
and was eventually updated. *°

DetailsOmitted

The amount of material presented in this section had to be drastically limited
(otherwise the text on graph polynomias would embrace severa thick volumes).
Therefore some topics, intimately related to graph polynomials are here abandoned.
These are the following:

Chemical theoriesin which graph polynomials find applications are not outlined.
Applications of graph polynomials in various fields of chemistry, physical chemistry
and physics are either not discussed at al, or are mentioned briefly, without going
into any detall.

The extensively developed theory of graph eigenvalues (both regular and Laplacian)
isamost completely omitted. The same applies to graph eigenvectors

Not all chemicaly interesting graph polynomials, but only a selection thereof, is
consgdered. Only the most important properties of these polynomials are stated and,
sometimes, illustrated by examples. In not a single case a mathematical proof of these
properties is given.

Only alimited number of algorithms for the calculation of the graph polynomials is
presented.

The theory of cospectral, comatching, etc. graph (namely families of graphs having
equa characteristic, matching, etc. polynomials) is not elaborated, in spite of the
enormous work done on this problem; some characteristic results in this field are
communicated in Refs, 273%84 8,
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Also not mentioned is the work on spectra moments. The kth spectra moment of a
graph is the sum of the kth powers of the zeros of the characteristic polynomial. By
means of the classic Newton identities, from the spectra moments one can compute
the coefficients of the characteristic polynomial, and vice versa; for details see, for
instance, Appendix 4 in the book. *
The authors believe that al these shortcomings are compensated by quoting
literature sources from which the interested reader can get information on the details
omitted.

3.2. THE CHARACTERISTIC POLYNOMIAL. PART 1.

The characteristic polynomial, denoted by j (G, 1) orj (G), is defined viaeq 3.4.
It is certainly the most extensively studied graph polynomial, both in mathematics and in
chemical graph theory. Its theory has been reviewed on countless places (e. g. see Refs. *
3, 42, 43, 44, 48, 49, 51, 56, 57, 60, 68, 73, 75, 86, 87). Its popul arity among mathematical chemists comes
from the fact (first observed by Giinthard and Primas ®® in 1956) that the Hamiltonian
matrix of the Hickel molecular orbital (HMO) theory is a smple linear function of the
adjacency matrix of the corresponding molecular graph G." > % 4% %% 758887 Congaquently,
each HMO p-€electron energy level is alinear function of the corresponding zero of the
characteristic polynomial of G.

It isless well known that Heilbronner at al. have developed atheory ®*°in which
the zeros of the characteristic polynomial of the line graph of the hydrogenfilled
molecular graph are in a linear manner related to the s-electron energy levels of the
corresponding saturated hydrocarbon. (Recall that in hydrogenfilled molecular graphs
vertices represent both carbon and hydrogen atoms).

TheHarary Theorem

Let G be a graph on N vertices. Then its characteristic polynomia j (G) is of
degree N and can be written as.

N

j G1)=8 aG) MK (3.12)

k=0

Hence a,(G), ai(G), a,(G), ..., ay (G) are the coefficients of the characteristic
polynomial of the graph G. For al graphs, a,(G) = 1.

The central result in the theory of the characteristic polynomia is the Harary
theorem. It determines how ay(G), k=1, 2, ..., N, depend on the structure of the graph G.

First afew higtorical remarks.

Many authors have tried to express the dependence of the coefficients ax on the
structure of the underlying graph. The best known among these (unsuccessful) attempts
are that of Samuel ** in 1949 and Coulson ** in 1950. The structure-dependency of the
determinant of the adjacency matrix of a graph was discovered by Frank Harary * * in
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1962. From this result the coefficient-theorem follows straightforwardly; recall that det
A(G)=(-1)" an(G).

The explicit statement of the actual theorem was discovered in 1964 practically
independently by Horst Sachs *° (a mathematician), Mirko Milic *° (an eectrical
engineer) and Leonard Spialter *’ (acomputer chemist active in chemical documentation).
Eventually several other scholars arrived at the same result (detailsin p. 36 of Ref. *%).

Until 1972 the theorem was not known to theoretical chemists. Then it was
discovered (in the library) and formulated in a manner understandable to chemists. * The
authors of the paper ® were not careful enough and attributed the result solely to Sachs,
naming it the Sachs theorem Because of this mistake, in the subsequently published
chemical literature the result was almost exclusively referred to as the Sachs theorem
Attempts to rectify the mistake came much later. *®

Anyway, in what follows we speak of the Harary theorem

The cycle Cy on N vertices, N3 3, is a connected graph whose al vertices are of
degree two (i.e., each vertex has exactly two first neighbors). Denote by K, the connected
graph on two vertices; this graph may be viewed as the two-vertex complete graph or the
two-vertex path graph. A graph whose al components are cycles and/or K,-graphs is
caled a Sachs graph. (We keep here the nowadays commonly accepted name Sachs
graph, athough Harary graph would, probably, be more justified.)

Consider agraph G on n vertices and let its characteristic polynomia be of the
form (3.12).

Theorem 3.1 (Harary, Sachs, Milic, Spialter). Let S be a Sachs graph with N(S)
vertices, possessing a total of p(S) components, of which c(S) are cyclesand p(S) - ¢(9
are K,-graphs. Thenfork=1,2, ..., N,

a(G)=Q (P& 2¢®) (3.13)
S

where the summation goes over all Sachs graphs Sfor which N(S) = k and which are
contained (as subgraphs) in the graph G. If there are no such Sachs graphs, then a,=0.
Example 3.1. We illustrate the Harary theorem on the example of the molecular graph G,
depicted in Figure 3.2. This graph contains (as subgraphs) two cycles, C; and Cs;
fortunately for us, these cycles have no vertex in common which significantly simplifies
the application of formula (3.13). The nine edges of Gs; arelabeled by a, b, ¢, ..., h, i.
Each edge (together with its two end-vertices) corresponds to a K -graph.
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Figure 3.2. A molecular graph on which the application of the Harary theorem, eq
3.13, isillustrated; contrary to claims by many authors, already in this case it is not easy
to perform the actual computation (see text); for molecular graphs with more vertices and
cycles the computation of the coefficients of the characteristic polynomial by means of eq
3.13 becomes a hopelesdly difficult task

Case k = 1. There are no Sachs graphs with one vertex. Therefore, a;(Gs3) = 0;
Case k = 2. The Sachs graphs with two vertices necessarily have one component which is
a K,-graph. In the case of Gs3 there are nine such Sachs graphs, corresponding to the nine
edges. Therefore, a,(Gs3) = 9 [(-1)'2°] = -9.
Case k = 3. The Sachs graphs with three vertices necessarily have one component which
isatriangle (C;). The graph G35 contains one such Sachs graph, and therefore a;(Gss) =
[(-)'27]=-2
Casek = 4. The Sachs graphs with four vertices are either composed of a four-membered
cycle or of two K,-graphs. Because Gs; possesses no four-membered cycle, its four-
vertex Sachs graphs are those corresponding to pairs of independent edges.
There are 24 such pairs:

ad ae af ag ah ai

be bf bg bh bi ce

c¢f cg ch ci d,g dh

di eg eh fh fi g,

Therefore, as(Gz3) =24~ [(-1)?2°] = 24

Casek = 5. The Sachs graphs with five vertices are either composed of a five-membered
cycle or of a two-component system consisting of a triangle and a K,-graph. Gsz
possesses both types of Sachs graph: one Cs and five C; + Kj:

C:e G, f G,g G,h Gy
Consequently, as(Gsz) =1~ [(-D™2'] +5 [(-1)*2"] =8
Casek = 6. Here the real complications begin. The Sachs graphs with six vertices may be
composed of:

a) asx-membered cycle, or

b) a four-membered cycle and aK,-graph, or

¢) two (digoint) three-membered cycles, or

d) three K ,-graphs.
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In G35 only the latter types of 6-vertex Sachs graphs are contained, pertaining to
the following selections of three independent edges:

adg adh adi aeg aeh
afh afi agi beg beh
b,fh bfi bgi ceg ceh
cfh cfi cg,i dagii

Therefore, ag(Gs3) = 19" [(-1)°2°] = -19.
Casek = 7. The sevenrvertex Sachs graphs may be composed of
a) a severrmembered cycle, or
b) a five-membered cycle and a K,-graph, or
¢) athreeemembered cycle and two K,-graphs.
The latter two types are contained in Gs3, namely:

Ca GCsb GCse
C3,e,g C3lelh C3lflh C3lf!i C3191i

resulting in a,(Gs3) =3 [(-)%2']1+5  [(-D°*2"]=- 4.

Casek = 8. The eight-vertex Sachs graphs may be composed of

a) an eight-membered cycle, or

b) a sx-membered cycle and a K,-graph, or

¢) afour-membered cycle and two K,-graphs, or

d) two four-membered cycles, or

€) afive-membered cycle and a three membered cycle, or

f) two three-membered cycles and a K,-graph, or

) four K,-graphs.

In our example we encounter only with the Sachs graphs of type €) and g), one of
eachtype: Cs + C; and g, d, i, g. Thisimplies ag(Gs3) = [(-1)* 2°] +[(-1)*2°] = 5. Thus all
coefficients of | (Gs3) have been calculated and we finally obtain:

j Gasy1)=1%-91%-2°+24*+8°%-19%-4 +5
Another way to express the Harary theorem is the following

Theorem 3.1a. Let S be a Sachs graph with N(S) vertices, possessing a total of p(S)
components, of which c¢(S) are cyclesand p(S)-c(S) are K»-graphs. Then

i G)) :é ) P(S) oc(S) | N-N(S) (3.14)
S
where the summation goes over all Sachs graphs S contained (as subgraphs) in the graph
G. In formula (3.14) the summation includes aso the empty Sachs graph (a fictitious
graph with N(S) = p(9 = ¢(S) = 0) which is assumed to be the subgraph of any graph.
The above example is intended not only to make the reader familiar with the
usage of the formula (3.13), but also to illustrate how difficult is the calculation of j by
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means of the Harary theorem. It should be said clearly and plainly: Except for afew very
small molecular graphs, the Harary theorem is not suitable for the calculation of the
coefficients of the characteristic polynomial.

On the other hand, the Harary theorem represents a powerful tool for deducing
genera properties of the characteristic polynomial, in particular on its dependence on
graph (molecular) structure. Here are afew simple results of this kind.

By careful reading the above example we immediately see that not only for Gs,
but for all graphs G,

a,(G) =0;

a,(G) = - number of triangles of G;

a3(G) = - 2~ the number of triangles of G;

a3(G) = as(G) = ay(G) = ... = 0 if and only if the graph G possesses no odd
membered cycles; recall that such are the molecular graphs of the so-called alternant
hydrocarbons.

If al odd coefficients of j (G) are zero (which happens in the case of molecular
graphs of aternant hydrocarbons) then j (G,? = 0 implies j (G,-?) = 0 and therefore the
zeros of such characteristic polynomials occur in pairs (? , -7).%

Denote, as before, the number of k-element independent edge sets of a graph G
by m(G,k). As before, m(G,0) = 1 for al graphs. A far-reeching consequence of the
Harary theorem is the following:

Theorem 3. 2. If the graph G is acyclic then all the odd coefficients of p(G) are equal to
zero, ap(G) = 1, whereasfork =1, 2, ..., [N/2], ax(G) = (-1)kn(G,k). In other words:

e k 2k
jGhH=a )mGk "™
ot (3.15)
Formula (3.15) was known aready to Sachs. * Hosoya *' was the first who
extensively used it. Formula (3.15) is the motivation for the introduction of another
important graph polynomia - the matching polynomial.

3.3. THE MATCHING POLYNOMIAL

The right-hand side of eq 3.15 is equa to the characteristic polynomid if and
only if the graph G is acyclic. On the other hand, the right-hand side of eg 3.15 is awell
defined polynomial for any graph. Thus we define a new graph polynomial as.

[N°/2] k n- 2k
a(@) =] (Gl)=a (-1 mG,K)l

k=0

(3.16)

and call it the matching polynomial of the graph G.
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Immediately from this definition follows:

Theorem 3. 3 The matching polynomia of a graph G coincides with the characteristic
polynomial of G if and only if G isacyclic.

Inview of eq 3.4, ] isthe characteristic polynomia of a symmetric matrix whose
entries are real-valued numbers. As well known in linear agebra, al zeros of such a
polynomia are necessarily rea-valued numbers. From Theorem 33 we then see that all
zeros of the matching polynomial of an acyclic graph are rea-valued numbers.

However, this latter property is not restricted to acyclic graphs. We namely have:

Theorem 3. 4. All the zeros of the matching polynomials of al graphs are real-valued
numbers.

The history of the polynomia a. is quite perplexed. It has been independently
conceived by quite afew authors, mathematicians, physicists and chemists, in many cases
in connection with Theorem 3.4. Already this detail indicates that this polynomia found
numerous applications (which, however, will not be outlined in this chapter). Around
1970 a theoretical model has been developed in statistical physics, ***% in which the
partition function was represented by a polynomial which was equivalent to what above
was defined as a. (Of course, the terminology used by physicists was quite different than
ours). In order to be able to describe phase transitions within this model, it was necessary
that a has at least one complex-valued zero. The authors of Refs. % proved that this
never is the case (i.e., that Theorem 3.4 holds), which for their theoretical model was a
disappointing result. Heilmann and Lieb *® offer not less than three different proofs of
Theorem 3.4. Anyway, after proving Theorem 3.4 the mode was abandoned.
Nevertheless, the research the physicists made on a, especially the results by Heilmann
and Lieb'® were later recognized as very important for the theory of the matching
polynomial.

Around the same time Hosoya™ introduced his topological index and the Z
counting polynomial, eq 3.9. This polynomial is essentially the same as a, eq 3.16. A
formal transformation of Q(G) into a(G) and vice versais straightforward (cf. eq 3.11):

QG ) =(-iWT 'a ?Lg
a(Gl)=1 QE%

Few years later Nijenhuis™ demonstrated that the combinatorial object called
rook polynomia has the distinguished property of having real-valued zeros. Only much
|later this result was incorporated into the theory of matching polynomias® ****°° when it
was redlized that every rook polynomia is the matching polynomia of some graph.

Independently of all these developments, Edward Farrell * (a mathematician)
defined a graph polynomial essentially identical® to a, and established its basic
properties (but not the reality of its zeros); he was first to use the name matching
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polynomial. Farrell's paper * appeared in 1979, but was written much earlier, certainly
before 1977.

In 1977 two independent but equivalent approaches were put forward, by means
of which the resonance energy of conjugated molecules could be calculated in a new and
very convenient manner.*°

For this one has to find the zeros of | (G) and a(G), with G being the pertinent
molecular graph. For the success of the method it is essentid that al zeros of both j (G)
and a(G) be rea-vadued. (Hence, curioudy: what was bad for the theory of phase
transitions, is good for the theory of aromaticity.) Both Aihara® and Gutman et a.> were
influenced by earlier work by Hosoya?" *' Aihara® named a the reference polynomial
whereas Gutman et a.> * '® called it the acyclic polynomial. Eventually, a general
agreement was reached to call a, eq 3.16, the matching polynomial of the graph G.

Without knowing the earlier results of Heilmann and Lieb,” ** Kunz'®* * and
Nijenhuis, ' Chris Godsil (a mathematician) and one of the present authors proved
Theorem 4 anew.® *** **° The same authors demonstrated™' that Theorem 3.4 holds also if
G is the (weighted) graph representing heteroconjugated p-electron systems. In 1981
GodsiI"'* arrived at the following powerful result, from which Theorem 3.4 follows as an
€asy consequence.

Theorem 3.5. For any graph G there exists an acyclic graph G*, such that a(G,l ) isa
divisor of j (G*|).

If the graph G in Theorem 3.5 is connected, then G* is caled the Godsil tree of
G. The matching polynomia obeys a smple recurrence relation which makes its
calculation relatively easy:

Theorem 3.6. Let G be a graph and e its edge connecting the vertices x and .
Then,

a(G,1)=a(G-el)-a(Gx-y,l) (3.17)
If x isapendent vertex (i.e.,y isits only neighbor), then
a(G,1)=la(Gx,1)-a(Gxy,l) (3.18)

For caculations based on Theorem 3.6, eq 3.19 is aso frequently needed. If G
consists of (disconnected) components G'and G", then

a(G,1)=a(G,1)aG"1) (3.19)

Example 3.2 We illustrate the application of the recurrence relations (3.17)-(3.19) on the
example of Gs3, Figure 3.2. First, however, we need some preparation.
We compute the matching polynomials of the path graphs Py, see Figure 3.1.
Choosing x to be aterminal vertex of the path Py we get from (3.18):
aPn,l)=la(Pni1,!)-aPn2,!)
Because(Po,1)° 1and (P, 1)° | weobtainfor N=2:
a(P,)=1[1]-[1=12-1
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thenfor N=3;
a(Pg,)=1[12-1-[11=13-2
thenfor N =4:

a(P,, )=1[13%2]-1%1=1%-32+1
thenfor N=5;
a(Ps,)=1[1%-3%+1-[1%-2]=1°-42+3
etc.

Choosing any edge of acycle Cy and applying (3.17) we get:
a(Cyl)=aPy,!)-a(Pya )
which for the three- and five-membered cycles gives.
a(Cyl)=a(P;, 1)-aPy, 1)=(0%2)-()=1°-3
a(Csl)=a(Ps,1)-aPs1)=(01°%-4%+3)-(1°%-2)=1°-5°*+9
We are now ready to compute a(Gsz). For this choose the edge d (whose end
vertices arex and y) and apply (3.17):
a(Gas, 1) =a(Gssd, ) -a(Gszxy, ) (3.20)
Now, Gs- d isadisconnected graph composed of C; and Cs. Therefore by eq 3.19:
a(Gss-d, 1)=a(Cs 1) a(G, 1)=(02%-3)1°-5°+5)=1%-8°+201*- 152
Similarly, Gz - X -y is disconnected, composed of P, and P,. Therefore, by (3.19):
a(Gss-xy, )=aP, 1 )aPs, 1) =(2-1)(*-3+)=1°-4*+42%-1

Substituting these expressions back into (3.20) we readily obtain:
a(Gys, 1)=(°%-8°+201%-151) —(1®-4A*+4%-1)=1%-91°+191°+1
The recurrence relations (3.17) - (3.19) can be expressed in terms of the Z-
counting polynomials:

Theorem 3. 6a. Using the same notation asin eqs 3.17 - 3.19, the Z-counting polynomial,
defined viaeq 3.9, satisfies:

QG,1)=QG= 1)+1QG-x-y,1) (321)
QG,1)=QGxX 1)-1 QG -x-V, 1) (322)
Q(G,1)=QG, 1) xQ(G", 1) (3.23)

The matching polynomials, their coefficients and (in some cases) their zeros were
determined for numerous classes of graphs® ® % 2% Sayeral computer-aided
computation agorithms for the calculation of a were put forward.** %2

The fact that the matching polynomial has real zeros and is closely related to the
characterigtic polynomial of the underlying graph G (see below), motivated many authors

to seek for a graph-like object, denote it by Ghyp, which would have the property j (Gnyp,
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1)° a (G, )™ This search was successful in many cases - for instance, for unicyclic
and bicyclic graphs. Gy is usually constructed from G so that some edges of G are
weighted by complex-valued (or even quaternion valued!)*® numbers.

The matching polynomial is intimately connected to the characteristic polynomial
and has many properties analogous to the latter. Some of these relations are outlined in
the subsequent section. More properties of the matching polynomials can be found in
Chapter 4 of the book™® and dsewhere.’®'® As a curiosity we mention that several
important orthogona polynomials are matching polynomials of some pertinently chosen
graphs.*”**" For instance, the matching polynomial of the rrvertex complete graph is
equal to the Hermite polynomial.

3.4. THE CHARACTERISTIC POLYNOMIAL. PART 2.

In the case of acyclic graphs the relation between the characteristic and the
matching polynomialsis straightforward (see Theorem 3.3). If agraph G contains cycles,
then the relation between j (G) and a(G) is somewhat more complicated.

Let Gbeagraphand C1, C2, ..., C" be the cycles contained (as subgraphs) init,
see Figure 3.3. The subgraph G - C 'is obtained by deleting from G al vertices belonging
toC' (and, of course, al edges incident to these vertices). If the cycles C "and C’ are
digoint (i.e., have no vertices in common), then the subgraph G - C '_ CVisdefined as (G
-C')-C/or,whatisthesame, as (G- C')-C'. If C' and C! havejoint vertices, then
without defining G - C'- C/,inthe below formulaswe set a(G-C-C!, 1)° 0andj (G
-C'-C!,1)° 0. Thecase of thesubgraphs G -C'-C/-cK G-c'-c!-c*-c" ec.is
treated analogously. Some of the subgraphs G- C', G- C'- C!, etc. may be empty, i.e.,
all vertices of G need to be deleted. If H is the empty graph then it is both convenient and
consstenttoset a(H,1)° 1 andj (H,1)° 1.
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-~ J Prals - N o~ - e
P i s - ~o - NG _- e s
v v v v v
H ! | i | i
H J L J L 3
LN s Pl - -
N . N . N - AP e Moot 2N

St ¥t

Ss

Figure 3.3. Some cycles of the molecular graph of benzo[a]pyrene, having a total d 21
cycles; the main practical difficulty in the calculation of the characteristic polynomials of
polycyclic graphs lies in the enormous number of cycles that need to be taken into
account
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Theorem 3.7. With the above specified notation and conventions,
j(G1)=a(G,1)-23a(G-C',1)+4a(G-C-C,1)-

i i<j
8 §aG-c'-cl-cKl)+.. (3.24)
i<j<k
a(G,1)=j (G 1)+23ij G-C'1)+48j (G-C'-Cl, 1)+
i i<j
: . 3.25
8 §j (G-c'-cl-ckl)+.. (329
i<j<k
where the summations go over al cycles, pairs of cycles, triplets of cycles, etc., contained
inG.

Note that on the right-hand sides of (3.24) and (3.25) there are 2" summands,
some of which may be equa to zero. Indeed, the actual application of formulas (3.24) and
(3.25) is much simplified by the fact that in the second, third, etc. summations only pairs,
triplets, etc. of mutually digoint cycles need to be considered.

Formula (3.24) seems to be discovered by Hosoya® it was later extensively

applied within the theory of cyclic conjugation,* where also formula (3.25) was reported
for the first time. A more compact way of writing (3.24) and (3.25) is:

jG1N=3(-2"MaG-RI); aGl)=g +2"Pj G-RI)
R R
where the summations go over al regular graphs R of degree two, contained as subgraphs
in G (including the empty graph): p(R) is the number of component of R. Recall that in a
regular graph of degree d all vertices have exactly d first neighbors. Two specia cases of
Theorem 3.7 deserve to be mentioned:
Corallary 3.7.1. If Gisaunicyclic graph (r = 1) and C isits unique cycle, then

j G1)=a(G,])-2a(G-C,l); a(G,Il)=j(G,I)+2 (G-C,I)
Coroallary 3.7.2. If Cy istheN-vertex cycle, then

J Cnil)=a(Cy,l)- 2
Example 3.3. Calculate (again) the characteristic polynomia of the graph Gss from
Figure 3.2, this time employing eq 3.24. The graph Gs; possesses two cycles, C; and Cs,
which are digoint. Hence,

] (Gsz,1)=a(Gsz,l)- Za(Gg3- C3,l )+a(Gzz- Cg,l )] +4a(Gy3- C3- G, 1)]

The polynomia a(G33) has been calculated in Example 3.2.

The subgraph G353 - G; is just the cycle Cs. Similarly, Gs3 - Cs = G,. The
matching polynomias of C; and Cs have aso been computed in Example 3.2. Then, in
view of Corollary 3.7.2,

i (G 1)=a(Cs,1)-2=13%-3 -2

j (Cs,1)=a(Cs 1)—2=1°-53+5 -2
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The subgraph Gs 3 - C; - G5 has no vertices, and therefore a (Gs3- G- Gs, 1) ° 1
Bearing the above in mind we have

j(Cal)=[18-a%+241%-1912+2) —[(1°-13+8 -2)+(13-3 -2)] +4[1] =
=18-9°%-2°+24*+83%-19%-4 +5
which, of course, is same as what we obtained in Example 3.1.

By means of Theorem 3.7 the characteristic polynomial is expressed in terms of
matching polynomias, and vice versa. It is sometimes advantageous to express the
characteristic polynomia of a graph in terms of characteristic polynomials of subgraphs.
(The analogous result for the matching polynomia is Theorem 3.6). O the severd
recurrence relations of this kind'>*** we mention here a smple and, probably, most
handy one.

Theorem 3.8. Let G be agraph and e its edge connecting the vertices x and y. Then,
j(G1)=j(G-&1)-j(G-x-y,1)-28] (G-C,1) (3.26)
C

with the summation going over al cycles C containing the edge e.

Formula (3.26) is often attributed to Schwenk'”® athough it can be found already
in a paper by Heilbronner.”® Anyway, the following corollary of Theorem 3.8 is known
as the Heilbronner formula
Corallary 3.8.1. If the edge e does not beong to any cycle (in which case it is caled
bridge), then

J G 1)=](G-el)-](G-x-y,1) (3.27)

In particular, formula (3.27) holds for any edge of any acyclic graph. If x is a pendent
vertex (i.e., y isits only neighbor), then

J G 1H)=1]G-x1)-]G-x-y,1) (3.28)

Egs 3.26 - 3.28 should be compared with (3.17) and (3.18). When applying these
recurrence relations also the identity

1 G 1) =1 @G, 1)(G1)
may be of great use, where the notation is the same asin eq 3.19.
Among the plethora of other known results for the characteristic polynomia we
state here only two, which reveal further deep lying anaogies between the characteristic
and the matching polynomials.

Let Gbeagraphand vi, V2, ..., vy itsvertices. Then
- N N (329)
16D -8 G-vy BPED-ZaG-vy
T“ i=1 ﬂl i=1
Thej -part of this identity is due to Clarke, **?
and Hosoya.'® For applications see Refs. %%,

the a-part was first reported by Gutman
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The left hand sides of the following peculiar identities are caled graph
propagators™ Let x and y be two (not necessarily adjacent) vertices of the graph G. Let
P be a path connecting x and y. Then,

J G-x1) (G-y,1)-] G, 1) G-x-y,1)=[&] (G-P,1)] (3-30)
a(G-x1)aG-y,1)-aG,1aG-x-y,1)=§[a(G-P 1) (331

P

with the summations going over al paths of G, whose end vertices are x and y. Evidently,
for al rea values of the indeterminate | , both propagators (3.30) and (3.31) are positive.
Formulas (3.30) and (3.31) were reported in Refs.*” and ', respectively. Formula (3.30)
isjust a graph-theoretical version of an old result in linear algebra.

The characteristic polynomia can be computed aso in several other ways. Many
(perhaps too many) algorithms for its calculation have been put forward.™*** When the
graph possesses some symmetry, then specia calculation techniques could be
developed.”**** (Recall that here we do not quote papers devoted to the finding of graph
eigenvaues using symmetry arguments). Discussing the calculation of the characteristic
polynomials of graphs with weighted edges and vertices”®*?*° goes beyond the ambit of
this book. Needless to say that characteristic polynomials of a great variety of particular
graphs and particular classes of graphs have been determined. Such details are, first of al,
to be found in the seminal book* and el sewhere. ™"

Immanantal Polynomials.

Let M = |Mj|| be a square matrix of order N. Let ¢ be one of the irreducible
characters of the symmetric permutation group Sy. The immanent of the matrix M,
corresponding to the character ¢ of S, is defined as

deM)= & c (@OM1gnM2g() - Mngm
g Sy

where g stands for an element of Sy which transforms the permutation (1, 2, ..., N) into
(9(2), 9(2), ..., a(N)).

Note that if ¢ isthe alternating character, then d. isthe familiar determinant; if
c(g) =1fordl g, then d. isthe permanent.

The immanantal polynomial of the matrix M isd¢(l |1 - M). If M isthe adjacency
matrix of a graph, then one speaks of the immanantal polynomial of a graph. The

characterigtic and the permanenta polynomials are special cases of immananta
polynomials. For more details see elsewhere.**®
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3.5. A UNIFYING APPROACH: THE mPOLYNOMIAL

The fundamental difference between the characteristic and the matching
polynomials is in the effect of cycles. One may view a(G) and the characteristic
polynomial of G in which all cyclic contributions (originating from the cyclic Sachs
graphs, ¢(S)>0, cf. Theorem 3.1) have been completely neglected. One may wonder what
would happen by neglecting the contributions of only some cycles of G, or by only
partially neglecting these contributions. Such deliberations resulted in the concept of the
mpolynomial.

Let, as before, the graph G contain (as subgraphs) the cycles C', C, ..., C', see
Figure 3.3. For i =1, 2, ..., r, associate a variable t(C') to the cycle C. This variable is
viewed as the weight of the cycle C': if t(C') = 1 then the effect of this cycleis fully taken
into account, if t(C') = O then the effect of this cycle is fully neglected. Denote, for
brevity, the r-tuple [t(C), t(C?, ..., t(C")] by T , which may be viewed as an r-
dimensional vector. Then the mpolynomial of the graph G is defined as follows.™*

If the graph Gis acyclic, then

MG, t)=nmG,t,1)°aG,1)°j G,I) (332
If the graph G possesses cycles, then

mMG,f)=mG,f,1)=a@G,1)-2§ t(Cha(G-C' 1)+ 43 t(C"
o _ <] (333
t(Cha(G-C-C,1)-8 tECHicHtchHaG-c'-ci-ck 1)+

i<j<k

Thesymbol tin eq 3.32 is fictitious; the purpose of eq 3.32 is to define the m
polynomial-concept for all graphs.

Formula (3.33) should be compared with (3.24). The idea behind it is that by
continuously changing the parameters t (usually between 1 and 0) we can continuously
change the effect of the respective cycles on the polynomial itself (which we will discuss
below) and on various p-electron characteristics of conjugated molecules (which are
calculated from the polynomials, but which we are not discussing in this book; for details
see Ref. ™,

This graph polynomial was conceived while the authors of Ref.™ worked together
in Mulheim, Germany. The suggestion to name it Milheim polynomial was not accepted
by the mathematico-chemical community; what only reminds this attempt is the symbol
of the polynomial. The following property of the mpolynomial follows directly from its
definition and/or from the analogous properties of both the characteristic and the
matching polynomial.

Denoteby 1 and O thevectors (L, 1, ..., 1) and (0, 0, ..., 0), respectively.

Theorem 3. 9. Let G be a graph possessing at least one cycle. Then, using the same
notation asin egs 3.29 and 3.26,
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MG, 1,1)=) (G,1);mMG, 0,1)=a(G,!)

IMGED = § mG-w, T)
Mg

MG.T.1)=mG-ef |)-nGxyf,1)-2§ t(OMG-CT )

C
Further recurrence relations are found elsewhere®”** The dependence of the m
polynomia on a particular cycle C (or more precisely, on its weight t(C)) is given by

ICLL) - g-c 1)
1t(C) o

which is arelation of crucial importance in the theory of cyclic conjugation.™

The mpolynomial not only includes as specia cases the characteristic and the
matching polynomials, but aso many other graph polynomials. In particular, if the cycle-
weights are chosen so that al cycles of the same size have equal weights, then we arrive
at the circuit polynomials, invented and extensively studied by Farref| % 12 ©% 85 281-290

Some other cycle-related graph polynomias have sporadicaly occurred in the
chemical literature. ">

Another important specia case is the b-polynomial (sometimes called “circuit
characteristic polynomial”).**** **+2%2%_et G be agraph and C one of its cycles. Choose
the vector t so that t(C) =1 and t(C' ) = O for &l other cycles C' (if any). Then

b(G,C)=b(G,C,1)=n(G, t,1)
or, what is the same,
b(G,C,1)=a(G,|)-2a(G-C,1) (3.34)

formula (3.34) should be compared with Corollary 3.7.1. Indeed, if G is unicyclic, then its
b-polynomial is the same as the characteristic polynomial

Theb-Polynomial Hypothesis

The b-polynomia has been defined so that it contains the effect of just one
individua cycle of a polycyclic (molecular) graph, namely the effect of the cycle C. This
feature is the basis of the application of the b-polynomiak in the theory of cyclic
conjugation, for the calculation of the effect of an individua cycle on various p-eectron
properties of a polycyclic conjugated molecule, especially on itstotal p-electron energy.*®

With regard to this application, it is necessary that all the zeros of b(G, C) be
real-valued numbers, preferably for al graphs G and al cycles C contained in them.
Numerical calculations (e. g. in Ref.*®) showed that this is the case in many chemically
relevant examples. Further studies revealed that the zeros of b(G, C) are real for many
types of graphs* ** %% 2> gmong which are al unicyclic graphs (which is trivial), all
bicyclic graphs, al graphs with eight and fewer vertices, the complete graphs, etc. In spite
of all these efforts, and in spite of a reward offered,*®” the following hypothesis remains
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unsolved; it could be considered as one of the most challenging problems in the theory of
graph polynomials (of interest in chemistry).

Conjecture. If G isany cycle-containing graph and C is any of its cycles, then al the
zeros of b(G, C, 1) =a(G) - 2a(G - C) arereal-vaued numbers.

This conjecture may be false. If so, then finding a single counterexample (a
particular graph G and a particular cycle C init), for which at least one zero of b(G, C, I)
is complex-valued, would suffice.

We see that the characteristic and the matching polynomials can be viewed as
two limit cases of the mpolynomial. Because they both have real zeros, the natura
question is what can be said about the redity of the zeros of n{G). In the generd case,
some zeros of some mpolynomials may be complex-valued numbers.™ ** There,
however, exists an interesting result:™

Theorem 3.10. Let G beagraph and C', C?, ..., C' beitscycles, r 3 2. If any two cycles
of G are digoint (i. e., have no vertex in common), then all the zeros of (G, t, | ) are
real-valued numbers, provided -1 £ t(C') £+1 holdsforal i=1,2, ..., r.

If the conditions -1 £ t(C') £ +1 are not obeyed for al cycles C', then complex-

valued zeros may occur. If r = 1 then al zeros of (G, t, | ) are real-valued, irrespective
of the value of t(C") .3

An intriguing unsolved problem in the theory of the mpolynomial is the manalog
of egs 3.30 and 3.31. In other words: what can be said about the propagator

mMG-xT,1)MG-y,t,1)-mG,T, 1 )MG-x-y,t,I) (3.39)
and can it be expressed in terms of peths connecting the vertices x and y? Under which

conditions is this propagator positive-valued? Notice that for T = 1 and t = 0 the m
propagator (3.35) reducesto the] - and a-propagators, (3.30) and (3.31), respectively.

3.6. THE LAPLACIAN POLYNOMIAL

The Laplacian matrix is a very important object in the anaysis of eectrica
networks (and is, among other things connected with the classical Kirchhoff laws). Its
role in chemical graph theory is much more modest.”® *** Therefore, the fundamentals of
the theory of the Laplacian polynomial, outlined in this section, should be understood
primarily as a possibility (and an invitation) for future chemical applications. Some
chemica connections of the Laplacian matrix, especialy those related to the Wiener
index and other distance-related structure-descriptors, are mentioned elsewhere in this
book.

Let, as before, G be a (molecular) graph, vi, Vs, ..., Wwitsverticesand A = A(G)
its adjacency matrix. The degree d; of the vertex v; is the number of the first neighbors of
this vertex (see Chap. 1).
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Let DEG = DEG(G) be the square matrix of order N whose i-th diagonal element
isd; and whose dl off-diagonal elements are zero. Then the Laplacian matrix of the graph
G isdefined as

La=La(G)=DEG(G)-A(G)

The Laplacian characteristic polynomial of the graph G is just the characteristic
polynomial of the Laplacian matrix:

Y(G)=Y(G,|)=de[l | - La(G)] (3:36)
and we write it in the form:
N (3.37)
Y(G1)=ac @G ""
k=0
which should be compared with eq 3.12. The mathematical theory of Laplacian

polynomials and of their zeros - the so-called Laplacian graph spectra - is nowadays well
elaborated; for details see the reviews.” ** "> 7

The Kel'mans Theorem

The fundamental result, relating the coefficients of Y (G) with the structure of the
graph G, is the Kel'mans theorem.** ** (This theorem was first communicated by
Kd'mans in 1967 in a booklet entitted Cybernetics in the Service of Communism
published in Moscow and Leningrad, in Russian language.) To formulate it we need a
few definitions.

Consider agraph G on N vertices. Any N-vertex subgraph H of Gisasaidto bea
spanning subgraph; hence H is obtained from G by deleting some of its edges, but none
of itsvertices. If H isacyclic, we say that H isa spanning forest of G; if H is acyclic and
connected, then H is aspanning tree of G.

Let F be aspanning forest of agraph G. Let Ty, Tz, ..., Tp be the components of
F, with N(Ty), N(T2), ..., N(Tp) vertices, respectively,

N(T1) + N(T2) + ... + N(Tp) = N(F) =N
Then the product N(Tz) N(T2) ... N(Tp) will be denoted by o(F).

For an example see Figure 3.4.

Gss F F Fs Fa Fs
Figure 3.4. The molecular graph G;; and some of its spanning forests;
AF,) =8, AF,) =53=15, AF;) = 1.1.1.5=5, AF,) = 22-2:2 = 16,
AFs) =1-1-1-1-1-1-1-1= 1; of these spanning forests only F; is a spanning tree
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Theorem 3.11. Let G be agraph on N vertices and Laplacian characteristic polynomial
Y(G,|), given by eq 3.37. Then

a(G) = (D4 9(F)
F
with summation going over all spanning forests of G which have N - k components (p =
N - k).
The practical application of the Kel'mans theorem is rather tedious. This is seen
from the below example, where we compute Y (G) of avery smal graph.

A

Gaza4

9=4  g=4
9=3

g=1
Figure 3.5. A smal graph G4 and al its spanning forests; with the increasing

number of vertices and edges, the number of spanning forests becomes enormously large,

thus making the calculation of the coefficients of the Laplacian polynomia by means of
the Kel'mans theorem unfeasible

Example 3.4. The spanning forests of the 4vertex graph Gz, are depicted in Figure 3.5,
together with the respective gamma-values. Then by direct application of the Kel'mans
theorem we have:

co(Gsa) = (DY =1

c1(Gz.4) = (-D)[2+2+2+2] = -8

C2(Gaa) = (-1)q3+3+3+3+3+4] = 19

C3(Gaa) = (D) T4+4+4] = -12
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Because there cannot be spanning forests with 4 - 4 = 0 components, it follows that
€4(Gz4) = 0. We thus have:
Y(Gsza,l)=1%-83+192-12
After carefully working out the above example we easily envisage afew generd
results, holding for any graph G with N vertices and m edges:
co(G) = 1; c1(G)=-2m cn(G)=0; cn-1(G) = ()N N number of spanning trees.
Because only connected graphs have spanning trees, we see that ¢y .1(G) * Oif
and only if the graph G is connected. Further, cy_1(G) = £ N if and only if the graph G is
connected and acyclic, i. e atree. A less elementary result of the samekind is:
Corallary 3.11.1. If G isatree, then

. N CN»Z(G) :W(G)
CN—l(G)

where W(G) is the Wiener number of G, a distance-related topologica index, discussed
elsewhere in this book.

A graph is said to be regular of degreed; if al its vertex degrees are equal to deg;,
thatisdy =dy = ... =dn =d;. For such graphs, La = d;l - A and from egs 3.4 and 3.36 we

straightforwardly obtain

V(G 1)=()") (G di-1)
arelation which holds for N-vertex regular graphs of degreed, . For instance, the cycle Cy
isaregular graph of degree 2 and therefore

Y(Cn 1) =(DY (Cn 21)

For non-regular graphs the relation between the regular and the Laplacian
characteristic polynomials is somewhat |ess simple®**
Theorem 3.12. Let G beagraph on N vertices, vy, Vs, ..., Vy and letd; be the degree of
thevertex v, i =1, 2, ..., N. Then

YG 1) =)'} G.-)+adi) (G-v,-l)+& didj ] (G-vi-v;,-l)+
i i<j
é dld]dk J (G-Vi-Vj-Vk,-l)+ ]
i<j<k

with the summations going over al vertices, pairs of vertices, triplets of vertices, etc. of
G.Asbefore, ] (G-vi-Vo-...-w)° L

For bipartite graphs (that are graphs without odd-membered cycles) the following
relation was recently reported.>*

Theorem 3.13. Let G be a connected bipartite graph with N vertices and medges. Let
L(G) be the line graph of G. Then,

I™Y(G,1)=1Y (LG),] -2)
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3.7. MOVING IN ANOTHER DIRECTION: THE INDEPENDENCE
POLYNOMIAL

The above outlined (mutualy closaly related) Z-counting and matching
polynomials are defined via the quantities (G, k), cf. egs 3.9 and 3.16. To repeat: m(G,

K) is the number of k-element independent edge sets of the graph G. In other words: m(G,
K) is the number of waysin which k mutually independent edges are slected in G.

One may ask if instead of selecting independent edges we could design graph
polynomials by selecting some other structural features of the graph. The natura choice
would be the vertices of the graph.

In close anadlogy to the numbers m(G,k) and the polynomid Q(G) we now
introduce the numbers N(G,k) and the polynomial ?(G), named the independence
polynomial. Two vertices of agraph G are said to be independent if they are not adjacent.
A set of vertices of G is said to be independent if al of its dements are mutually
independent. The number of distinct k-element independent vertex sets of G is denoted by
N(Gk). Inaddition, N(G,0) = 1 and N(G, 1) = number of vertices of G. The independence
polynomial is then defined in full analogy with eq 3.9:

2(G)=?(G,?)= q N (G, k)?* (339)

k30
Example 3.5. By direct application of (3.38) we compute the independence polynomial
of the graph G35, depicted in Figure 3.6.

OO RGOS
N~ —~d g~ g
G35 G35-a G35 - Na

Figure 3.6. A molecular graph and its two subgraphs, used to illustrate
the calculation of the independence polynomial

Casek = 1. G35 has eight vertices and therefore N(Gs;5, 1) = 8.
Case k = 2. The following pairs of vertices of Gs are not adjacent:

a,c ad af ag bd

b, e b, f b, g b, h ce
c f c,g c¢h df d, g
dh eg eh fh

Hence, N(Gss, 2) = 19.
Casek = 3. Thefollowing triplets of vertices of Gss are not mutually adjacent:

acf acg adf adg bdf
b,d,g b,dh b,eg beh bfh
c,eeg ceh cf,h dfh

Hence, N(Gzs, 3) = 14.
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Case k = 4. There is a unique set of four independent vertices, namely: {b, d, f, h}.
Therefore N(Gss, 4) = 1 and, in addition, N(G35, k) = 0 for k > 4. Bearing in mind that by
definition N(Gss, 0) = 1, we arrive at

?2(Gs,?)=1+82+197 + 142+ 7

The fundamental recursion relations for ? (G) are given by the following:

Theorem 3.14 Let x be a vertex of the graph G. The set consisting of x and its first
neighbors is denoted by N,. Then the independence polynomial, defined via eq 3.38,
satisfies:

?2(G,A=?(G-x,?)+??(G-N,, ? (3.39)
If X is a pendent vertex, its only first neighbor being vy, then N, = {x, y} and, as a specia
case of (3.39),

?2(G,A=2(G-x,N+?7?(G-x-V,?) (3.40)
Further, if G isdisconnected and G and G” are its components, then
?2(G,2=2(G,?-?(G",?) (341)

Relations (3.39) - (3.41) should be compared with (3.21) - (3.23).

Example 3.6. We calculate once again ? (Gs), this time by using Theorem 3.14. For this
we need some preparation. We first calculate the independence polynomials of the first
few path graphs. For P, and P, by direct calculation we readily get: ? (P)) =1+ ?, ?(P,)
=1+ 2?. Now, applying (3.40) to a pendent vertex x of Py and bearing in mind that Py - X
=Py and Py- X -y = Py, we get

?(Pn, D) =?(Pna,?)+?7? (Pn-2,?)

which successively yields:

2(P3, ) =[1+2]+2[1+7] =1+ 3R+

2(Ps, D) = [L+R+F +AL+ 27 =1+ 42+ 37

2(Ps5,?) = [L+ 2+ 3+ YL+ R+ P =1+52+ 67+

etc

?2(Pg,?) =1+ 72+ 157+ 102+ ?

etc

The above polynomials should be compared with a (Py), obtained in Example 3.2. Choose
vertex a in Gss, see Figure 3.6. This vertex has three first neighbors: b, e, h and therefore
Na ={a, b, e, h}. The subgraphs G;5- a and Gz 5- N,, also shown in Figure 3.6, are in fact
Pg and P, + P, respectively. Therefore,

?(Gss) = ?(Gss-a,?) + 7?2 (Gss-Na,?) = ?2(Pg, )+ 7?2 (PP, )
=?2((Pg, A+ 22(P,,?)° = [L+ 7?2+ 157+ 102+ A+ 2[1 + 27°
=1+8?2+197%+ 147+ 7

same as before, but dightly easier to calculate.

* * *
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For further details on the theory of independence polynomials see Refs, 13 1% 1%
307399 many properties of ? - and Q-polynomials are fully analogous, which is frequently
used in their research. Other related graph polynomias are the king, color and star
polynomials

If instead of sets of independent vertices one considers sets of mutualy adjacent
vertices, then one arrives at the socalled clique polynomial. 3'%3%°

With regard to the chemical applications of the independence numbers N(G, K)
and the associated graph polynomia ? (G) one should, first of al, mention the topological
theory of Merrifield and Simmons; its details (which go far beyond the ambit of this
chapter, can be found in the book.*** The sum of the numbers m(G, k), i. e. , the value of
the independence polynomial for ? = 1, is known under the name Merrifield-Smmons
index. However, as explained below, the independence polynomias have much wider
chemical (and other) applications.

Beyond the I ndependence Polynomial?

Once we learned how to construct the independence polynomial as an analogy of
the matching polynomia, we may be inclined to introduce further such counting
polynomials. We would simply have to decide which structural features in a (molecular)
graph to count - and we are done. This, indeed, has happened: the mathematical and
chemical literature is quite reach in such attempts, *'%%*° of which we point out the
chemically significant sextet polynomial in the theory of benzenoid hydrocarbons 32 “*
79, 322-333 and |tS generallzatl ons. 37, 38,334

However, there is areason to stop at the independence polynomial. The following
theorem by Gutman and Harary **® shows that ? may be viewed as the ultimate counting
polynomial of itskind. Let G bea (labeled) graphand S={S,, S,, ..., S} aset of some of
its (labeled) subgraphs (or structural features). Suppose that for any two of these
subgraphs, say S and S, we can decide whether they obey acondition S, i, S (which one
may interpret as § and S being mutually independent). Fork =2, 3, ..., let o(G, k) be the
number of k-element subsets of S, in which al elements pairwise obey therelation i (i. e.
all eements are mutually independent). It is consistent (yet not necessary) to set o(G, 0) =
1and o(G, 1) = N. Note that the numbers o(G, k) have been chosen in afairly arbitrary
manner.

Theorem3.15. The polynomia

3 o(G,K¥
k30
is the independence polynomia of some graph.

Corollary 3.15. 1. The Z-counting polynomial is an independence polynomial.
Let L(G) denote the line gaph of the graph G. Then, for any graph G, the Z-counting
polynomial of G coincideswith ? (L(G)).
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Corollary 3.15. 2. The cligue polynomia is an independence polynomid. Let
G denote the complement of the graph G. Then, for any graph G, the dlique polynomial
of G coincideswith ? (G ).
At this point we are not going to define the sextet polynomial, ** and Clar graph, **°
playing an important role in the Clar aromatic sextet theory of a benzenoid hydrocarbon;
the interested readers should consult the book *° the origina paper by Hosoya and
Y amaguchi, ** the review “° or some of the numerous papers on this topic, 33 % 79 322-3%3
Anyway, we have:

Corollary 15. 3. The sextet polynomid is an independence polynomial. Let C(B)
denote the Clar graph of the benzenoid hydrocarbon B. Then, for any benzenoid system
B, the sextet polynomial of B coincideswith ? (C(B)).

3.8. MORE

Before ending this chapter we wish to mention a few more graph polynomials
that are encountered in chemical graph theory. Among them is the Wheland polynomidl,
the coefficients of which count resonance structures of various degrees of excitation. **>
337 A related polynomia was considered by John. %

The Hosoya polynomia is defined as *

H(G, 9= § d (G, k)?
k30

where d(G, K) is the number of vertex pairs of the graph G, the distance of which is k.
Then d(G, 1) is equal to the number of edges of G, whereasiit is consistent to choose d(G,
0) = number of vertices of G.

The Hosoya polynomial is defined only for connected graphs.

Hosoya, who invented H(G, ?) named it the Wiener polynomial because of its
remarkable property: ®

dHélG,I )L - WO

where W(G) is the Wiener topological index (see Chap. 4, this book). Eventudly, the
more appropriate name Hosoya polynomial has been accepted. Further results of the
theory of this distance-based graph polynomial are found elsewhere. %%

* * *

Isthis the end?
No. But we must stop somewhere.
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Chapter 4

TOPOLOGICAL INDICES

A single number, representing a chemical structure, in graph-theoretical terms, is
called a topological descriptor. Being a structural invariant it does not depend on the
labeling or the pictorial representation of a graph. Despite the considerable loss of
information by the projection in a single number of a structure, such descriptors found
broad applications in the correlation and prediction of several molecular properties* and
dsoin tests of similarity and isomorphism.®*

When a topological descriptor correlates with a molecular property, it can be
denominated as molecular index or topological index (TI).

Randic® has outlined some desirable attributes for the topological indices in the
view of preventing their hazardous proliferation.

List of desirable attributes for a topological index

1. Direct structural interpretation

2. Good correlation with at least one property
3. Good discrimination of isomers

4. Locally defined

5. Generalizable to higher analogues

6. Linearly independent

7. Simplicity

8. Not based on physico-chemica properties
9. Not trividly related to other indices

10. Efficiency of construction

11. Based on familiar structural concepts

12. Show a correct size-dependence

13. Gradua change with gradual change in structures

Only an index having a direct and clear structural interpretation can help to the
interpretation of a complex molecular property. If the index correlates with a single
molecular property it could indicate the structural composition of that property.® If it is
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If it is sensible to gradual structural changes (e.g., within a set of isomers)
then the index could give information about the molecular shape. If it is locally
defined, the index could describe local contributions to a given property. If the
index can be generalized to higher analogues or it can be built up on various bases
(e.g., on various matrices*®) it could offer a larger pool of descriptors for the
regression analysis.

Among the molecular properties, good correlation with the structure was
found for: thermodynamic properties .g., boiling points, heat of combustion,
enthalpy of formation, etc.), chromatographic retention indices, octane number and
various biological properties.

Thus, a topological ndex converts a chemical structure into a single number,
useful in QSPR/QSAR studies. More than a hundred of topological descriptors were
proposed so far and tested for correlation with physico-chemical (QSPR) or biological
activity (QSAR) of the molecules.

In the construction of a Tl, two stages can be distinguished:’ (a) the assignment
stage and (b) the operational stage.

(@) In the assignment stage, the topologica information is encoded as local
invariants (LOIs - LOcal I nvariants). The LOIs can be pure topologica or weighted by
chemical properties .g., aiomic properties, when the chemica nature of vertices is
needed).

(b) In the operational stage, the LOIs are mathematically operated for producing
global (molecular) invariants as single number descriptors of a structure. They are
referred to as topologica indices. The operational stage may (or may not) encompass
topological information. Often the operation is the smple addition. It is a natural
operation, since many molecular properties are considered to be additive. There exist
more sophisticated global invariants (e.g., the eigenvalues), as aresult of complex matrix
operations. In such cases, the two stages are indistinguishable.

When a Tl shows one and the same vaue for two or more structures, it is said
that Tl is degenerated. The degeneracy may appear both in the assignment and the
operational stages.” The assignment degeneracy appears when non-equivalent subgraphs
(i.e., vertices) receive identical LOIls or when non-isomorphic graphs $iow the same
ordered LOIs (e.g., the same distance degree sequence, DDS). The operational
degeneracy is seldom encountered (e.g., when simple operations act on weakly
differentiated LOIS) and leads to the same value of Tl for non-isomorphic graphs which
do not show assignment degeneracy .

The discriminating sensitivity of a Tl is a measure of its ability to distinguish
among nonisomorphic graphs by distinct numerical values. An evauation of this
sengitivity, s, on afixed set, M, of nonisomorphic graphs can be achieved by formula
s=(m- m)/m, where m=|M| and m is the number of graphs undistinguished

by Tl withintheset M.
A criterion used in the classification of topological indices is that of the matrix
which supplies the topological information (the info matrix), in the assignment stage.
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When the LOIs are assigned on combined matrices (see the Schultz index) or the two
stages are indistinguishable, such a classification becomes difficult. Other criterion would
take into account the mathematical operations involved in achieving a certain index. In
the following, these two criteria will be used in an attempt of classifying the main
topologica indices.

4.1. INDICES BASED ON ADJACENCY MATRIX

4.1.1. The Index of Total Adjacency

The smplest Tl isthe haf sum of entries in the adjacency matrix A:

A=(1/2Q & [A]; (41)
i

It was called the total adjacency index® and is equal to the number of edges, Q, in
graph. Figure 4.1 shows the matrix A and the corresponding index for 2Methylbutane,
G4.1-

| 1 2 3 4 5
5 1l0 1 0 0 o0
£ 21 0o 1 0 1
3]0 1 0 1 o AGs1) = 4
1~ 3 -4 4l 0 0 1 0 o0 (Ga)
5/ 0 1 0 0 O
Gaa

Figure 4.1. Adjacency matrix and A index for the graph Ga1.

4.1.2. TheIndices of Platt, F, Gordon-Scantlebury, N,, and Bertz, B,

Platt®*° has introduced the total adjacency of edgesin a graph, as the F index
ad; 0
F=a alEA]; =2§_gz'i=2N2=281 4.2)
i i 2

where EA is the Edge Adjacency matrix. This index is twice the Gordon - Scantlebury**
index, N2 , defined as the number of modes in which the acyclic fragment C-C-C may be
superposed on a molecular graph

N2=3 (P2)i (43)
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Thisindex equals the number of al paths of length 2, P2, in graph. The F index
is also twice the Bertz index,"> By , defined as the number of edges in the line graph
L1(G). Thelast one can be calculated combinatorialy from the vertex degree, d; . For the
graph G4, the caculusis given in Figure 4.2.

6
: s B1(Gq 2):2862‘"8@%:7
L 2" %5 S
Ga2

Figure 4.2. Bertz index By, for the graph Ga2.

4.1.3. The Indices of ZAGREB Group

First Tls based on adjacency matrix (i.e., based on connectivity) were introduced
by the Group from Zagreb™**

M 1= é diz (44)
i
Mj = é. did; (4.5)
(i, E(G)

whered;, d; - are the vertex degrees for any two adjacent vertices. For the graph G4, one
caculates:
M; =4x2 +2x3F +2=26;M,=3(1x3)+(3x3) +(2x3) +(1x2) =26

4.1.4. TheRandic Index, ¢

The ¢ index was introduced by Randic®® for characterizing the branching in
graphs.

c= Q(did))? (4.6)
(i) E(G)

c - cdled the connectivity index, is calculated on edge, by using the vertex
degrees of its endpoints (see Figure 4.3 (@)). Therdatednessof ¢ with M2 isimmediate.



Topologica Indices 105

6

8
£ 1,4880
1 N3~ ~5 05774 1,2440
J7 05774
Gas Gsz{c i}
(@ c=51x3) Y +2B8x3) =353 (b) c=(U2)[5x05774+2x 14880+

1.2440] = 35535

Figure 4.3. Randic Index c for the graph G453 : caculated on edge (&) and on vertex (b).

Diudea et a.*® have defined ¢ on vertex

ci=  Q@d)*? 4.7

j:(.)1T E(G)

c =

a.c (48)

N

Such a definition was used in connection with some fragmental descriptors (see
Sect. 4.7). For G43 the calculusis given in Figure 4.3 (b).

The c values decrease as the branching increases within a set of alkane isomers.
They increase by the number of atoms in the molecular graph.

This index was shown to correlate with various physico-chemical (e.g., enthalpy
of formation, molar refraction, van der Waals areas and volumes, chromatographic
retention index etc.) and biological properties.*’

4.1.5. Extensionsof ¢ Index

4.15.1. Kier and Hall Extensions

Kier and Hall'" have generdized the ¢ index , considering the edge as the
simplest path (i.e., the path of length 1) and extending the summation over al paths of
length e:

®c=Q (did}..dewy) M2 (4.9)
Pe
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where did ..de.; are the vertex degrees aong the path p.. Indices °c are used asafamily

of structurally related topological indices™*® Other subgraph based connectivities have
been developed.*’
The authors have aso extended the validity of ¢ to heteroatom-containing

molecules. They introduced the d,’ valencies (see Sect. 8.3.2.1) in the construction of
the analogousindex c":

c¢'=  g(d'd)Y? (4.10)
(,i) E@)

The d." values and other electronic and topological considerations are assembled
in the electrotopological state index.***

4.1.5.2. Estrada Extensions

Estrada®™ changed the vertex degree d, with the edge degree, d(g), eq 4.6
becoming

e=Q [de)d(e))]r (411)

where the summation runs over al r-pairs of adjacent edges. It is obvious that the €
index of a graph equals the connectivity index of the corresponding line graph: €(G) =c
(Li(G)).

The € index was extended to heteroatom-containing molecules” (with the
Pauling®™ kcx parameter for calculating the weighted edge degreesd " () ) and to a 3D-
descriptor®® counting an electron charge density connectivity. These indices showed good

corrdating ability with the molar volume*** (of akanes and a mixed set of ethers and
hal ogeno-derivatives) and with the boiling points of alkenes*

4.1.5.3. Razinger Extension

Razinger® introduced the vertex degrees of higher rank °W, in congtruction of
c°W index’®
_ 8 -1/2
cqW = a (w; ®w;)
(i, ) E(G)

(4.12)

Diudea™ has defined this index on vertex (see also egs 4.7 and 4.8):
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Ce\/vi = é. (eWi er )- 12 (4.13)
j:(,)1 E(G)

ce\N:%é c W (4.14)
i

Vauesc "W and ¢ ®W for G453 are shown in Figure 4.4. Indices ¢ *W are also used asa
family of topological indices.
Graphs Ga3{"W}:

1 1 3 3 5 5

13 13
1~ N3 1 37 N7 °\3 5~ MN137 N5

| | }

Graphs Ga3{c W }:

05775 02582 0,1240
12440 14880 05563 058 02587 4220
05775 0,2582 01240
05775 02182 0,1048
c 'W=35534 c W= 1.5890 c *W=0.7548

Figure 4.4. Indices ¢ "W and ¢ ®W (e = 1-3) for the graph G4 .

Indices c ®W can be weighted cf. the algorithms "Wy (egs 2.5 - 2.8) or °Ey (egs
8.39 - 8.41) thus accounting for the chemical nature of atoms and edges.

4.15.4. Diudea Extensions

Diudea and Silagh?”® used the group eectronegativity vaencies, denoted EVG
(see Sect 8.3.2.1 - egs 8.30 - 8.32) in constructing a ¢ analogue index, DS (defined on
vertex):

DS = Q (EVGEGV,) Y2 (4.15)
0.1 E(G)
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DS=Q DS,

(4.16)
|

The DS index shows excellent correlating ability.?° It is exemplified in Figure 4.5 for the
graph G,.

@
1,278
1,622 DS= 5x 0.6945 + 2 x 2.1714 + 2.2593 = 10.0745
Ga3 {EVGi}
(b)
0,9716 ECy = 5x 1.0368 + 2 x 3.1028 + 3.0952 = 14.4848
0957 EC. = 5% 0.9645 + 2 X 2.9006 + 2.9077 = 135314
Ga3 {EC}}

Figure 4.5. (@) DSand (b) ECindices for the graph G,s.

A similar index, ECen , Was built up by using the EC electronegativities”” (see
Sect 8.3.2.1 and Table 8.2)

ECpnj = 5 (EGEC;)* 1/ (4.17)
j,0)1 E(G)

ECen =& ECein;
i

(4.18)

The subscript symbol is P for +1/2 and N for -1/2. Values of these indices are
givenin Figure 4.5 (b) for the graph G4.3.
Excellent corrdations of the EC indices with some physico-chemical and

biological properties of aiphatic alcohols, amines and haogeno-derivatives were
obtained.”’
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4.2. INDICES BASED ON WIENER, DISTANCE AND DETOUR
MATRICES

4.2.1. Wiener-Type Indices

Wiener proposed in 1947 the first structura index in connection to some studies
on the thermodynamic properties of hydrocarbons (i.e., acyclic structures).®>' W index,
(called by its author the path number and eventualy referred to as the Wiener
index/number), has later become one of the central subjects which focused the attention
of theoretical chemists. Extensive studies have been performed for finding correlations
with various physico-chemical and biological properties. In this respect, the reader can
consult three recent reviews.***

4.2.1.1. Main Definitions

In acyclic structures, the Wiener index, W?® and its extension, the hyper-Wiener
index, WW?® can be defined as

W=WG)=AeNi eNi e (4.19)
WW=WWG) = a, N, N, (4.20)

where N and N; denote the number of vertices lying on the two sides of the edge e or
path p, respectively, having the endpoints i and j. Eq 4.19 follows the method of
caculation given by Wiener himself?® "Multiply the number of carbon atoms on one
side of any bond by those on the other side; Wis the sum of these values for al bonds'.

The edge contributions, N ¢N;. and the path contributions, N , N ,,, to the global
index are just the entries in the Wiener matrices®*” Weand W, from which W and W
can be calculated by

W= (128 & | [Wei; (421)

W= (12) & (& [Welij (4.22)

The indices W and WW (calculated according to egs 4.19-4.22) count all
external paths passing through the two endpoints, i and j, of al edges and paths,
respectively, in an acyclic graph.

Other main definitions®

matrices, De and Dy

of the Wiener-type indices are based on the distance
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W= (1/2) @ i@ ;[Ddi (4.23)
WW= (1/2) & 1@ ; [Dyli; (4.24)

Recall that Wiener®® has caculated the path number W “as the sum of the
distance between any two carbon atoms in the molecule, in terms of carbon-carbon
bonds." In other words, Wis given as the sum of elements above the main diagonal of the
distance matrix, as shown by Hosoya® In opposition to the edge/path contribution
definitions, (see egs 4.19-4.22), relations (4.23) and (4.24) are vdid both for acyclic and
cycle-containing structures.

It is useful to indicate in the symbols of the Wiener-type indices the matrix on
which they are calculated, by a subscript letter (see below).

The hyper Wiener index WMp, (calculated according to eq 4.24) counts all
internal paths existing between the two endpoints, i and j, of all paths of a graph.*® In

acyclic graphs, the WWy, values (cf. eq 4.22) areidentical to WM\pp values (cf. eq 4.24),
by virtue of the equality of the sum of all interna and externa peths, with respect to al
pairs of vertices, i and j. *°

4.2.1.2. Other Definitions

Attempts have been made to express W in terms of edge contributions and
to extend such definitions (4.19) to cycle-containing structures*! -4

w=3_ 4 o Li#g (G) (4.25)

where #,(G) is the number of different geodesics between the endpoints of g and sumis
over al geodesics containing e and next over dl ein G.

Klein, Lukovits and Gutman™ have decomposed the hyper-Wiener number of

trees by arelationthat can be written as:
WW = (Tr(D2)/ 2+W)/ 2 (4.26)

where Tr(D?) isthe trace of the squared distance matrix. Relation (4.26) is used as a

definition for the hyper-Wiener index of cycle-containing graphs.

Expansion of the right-hand side of eq 4.24, by taking into account the definition
of D, matrix,” *° results in a new decomposition (.e., a new definition) of the hyper-
Wiener index WW

[o] [¢] i l [¢] [¢]
Ww =g [Dplj =a EEDE]ZU T80 +8

i<} <] B <] <]

Iz (4.27)

2

@e]i'g
g 2
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Thefirst termis just the Wiener index, W . The second term is the non-
Wiener part of the hyper-Wiener index, or the contributions of D, when |p |> 1.

It is denoted by Wp

W, =& ?D‘*]” : (428)
i<j g
Thus, the hyper-Wiener index can be written as
WW = W+ Wb (4.29)
; 2 6
Wp isrelatedto Tr(DS) by
Wb = (Tr(D2)) - 2We) / 4 (4.30)

Wb is correlated 0.99975 with WA in the set of octanes. Wiener indices express
the expansiveness of a molecular graph.”® ** Vaues of W and WW indices for a set of
acyclic and cyclic octanes are presented in Table 4.1 (see also Table 4.5). These vaues
decrease as the branching increases within a set of isomers (see entries 1-18).

Table 4.1 Wiener-Type Indices of a Set of Acyclic and Cyclic Octanes.

No. Gragph W WW w ww | No. Graph W W w  ww
1 |Pg 8 210 8 210| 17 |233MPs 62 111 62 111
2 |2MP; 79 185 79 185 | 18 |2233MP, 58 97 58 97
3 |3MP; 76 170 76 170 | 19 |112MCs 56 92 106 278
4 | AMP;, 75 165 75 165 | 20 |113MCs 58 100 104 266
5 |3EPs 72 150 72 150 | 21 [IPGCs 62 114 106 286
6 |25MPs 74 161 74 161 | 22 |PGCs 67 135 111 315
7 | 24MPs 71 147 71 147 | 23 |1IMGq 59 103 119 337
8 |23MPs 70 143 70 143 | 24 [12MGCg 60 106 124 362
9 |34MPs 68 134 68 134 | 25 [13MGCe 61 110 123 355
10 |[3E2MPs 67 129 67 129 | 26 |14MGCq 62 115 122 349
11 [22M2Ps 71 149 71 149 | 27 |ECs 64 122 124 368
12 [33M2Ps 67 131 67 131 | 28 [Cg 64 120 160 552
13 [234M3Ps 65 122 65 122 | 29 [123MCs; 58 99 109 290
14 |3E3MPs 64 118 64 118 | 30 [IM2ECs 61 110 111 307
15 | 224MPs 66 127 66 127 | 31 [IM3EGCs 63 119 109 294
16 [223MPs 63 115 63 115 | 32 |MC, 61 109 142 451

M = Methyl; E = Ethyl; P=Propyl; IP = lsopropyl;
Py = path of length N; Cy = N-membered cycle.
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4.2.1.3. Wiener and Hyper-Wiener Indices of Some Particular Graphs

Path and Tree Graphs

In path graphs, Py, the combinatorial analysis lead to the following relation for
the Wiener index*>*’

aNG g _al +10
W(R) = €838 3 5 (4.31)

In trees, Ty, the branching introduced by the vertices r, of degreed > 2, will lower the
value of W, as given by the Doyle-Graver formula® “®

W(Ty) = ?‘&?‘0 5 &ann, (4.32)
e2g e3g | 1£i<j<k£d,

whereng, np,..., Ngr ae the number of verticesin branches attached to the vertex r; np +
n2+..+ ngr + 1 = N, and summation runs as follows: first summation over al branching

points in graph and the second one over dl 863@ triplet products around a branching
es3g
point. In egs 4.31 and 4.32, the first term appears to be the size term while the second
(and the third) one (ones) gives (give) account for the shape of a structure.”

A relation similar to (4.31) can be written for the hyper-Wiener index of the path

gr a:)h47

+

LTl T Dy D a3
In such graphs, VW can be written (cf eq 4.29) as

WW(Pn) = WPN) + Wo(Pn) = Wo(P N +1) (4.34)
which, iteratively, becomes

Wh(Pn+1) = W(P1)+ W(P2) + ...+ W(Pn.1) + W(Pn ) + Wh(P1) (4.35

and, keeping in mind that Wo(P1) = 0, one obtains™

WD(PN) = W(P1)+ W(Pz) + ..+ V\(PN.l) 4.36)
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This relation expresses the fact that, in n-alkanes, W, can be calculated from the
Wiener index of the preceding homologues. By substituting Wi(Py) (eg 4.36) in eq 4.34,
one obtains the expression for the hyper-Wiener number, WW

V\AN(PN) = W(Pl)‘l' W(Pz) L W(PN_]_) + V\(PN) (437)
This relation was aso reported by Lukovits.*®

The relations (4.31) and (4.33) lead to the Smpler relations®® >

W(PN) = N(N-1)/6 (4.39)
WW(P n) = N(N-1)(N+1)(N+2)/24 (4.39)
Cycle Graphs

In cyclegraphs, Cy, the following combinatorial relations were found™ >

] : 2
W(Cy ) = N?N 242129 1. »HN° (4.40)
> 5 4
(N-2z-2)/2 a+10 N aN /26
Wo(Cn) =N 5 - 1- 2)— = 441
2(Cn) iil gzg( )252;5 (4.41)
(N- 212, 1. 9+ 16
wcy) =N & @l NgHze (442
A L2528 2
wherez= N mod 2.
Expansion of the above relations lead to®*>**
W(Cy)=N(N?- 2)/8 (4.43)
Wo (Cn)=(N2- 2)(N2- 3N +2- 27)/48 (4.44)
WW(Cy ) =(N- 2)(N- z+1)(N- z+2)(N+32)/48 (4.45)

From these relations, the following recurrences are straightforward™
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Cn) NN+ 20 ey ower))  (@40)
N & 2 & 2 g

W5 (Cy ), aN +1gN +2)/28 _
N Te £ 2 E-WD(CN)+\ND(e+1) (4.47)

W(CnN+1) =W(CN) +

Wh(Cni1) = Wb (Cy) +

N +2)/2+15
WAW(C) +1) SWWI(Cy,) +VWVIEICN) o +1f 1271 _wicy) +wie+ D)
(4.48)
from which it is easly seen that
WW(et+1) = WMet+l) + Wpo(et+l) (4.49)

Quantities WW(et 1), W(e+ 1) and Wp(e+ 1) represent the bond contribution of the
newly introduced edge (i.e., the (e+ 1)th edge, where e =/INY2).
From the above relations one obtains™

WW(Ch.1) = WWMCy) + WW (et 1) = W(Cpia) + Wo(Chiva)
= W(Cy) + Wo(Cy) + Wet 1) + Wp(e+1) (4.50)

Spiro-Graphs

A spiro-graph is obtained from simple rings by fusing a single vertex of onering
with a single vertex of another ring, for giving a single vertex ( of degree four ) in the
resulted coalesced graph.* The process can be repeated, thus resulting in spiro-chains.>

For rings larger than three vertices, the construction of spiro-graphs have to take
into account al the possibilities of connection. Thus, for four- and five-membered ring
1,2- and 1,3- structures are considered whereas for six-membered rings, a third 1,4-
structure is taken into account (see Figure 4.6).

The formulas (Table 4.2) for evaluating the Wiener, W, and the hyper-Wiener,
WW, indices were derived on the ground of LC matrices,** by the aid of the MAPLE V
Computer Algebra System ( release 2 ). For other graph - theoretical aspects in spiro
graphs see.***
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Figure 4.6 Spiro-chains with three- (C;) to Sx- (Cs) membered cycles.

Table 4.2. Formulas for Wand WW Indices of Spiro-Chains

Spiro-Chain

W Index

WW I ndex

Three-memberedcycleq

n(2n°+6n + 1)/3

n“(n°+6n + 11)/6

Four-membered cycles
1,3- Spiro-chains
1,2- Spiro-chains

n@3Bn?+3n+2)
n(3n®+15n-2)/2

n@Bn®+7n’*+4n+6)2
n(3n®+26n°+85n - 34)/8

Five-membered cycles
1,3-spiro-chains
1,2-spiro-chains

n4n+1)(4n+5)/3
n(8n’+48n- 11)/3

2n(n+1)(2n+ 1)(2n + 3)/3
2n(n®+10n®+38n-19)/3

Six-membered cycles
1,4-spiro-chains
1,3-spiro-chains
1,2-spiro-chains

n(25n%+15n + 14)/2
n(25n®+60n -4)/3
n(25n? + 195 n - 58)/6

n (75n° +110 n® + 29n +122)/8
n (25n° +105n® +173 n -51)/6
n (25 n*+310 n?+1547 n -847)/24

n = number of cyclesin chain
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Table 4.3 lists values of W and WW in spiro-chains.

Table 4.3. Wiener, W, and Hyper-Wiener, WW, Indices
of Spiro-Chains with Three- (Cs) to Sx- (Cs) Membered Cycles.

n C; C. C. Cs Cs Cs Cs Cs
12113 | (12 |13 |12 | (13 | 149
W index
2 14 40 40 78 78 144 144 144
3 37 105 114 205 221 | 376 | 401 426
4 76 212 248 | 412 476 | 748 848 948
5 135 | 370 | 460 715 875 | 1285 | 1535 | 1785
6 218 | 588 768 | 1130 | 1450 | 2012 | 2512 | 3012
7 329 | 875 | 1190 | 1673 | 2233 | 2954 | 3829 | 4704
8 472 | 1240 | 1744 | 2360 | 3256 | 4136 | 5536 | 6936
WW index
2 18 66 66 140 140 | 305 305 305
3 57 201 243 | 424 504 | 904 | 1044 | 1209
4 136 | 457 652 952 | 1320 | 1979 | 2614 | 3399
5 275 | 885 | 1440 | 1820 | 2860 | 3695 | 5470 | 7745
6 498 | 1545 | 2790 | 3140 | 5460 | 6242 | 10167 | 15342
7 833 | 2506 | 4921 | 5040 | 9520 | 9835 | 17360| 27510
8 1312 | 3846 | 8088 | 7664 | 15504 | 14714 | 27804 | 45794

From Table 4.3 one can see that the values of Wand WW increase as the type of
connection between the cycles of a spiro-chain change from 1,2 to 1,3 and 1,4. This fact
is in agreement with the idea that the Wiener-type indices express the expansiveness’® of
structures. a spiro-chain is as more expanded as the connectivity of its cycles involves
more bonds. Conversely, a spiro-chain is as more branched as the number of separating
bonds is lower.>

4.2.1.4. Detour Extensions of the Wiener and Hyper -Wiener Indices

Extension of the distance based definitions of Wand WW by changing the notion
distance by that of detours, lead to the detour-analogues, w , >"*° and ww.*® Thus, these
indices are calculated as the half sum of entries in the corresponding detour matrices

w=(23,a el (451)

J
ww=(1/2)§ i a 2 ID]ij (4.52)

Values of theseindicesfor aset of acyclic and cyclic octanes are included in Table 4.1.
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Formulas for calculating the detour indices in simple cycles have been derived by
Lukovits™

W =N(@BN?-4N+2)/8 (4.53)

ww = N(7N3-3N2-10N + 3z(N + 1)) / 48 (4.54)
z=Nmod 2

The detour and hyper -detour indices have promoted very interesting correlating
searches, %

4.2.1.5. Walk Numbers, %Wy : Wiener Indices of Higher Rank

The "Wy algorithn®® (see Sect. 2.1 - egs. 2.5-2.8) supplies global walk
numbers, "Wy as the haf-sum of the local numbers Wiy

Wi =1/2Q, Wi =(1/2)e°1ié’1j[MeliJ (455)

The subscript M denotes the matrix on which the algorithm runs, thus giving
walk degrees weighted by the property collected by that matrix. The algorithm eludes the
raising at power e of the matrix M (see the last member of eq 4.55). When M isthe

distance matrix (or other matrix involving distances or paths), the walk number "Wy is
just a Wiener-type index of rank e*° *Wpe denotes a Wiener (Hosoya) number; Wi

repreents a Wiener (Wiener) number; e\M/\p denotes a hyper-Wiener (Randic) number
and so on. Walk numbers of rank 2 are listed in Table 4.4 for the octane isomers.® The
degenerate values are shaded.

Table 4.4. Wak Numbers, "Wy : e=2, of Octanes.

Graph | “Whe “Wwe “Whp, “Wyp | Graph | Wpe “Wwe “Wp, ‘Wi

Ps 1848 2100 12726 12054| 3E2MPs | 1172 1640 4646 4992
2MP; | 1628 2000 9711 9829 | 22M.,Ps | 1316 1808 6277 6779
3MP; | 1512 1892 825 8338 | 33M,Ps | 1176 1664 4878 5221
aMP; | 1476 1848 7830 7815 | 234M3Ps | 1096 1648 4076 4700
3EPs 1360 1740 6412 6460 | 3ESMPs | 1072 1564 3916 4222

25M,Pg | 1420 1900 7171 7825 | 224M;Ps | 1128 1708 4406 5165
24M,Ps | 1312 1792 6023 6536 | 223M3Ps | 1032 1600 3653 4220
23M,Ps | 1280 1748 5772 6163 | 233M3Ps | 1000 1564 3402 3917
AM,P | 1208 1684 5050 5426 [2233M,P,| 868 1516 2521 3169

M = Methyl; E = Ethyl; Py = path of length N
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W numbers can be calculated by the aid of the walk matrix, Wm1m2m3) (See
sect. 2.14).

Walk numbers, ®Wy , are useful in discriminating nonisomorphic isomers,
Usually arank of two sufficesin discriminating i.e., the octane isomers.® Specia graphs,
need however arank higher than two (see Chap. 8).

Walk numbers, as the classica W index, showed good correlation with octane
numbers, ON.*

4.2.1.6. Tratch Extension of the Wiener Index

Tratch et al.®* proposed an extended distance matrix, E, which in the case of
trees, we considered it as a distance-extended Wiener matrix and denoted by D_W, (See
Sect. 2.12). The haf sum of its entries supplies a distance-extended Wiener index,
denoted here D_WW

D_WW=(12)&;a [D_Wlij=(1/2)a ia j dijNi N; (4.56)

where djj is the distance between the vertices i and j whereas N , Nj have the same
meaning as in eq 4.19. The extension by the distance of indices other than the Wiener
index was used by Diudea®™ as a basis in the construction of 2D- and 3D- distance-
extended Cluj indices (See Chap. 6 and Chap. 7).

4.2.1.7. Other Extensions of the Wiener Index

When D, in eq 4.23 is changed by the 3D-Distance matrix (actually the G matrix
- see Sect. 2.5) a3D- Wiener index, *W, is obtained.®**

Marjanovic and Gutman® derived an index counting all shortest paths in a graph.
Theindex isidentical to W in trees but is different in cycle-containing graphs.

Lukovits™ proposed the all path index, P, with the hope of an unitary description
for both acyclic and cycle-containing molecular graphs.

Gupta et a.*” defined a superpendentic index, based on the pendent matrix, which
is a submatrix of De obtained by retaining only the columns corresponding to pendent
vertices (i.e., vertices of degree 1).

Szeged and Clyj indices are the most important extensions of the Wiener index.
They will be detailed in Chap. 5 and 6, respectively.
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4.2.2. Balaban Index, J

Balaban®® applied a Randic formula on the distance sumDS (i.e., row sum in the
distance matrix) for defining the J index

J:% 4 (osps)) Y2 (457)
(ij)l E(G)

where Q is the number of edges, DS and DS denote the distance sum of verticesi and j,
respectively and p is the cyclomatic number (.e., the number of rings in graph). The
factor before sum takes into account the variation of edge number with the cyclicity, thus
being a normalizing factor. This index shows an extremely low degeneracy (in akanes,
the first degenerated pair appears in dodecanes),”” a good variation with the molecular
branching and a satisfactory correlationa ability. Figure 4.7 illustrates the calculus of |
for thegraph Ga3 .

19
/L ]L
17 O\
L J =7[4(19x13) V% + 2(11x13) ¥4 + (11x17) ? | = 3.4642

G45{ DS}

Figure 4.7. Balaban index J for the graph G,

Various extensions of Jindex, taking into account the chemical nature of vertices
and edges® were proposed and tested for correlating ability.



120 M. V. Diudea, |. Gutman and L. Jantschi

4.3. INDICES BASED ON RECIPROCAL MATRICES

The reciprocal matrix RM of a square matrix M was defined in Sect. 2.13. The
half sum of entries in such amatrix is an index, referred to as a Harary-type index (name
given in honor of Frank Harary)® "*"*

Hy =Hy (G)=W/2§ & [RM], (458)

the subscript M being the identifier for the matrix M.

The original Harary index, Hpe , is constructed on the reciprocal distance matrix,
RDe. ™ The entries in this matrix suggest the interactions between e atoms of a
molecule, which decrease as their mutual distances increase. Table 4.5 lists values Hpe
for octanes. One can see that they increase with the branching (in the opposite to the
values of Wiener index) within the set of isomers and no degeneracy is encountered. This
index was tested® for correlations with boiling points and van der Waals areas of octanes.

By analogy to Hp., Diudea™ proposed the Hwe and Hyy, indices, on the reciprocal
Wiener matrices. These indices correlate excellent with the octane number, ON (r =
0.992; s = 3.313; F = 409.967 for Hyp)** Hue shows the same degenerate pairs (marked
by italics) as the Wiener index, within this set of octane isomers (see Table 4.5).

Table 4.5. Wiener-Type and Harary-Type Indices of Octanes.

Graph | W [WW  \Wyapen| Hpe Hwe Hpbp Hw  [Hwapen
Pg 84 | 210 256 13.7429| 0.6482 | 10.56429| 5.8593 | 7.4281
2MP; 79 | 185 253 14.1000| 0.7077 | 10.86191| 7.8938 | 7.4450
3MP; 76 | 170 209 14.2667| 0.7244 | 10.98095| 85244 | 7.6542
4M P, 75 | 165 208 14.3167| 0.7286 | 11.01429| 8.6897 | 7.6562
3EP; 72 | 150 172 14.4833| 0.7452 | 11.13333| 9.2952 | 7.8529
25M,P¢ 74 | 161 207 14.4667| 0.7673 | 11.16667| 10.1784| 7.5312
24M,Pg 71 | 147 14 14.6500| 0.7839 | 11.30000| 10.8923| 7.6650
23M,Ps 70 | 143 181 14.7333| 0.7881 | 11.36667| 11.0992| 7.8140
34M,Pg 68 | 134 167 14.8667| 0.8006 | 11.46667| 11.6339| 7.9382
3E2MPs | 67 | 129 161 14.9167| 0.8048 | 11.50001| 11.7881| 7.9500
22M,Ps 71 | 149 208 14.7667| 0.7839 | 11.43333| 10.9589| 7.5250
33M,Pg 67 | 131 179 15.0333| 0.8048 | 11.63333| 11.8548| 7.7762

234M;Ps | 65 | 122 167 |15.1667| 0.8476 | 11.73333| 13.7587| 7.8996

3E3MPs | 64 | 118 145 | 15.2500( 0.8214 | 11.79999| 12.5714| 8.0202

224M3Ps | 66 | 127 209 |15.1667| 0.8435 | 11.76667| 13.5768| 7.4805

223MsPs | 63 | 115 164 |15.4167| 0.8601 | 11.96667| 14.4018( 7.8850

233M;3Ps | 62 | 111 147 | 15.5000( 0.8643 | 12.03334| 14.5976| 7.9971
58

2233M,P, 97 139 |16.0000{ 0.9196 | 12.50000| 17.4196| 7.9643
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In path graphs, a composition refation of the form: Hyp(Pn) = Hwe(P1)+ Hwe(P2)
+ ..+ Hue(Pn1) + Hwe(Pn)  holds. It is analogous to that found by Lukovits® for the
hyper Wiener index VW (see eq. 4.37). Despite the equality WM\bp = WWnp, a similar
composition relation for Hpp(Pn) was not found.

Another Harary-type index is Hw(a pe1). It is calculated on the restricted random
walk matrix of Randic,”” which is identical to the RW(a pe1 mairix> (see Sect. 2.14).
Vaues of this index, for octanes, are listed in Table 4.5, aong with the corresponding
WA pey) Values. Other Harary indices are exemplified in Table 4.5. As ageneral feature,
the Harary-type indices possess more powerful discriminating ability than the
corresponding Wiener -type indices (see Table 4.5).

Formulas™ for calculating the Harary-type indices given in Table 4.5 and the
corresponding Wiener-type mdw& for path, cycles and stars, are listed in Table 4.6.
Formulas for Harary-detour indices”™ are also included. Some interrelating formulas are
givenin Table 4.7. The Harary-type indices found interesting applications in correlating
studies and particularly in discriminating sets of isomers.”

Table 4.6. Formulas for Wiener- and Harary-Type Indices
of Paths, Cycles and Stars

Index Sum Fina Relation Examples
Paths

1 Wbe T 1 N =11
iaZI(N-I)I EN(N']-)(N"'J-) 220

2 Hpe N -N + NY(N) + 1+ Ng N=11
a (N- )i 22.219
i=1

3 Wihe N-1 1 N=11

Y —N(N-D(N+1

ia_.l(N )i 6 ( )( ) 220

4 Hpe N=11
é (N-i) Lt 0533
|—1

5 WWpp 1 N=11

6 Hpp r\gl +15 L -2Y (N+ D)+2N-2g N=11
a (N- i)g 5 ; 15.96
i=1

7 Wy N-IN-i 1 N =11
i=1 j=1

8 Hwp N-1IN-i N=11
A aitt 7.562
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Table 4.6 (continued)
Cycles
9 W aN - 26 1 2 N = 11; 165
R - 26eN- 70 gN(N"-2) N = 12; 216
N ai-@Q-2) > = > =+
i=1 o 2
10 H - 28 N=11; 25.117
o 979 1 NégelN-lz+l—+g_-1+z N=12; 28.4
es 2, aN- zsaN- 2§ ez 2
N a | '(1' Z) > _(‘;T_
i=1 ® 0
1 wpe N(3Nz-4N+z)/8 Ref. 57
12 Hpe & (N-D/2 l;. é (N- 2)/2
N & (N-i) u+(1 2)éN (N-i) L+ N&NO
é a é a 2;2; u
€ i=l ¥ € i=1 u
Ho =-mv8é NO. NYSe NO, Ny (- N)+1+mv€’_N9- z
€ 2 g 2 g a
13 20 N =11; 385
WWoo &2 gins N7 B (N J(N- z+D(N- z+2)(N+39) N =12; 546
p 5 %etly -z~ +1=
Na g, =2 +
4826 €247 §
14 -1 2 ] N =11; 18.333
Hp, éaL”g oA 2(N Nz+2z 2) N =12; 20.286
P S e % el (N-z+2)

N(7N°-3NZ2- 10N+ 3z(N+ 1))/ 48 Ref. 57

é [(N-i+D(N-i)/2]"1+

i=1
é (N- 2)/2 -1y
- 2)éN [N-i+(N-i)/2 L+ g?“ +1%E'i9/25 a
é —1 2 &2 a 4y
Hoo =2(N%+N- 22)/(N+1)(N +2)
17 VV(ADel)
&N 1_ o'e <aEEN Zo 8EN Zo 0
1 1N Se—N N-29 QBxZe 2 0. F 2 07 gegps NTLLO82
2 = 8 . Q -z -
i : ~
g & P
18 Hw(a,pe 1)
o Nezé Nz )
EEN_Z' 12 -N+z - N+z¢ ge ae; 2 = 88; 2 o :
1 e 20 1 N g = N(}- 3(? a. Z(f ﬂZ+2- Z_ N :ll, 10656
EN a (2 4o )+2—Q2 222 . g 2- 7 TN=12;11.719
=1 ‘g 5 & 5
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Table 4.6 (continued)
Stars
N; 2 N =11; 100
19 Woe N -1+ § ix2 (N - 12
i=1
20 H N 2 1 N=11; 325
be N-1+ 8 ix2? Z(N+2(N-
i=1
21 Whe (N - D)(Ix(N - 1)) (N - 1)2 N =11; 100
23 Wb N, 2 N=11; 145
3 P N-1+ g ix3 %(N-l)(3N-4)
i=1
24 HDp . 1+Né-2ix3'1 %(N+4)(N-1) N=11;25
i=1
25 H N2 1 N =11; 46
> Hw (N-DAx(N-1) 1+ § ixix1 E(N2-3N+4)
i=1
2% W, N- 2 1 N =11; 505
“bed %(N - DA+ (N-D)+ §i(N-D) S(N- H(N?- 2N+2)
i=1
27 H N:2 _ _ N=11; 10
MARED N - e 9+ ANy N-1
i=1
y=Nmod4; z=Nmod 2, gXx)=int(exp(-t)*t"(x-1), t = O,..infinity;
y (X) = diff(In(gx),x); y (nx) =diffty (X),x$n);y (0x)=y (X);
Table 4.7. Interrelating Formulas
Graph Relation Graph Relation
1
Paths W zi(N+2)W De_1N+2
4 4N-1
2 ~ a +16 9 :l N+4
WEWrE Y, > "33N- 4
3 Sars _13N- 4W 10 Hye =W - N(N- 2)
2 N-1
4 _2N+4 1 N? v
HDp_3N+2 De HWpZT N-1
5 _ 172 12
Hpe =N - W H = __c
We W(ADe.1) = WAD, 1) * N7 oN 2
6 =N- :\/\/]j2 13 6H
Fw(ap, 1) = N - Hwe Hwap, 3 = = +DZ
7 aN - 10 14 2WV
Hwp HWe+§ 9 % HW(A,De,l):m
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4.4. INDICES BASED ON COMBINATION OF MATRICES

4.4.1. SchultzTypelndices

Among the modifications of the Wiener index, the molecular topological index,”
MTI, (or the Schultz number) was extensively studied®® by virtue of its relatedness with
the Wiener index. It is defined as

MTI = MTI(G) = & [deg(A + Do)}, (4.59)

where A and D, are the adjacency and the distance matrices, respectively and deg = (degs,
degs,..., degy) isthe vector of vertex degrees of the graph.
In matrix form (see aso Sect. 2.15), thisindex can be written as

MTI = USCH (s o pyU’ = UA(A +Dg)u” =uA?uT +UADUT =1 5 +1ap,

(4.60)
where | 2 is the sum of squared degrees (it is exactly M, the Zagreb Group first index)

and lape is the true Schultz index (i.e., the non-trivia part® of MTI ). In trees, MTI and
| ape are related to the classical Wiener index by®*>®’

MTI = 4W + 2P, - (N-1)(N-2) (4.61)
Iape= 4W-N(N-1) (4.62)

where P, the number of paths of length 2 (or Platt, or Gordon-Scantlebury,"* or aso
Bertz'? number)

N a6
P=ac¢. = (4.63)

Schultz and co-workers proposed some weighting schemes in accounting for the
chemical nature and stereochemistry of molecular graphs.”®® Estrada™ calculated an
index based on distances of edgesin agraph. It isthe MTI index of the corresponding line
graph (see dso thee index, Sect. 4.1).

In the extended Schultz matrices™ (see Sect. 2.15) a decomposition similar to eq
4.60 leadsto

|(SCHy AMg) ) =USCH, AMgU' =UMi(A+Mg)uT =uM AU’ +uM;Mzu’

=] My, A +1 My, M3 (464)
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where none of theindices |, sand I My Mg aretrivial. Vauesof |, A andtheglobal

indices | (ScH (M, AMS)) calculated as the sum of al entries in the Schultz matrix of

sequence (De, A, Dg), and (Wp, A, Wy,) are listed, for octanes, in Table 4.8. They were
tested for correlating ability. %%

Table 4.8. |M1A and |(5CH(M1 A,M3)) Indices of Octane |somers.

Graph | D, A lw,.a | (SCHp, AD)) | 1(SCHuwy, AWy))
Pg 280 322 3976 4522
2MP; 260 324 3516 4324
3MP, 248 318 3272 4102
AP, 244 316 319 4012
3EPg 232 306 2952 3786
25M,Pg 240 326 3080 4126
24M,Pg 228 320 2852 3904
23M,Pg 224 318 2784 3814
34M,Pg 216 314 2632 3682
3E,MPs 212 308 2556 3588
22M,Pg 228 330 2860 3946
33M,Pg 212 322 2564 3650
234M;Ps 204 320 2396 3616
3E,MPs 200 314 2344 3442
224M 4P, 208 332 2464 3748
223M5P5 196 326 2260 3526
233M3P5 192 324 2192 3452
2233M 4P, 176 338 1912 3370

An extended Schultz index is walk matrix calculabe by**®

I (SCH (M1,AM 3)) = usCH (M1, AM 3)uT =uw M1,L(A+M 3))UT

— T T
= UW(M]_,LA)U +uw (M1,1M 3)U (4.65)

In the Schultz matrix, one of the sguare matrices, say M, may be a non-
symmetric one. In such a case, scH (Mp,AM3) iS N0 more a symmetric matrix. Two

composite indices can be now calculated: one is |(SCH(M1 AMg)), and the second is

calculated similar to the hyper-Cluj indices (see Chap. 6)

12(SCHm, AM3)) = & ol CCHMy AM ) IECH M AMg) i (4.66)
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The summation goes over al pathsp(ij). As symmetric matrices. A, D, D and as
unsymmetric matrices, Cluj and Szeged matrices can be used. Such composite indices are

very discriminating among non-isomorphic isomers. (see Chap. 8).

4.4.2. QXR, Local Vertex Invariants

Filip, Balaban and Ivanciuc’ have combined matrices and vectors to produce
novel vectors. The model provides sets of LOVIs (local vertex invariants) by solving the
following system:

QxX=R (4.67)
where Q is atopological matrix derived from the adjacency matrix and R is a column
vector which encodes either atopological property (vertex degree, distance sum etc.) or
chemical property (atomic number, Z). X is the column vector of LOVIS (i.e., solutions of
eq 4.67).

The numerica solutions will depend on the specification of Q and R. Incase: Q
=A+PxI|(P=Z1l istheunity matrix) and R = V (vertex valency vector), eq 4.67
becomes:

(A+ZxI)xX=V (4.68)

AZV-LOVIs are thus obtained (see examplesin Figure 4.8)."** AZVsallow the
construction of the so caled triplet Tls, showing very low degeneracy.

Graph A+Zxl (A+Zx1)xX=V LOVI
61111 6x+X%+tx+Xa+Xxx =4 X =0.6250

4 16000 “x+6% =1 x =0.0625
10600 X + 6X3 =1 x3=0.0625

3_J_2 10060 X + 64 =1 x =0.0625
é 10006 X +6x =1 Xx =0.0625
61110 B +X%+X3+X =3 x =04281

4 16001 x + 6% +% =2 X =0.2409
)1\/ 10600 x + 6X3 =1 x =0.0953
5 10060 x + 6X%4 =1 x =0.0953

3 2 01006 % +6x =1 x=0.1265
61100 64 +X%+X =2 X =0.2424

3 2 16010 x +6% +X =2 X =0.2727
TN 10601 %  +6x +x% =2 x3=02727
01060 Y + 6X%4 = X = 0.1212

00106 X +6xs =1 x=0.1212

Figure 4.8. Calculation of AZV-LOVIs.
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45. INDICES BASED ON POLYNOMIAL COEFFICIENTS

45.1. Hosoya Index, Z

Hosoya™ first introduced the notion of topological index, and proposed the Z
index, as:

[N/2]
Z=2(G)= § a(G,k) (4.69)
k=0

where a(G,k) is the number of k-matchings of G, N is the number of vertices of G and
[N/2] isthe integer part of the real N/2 value. By definition a(G,0) = 1 and a(G,1) is equa
to the number of edgesof G. The caculation of the Z index for the graph G,; is
illustrated in Figure 4.9.

B
S
AL A
s | Apb Ak A A

a(Gs3,4) =0

Z(Gy3)=1+7+12+4+0=24

Figure 4.9 Caculation of the Hosoyaindex, Z, for the graph G,3.

The a(Gk)'s are the coefficients of the Z-counting polynomial, Q(G;X), of G (see dso
Chap. 3)
[N/2]
QAG)=QG;x)= & aG,k)x" (4.70)
k=0
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The Z index is equa to the sum of the coefficients of the Q(G; x) polynomial
Z=Q(G;1 4.71)
In larger graphs, the polynomial can be computed by arecursive relation™

Q(G;x) =Q(G - &x) +xQ(G- [€]; x) (4.72)

where G-e and G-[€] are the spanning subgraphs of G resulted by removing an edge and
the edge together with its incident edges, from G, respectively.

From an edge-weighted graph, Plavic et a.” derived a weighted Z* index, thus
making possible the consideration of the chemical nature of molecular bonds.

Randic proposed the Hosoya matrix (see Sect. 2.10) as a basis for calculating two
indices, caled path numbers 'Z and °Z . Plaviic e d.* demonstrated analytical
relationships between these path numbers and the classical index Z.

Plavic et a.* aso extended the definition of the Z matrix to cycle-containing

graphs

5
a zG kpij )}/|Dij (G)| 4.73)
il Djj (G) p

where the non-diagonal entries are taken as the arithmetic mean among all  Z(G- “p,)

S
[Z]; = é"
p

numbers resulting by removing each time a geodesic §,j) of G and ¥D;(G)Yzis the
cardinality of the set of these geodesics. Of course, the edge-weighted scheme was also
extended. The invariants of the generalized Z matrix*>®’

7=812), (472

may offer a family of descriptors favoring a simpler interpretation of the regression
equations than a set of ad-doc descriptors. Correlating studies were performed both on Z
and*Z indices®

Invariants calculated as sum of polynomial coefficients (cf. eqs 4.70 and 4.71), for
the characteristic polynomial of various topological matrices were reported by Ivanciuc et
d.*® Some of them showed good sdlectivity among isomeric structures.

4.6. INDICES BASED ON EIGENVALUES AND EIGENVECTORS

Eingenvalues and eigenvectors, resulting by complex manipulations on square
matrices, often enable a structural interpretation.
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4.6.1. Eigenvalues

The first eigenvalue of e adjacency matrix, | 1(A), (see Chap. 3) has been
proposed by Lovasz and Pelikan™ as a measure of molecular branching. In the case of
distance-distance matrix,'® the leading eigenvalue | ,(DD) indicates the molecular

folding. The corresponding eigenvalue of the Wiener matrix, | 1(Wp), can be accepted as

an dternativeto | 1(A) in evaluating the branching of alkanes.®” Eigenvalues (minimum or
maximum values) of various topological matrices are often used in correlating studies.”®

The eigenvalues of the Laplacian matrix, | j(La), are used in calculating the
number of spanning trees, t(G), in graph™" (see Sect. 2.2).

Mohar'®* defined two topological indices, Tl, and Tl on the ground of Laplacian
spectrum

(T1), =2Nlog(Q/ N)g @n,) (4.75)

i=2

(T2 =4/(NI ) (4.76)
Intrees, Tl, isreated to the Wiener index

(M), = 2log (Q/N)W 4.77)

Table 4.9. shows eigenvalues of matrices A, D, W, and L a, Mohar indices and
their correlation  with | ;(A) within the set of octanes.

Teble 4.9. Eigenvalues of A, De, Wy and La and Mohar Indices of Octanes.

Graph | 14(A) | 14(Dg |11(Wp) | 12(La) | (T1)1 | (T1 )2
P 1.879 | 21.836 | 57.170 | 0.1522 | -9.7826 | 3.2843
2MP, 1950 | 20479 | 52.612 | 0.1667 | -9.1627 | 2.9991
3MP; 1989 | 19.763 | 48.406 | 0.1864 | -8.8148 | 2.6825
AMP; 2000 | 19542 | 46.661 | 0.1981 | -8.6988 | 2.5245
3EPs 2029 | 18779 | 42.204 | 0.2434 | -8.3508 | 2.0542
25M,Pg 2,000 | 19111 | 47.724 | 0.1864 | -8.5828 | 2.6825
24M,Pg 2.042 | 18.396 | 43.419 | 0.2137 | -8.2349 | 2.3399
23M,Pg 2074 | 18181 | 42.059 | 0.2243 | -8.1189 | 2.2293
34M,Ps 2095 | 17.676 | 39.290 | 0.2509 | -7.8869 | 1.9930
3E2MP5 2101 | 17419 | 37.428 | 0.3065 | -7.7709 | 1.6315
22M,Pg 2112 | 18413 | 44471 | 0.2023 | -8.2349 | 24721
33M,Ps 2157 | 18.308 | 38,533 | 0.2538 | -7.7709 | 1.9702
234AMsPs | 2136 | 16.808 | 37.025 | 0.2679 | -7.5390 | 1.8660
3E3MPs 2189 | 16.670 | 34.142 | 0.3820 | -7.4230 | 1.3090
224M;Ps | 2149 | 17.034 | 39.141 | 0.2384 | -7.6549 | 2.0969
223M;Ps | 2.206 | 16.315 | 34.994 | 0.2888 | -7.3070 | 1.7313
233M3Ps | 2222 | 16.068 | 33.468 | 0.3187 | -7.1910 | 1.5690
2233M,P, | 2.303 | 14.937 | 30.331 | 0.3542 | -6.7271 | 1.4114
rvsl,;(A)| 1.000 | 0964 | 0958 | 0.867 | 0.979 | 0.903
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The next step on this way was the Quasi-Wiener index,'*'%*'%* Wr | defined as

!
W*=Ng — 4.78)
izl i
wherel j,i =2, 3, ..., N denote the positive eigenvalues of the Laplacian matrix. In acyclic

structures, W* = W, but in cycle-containing graphs the two quantities are different. In
benzenoid molecules, a linear (but not particularly good) correlation between these
indices was found. '

Klein and Randic™™ have considered the so-called resistance distances between
the vertices of a graph, by analogy to the resistance between the vertices of an eectrical
network (superposable on the considered graph and having unit resistance of each edge).
The sum of resistance distances is a topologica index which was named the Kirchhoff
index. %" |t satisfies the relation'®'%

106

Kf = NTr(La%) (4.79)

where Tr(La®) is the trace of the Moore-Penrose generdized inverse'®™® of the
Laplacian matrix. Further, Gutman and Mohar have demonstrated the identity of the
quasi-Wiener and the Kirchhoff numbers for any graph.*®

4.6.2. Eigenvectors

Huckel, in his theory, has equated the eigenvectors of the adjacency matrix for
weighting of atomic orbitals in the construction of molecular orbitals. Balaban et a.™
and Diudea et al.*** have used the eigenvectors for defining several topological indices
which showed good correlation with some physico-chemica properties and interesting
intrac and inter-molecular ordering.

4.7. INDICES BASED ON GRAPHICAL BOND ORDER

4.7.1. X'/XIndices

The molecular descriptors X' /X are defined, according to the concept of graphical
bond orders,>** by the scenario

Xe=X(G - €) (4.80)
X' = 8o Xe (4.81)
X = X(G) (4.82)

X IX = (@e Xe )X (4.83)
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where: - G-e denotes the spanning subgraph (connected or not) resulted by cutting the
edgee;

- X(G-e) isagiven topologica index calculated on that subgraph (if disconnected,
the index is calculated by summing the values on fragments, viewed as
individual graphs);

- X. isthe edge contribution to the globd index X', which is normalized by dividing
it by X(G)

The overal index X'/X is a bond-additive molecular characteristic. The quotient X¢/X
(referred to asgraphical bond order) can be used for weighting the adjacency matrix.

The agorithm is quite genera and alows one to include molecular properties as
source data in the construction of X' /X descriptors.

Figure 4.10 illustrates the construction of some indices X' /X for the graph Ga.3
(234M3Ps).

8

-
4 4
1~ N3~ 5 o 2\3/ N5

1 |
L L 23m,Ps
Ga3 (234M3Ps) G P c J w
=) 3 14142 16330 4
. o 6 8 OMP, | 10 22700 253%6 18
| | | | 23M,Ps | 21 31807 31440 46
2 2 2 a_
N3 g r 37 s 24MoPs | 21 31259 2.9532 48
. 24M,P. Ps |7 OMP, | 234MPs | 28 35534 34643 €5
7
PP =[4x21+21+2x3+10)]/28 = 46786
c'lc =[4x3.1807 +3.1250 + 2x(14142 + 2.2700) ]/35534 = 65338
J1] =[4x3.1440 + 2.9532 + 2x(1.6330 + 2.5396) ]/3.4643 = 6.8916
W/W =[ 4x46 + 48+ 2x(4 + 18) ]/ 65 = 4.2462

Figure 4.10. Congtruction of some X' /X indices for the graph Ga.3 (234M3Ps).

The most important invariant of this type is P'/P which, in trees, is related to the Wiener
index by

P'/P = (N-1) - [2/(N2-N)]W (4.84)
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4.7.2. SP Indices

SP (Subgraph Property) indices™™® represent an dternative to the X'/X
descriptors and are basically graphical bond orders.*

They are constructed by the following agorithm:

(i) For each edgeel E(G), one defines, two subgraphs, S e and Sre, Which collect
the vertices lying to the left and to the right of edge e;

(i) Subgraph properties, P(S_e) and P(Sge), are caculated by summing the

vertex contributions, P, (taken as LOVIs from the globa property P(G) = S,P) of all
vertices i belonging to the given subgraph:

P(SLe)= &R (485
i1 SLe

P(Sre)= AR (4.86)
il SR,e

By dividing by P(G), normalized values P'(S:), in the range O to 1, are obtained.
(iii) The edge contributions SPe are evaluated as products to the left and to the

right of edge e of the normalized values P'(S;). Since P'(S) istaken as a part of the graph
property, it is obvious that only one normalized value is needed:

SPe=P'(S.¢e) P'(Sre) = P(SL)(1 - P'(SLe)) (4.87)

(iv) Thegloba SP index is calculated by summing the edge contributions for all
edgesin graph:

P=PG)=§ R (4.88)

e

The SP descriptors represent an extension of the procedure for calculating the
Wiener index W. It is easily seen that, if P =%A/%= N, then SN = W/N’. Since this
agorithm works with LOVIs, it becomes obvious the necessity of topological indices
defined on vertex as a source for novel SP indices. Table 4.10 illustrates the construction

of SP indices for someproperties (P; = N;; 1V\/{ ; Ci ).
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Table 4.10. Construction of SP Indices for the Graph Ga3
(see Figure4.10; Pi=N;; "W ;c i; and P(G) =SiP))

vertex N lV\/. Ci

0.57735
1.48803
1.24402
1.48803
0.57735
0.57735
0.57735
0.57735

0 ~NOoO U AWNER
e e N R e N Y
P RPRRRFP WWWPR

PG) 8 14 710684

SNe: 4 1/8x 7/18] =4[ 0.125x 0.875] =4 x 0.10938
1 1/8x7/8] = [0125x0875] =  0.10938
2[3/8x5/8]1=2[0.375x 0.625] = 2x 0.23438

SN=8_SNe =WN *=65/(8x8) = 1.01563

SWe: 4] 114x 13/14]=4] 0.07143 x 0.92857] =4 x 0.06633
[ V14X 13/14] = [ 007143x 0.92857] =  0.06633
2[ 5114 x 914]=2[ 0.35714 x 0.64286 ] = 2 X 0.22959

S'W=38_S'W. =0.79082
S.: 4] 057735x 6.529486/( 7.10684 ) = 4 x 0.07464
[ 057735 x 6529486 1/( 7.10684)° = 0.07464
2[ 2.64273 x 4.464106 ]/( 7.10684 )* = 2 x 0.23358
S =8eS ¢ =084035

The SP indices show a higher discriminating power in comparison to the original

indices. The St ®W indices offer a family of indices, suitable in correlating studies (e.g.,
they supplied the best two variable model for the boiling point of octanes.”*>**®
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4.8. INDICES BASED ON LAYER MATRICES

Layer matrices LM have been used to derive two types of indices. (i) indices of
centrality C(LM) and (ii) indices of centrocomplexity XLM).**® The X-type indices
originated the famous super-index EAID.""

4.8.1. Indices of centrality

Indices of centrality*'® C(LM) look for the center of the graph and are defined as

LM, <[4 (LMl 1T (429)

C(LM) = éjc_:(uvl )i (4.90)
whered is aspecifield topological distance (eg. d = 10).

4.8.2. Indices of centrocomplexity

These indices express the location vs. a vertex of high complexity (eg. a vertex of
high degree or a heteroatom).* They are defined as

ecs; .
X(LM); =[§[LM]; 10" 7], (4.91)
j=0
X(LM) =34 X(LM), (4.92)

where z denotes the number of bits (of the integer part) of max([LM]j) in G and tj isa
weighting factor for heteroatom specification. For the graph G5, matrices L*'W and LDS
and the corresponding indices are shown in Table 4.11.

Table 4.11. Layer Matrices L*W and L DS and the C and X Indices
(withd = 10 and t = 1, Respectively) for the Graph Gga3.

L*'W  C(L'W)  X(L*W) LDS C(LDS)  X(LDS);

13442 0.1897 1.3442 1913303038 0.0968 19.13303038
35420 0.2684 35420 1349303800 0.1555 13.49303800
37400 0.3945 3.7400 1143760000 0.2608 11.43760000
35420 0.2684 35420 1349303800 0.1555 13.49303800
13442 0.1897 13442 1913303038 0.0968 19.13303038
13442 0.1897 13442 1913303038 0.0968 19.13303038
13640 0.2461 13640 1711267600 0.1458 17.11267600
13442 0.1897 1.3442 1913303038 0.0968 19.13303038

O~NO U WNE

Global Index: 1.9365 17.5648 1.1052 132.06847352
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These indices were useful in studies of intramolecular ordering of subgraphs of
various size as well as of intermolecular ordering (see Chap. 8).

4.8.3. EATI Super-Indices

Two super-indices, EATI; and EATI,, were recently proposed by Hu and Xu on
weighted molecular graphs."*"**® They follow the scenario described below.

(1). Set the weight of atoms.

For EATI, thed.” valencies of Kier and Hall'” are used (see Sect. 8.3.2.1). The index
EATI, benefits of a more elaborated weight, based on layer matrices. the connectivity
valence matrix CVM (whose element [CVM ];; isthe sum of d."for all vertices belonging

to the jth layer) and the bond matrix B (whose element [B];; is defined as the sum of
conventional bond orders - see below - of bonds connecting two subsequent layers). The
weight of avertex is given by the function

ecci .
S =[CVM];; + & [CVM ];(j4y[B];; x 107! (493
j=1

Recall that both these layer matrices originate in the L*W matrix*®**® (see Chap. 2) and
eq 4.93 follows from eq 4.91.
(2). Set up the adjacency matrix, according to the conventional bond orders.

i0 no connection

.': 1 asngle bond

[Alij =i2 adouble bond (4.99)
::: 3 atriple bond
$1.5 aromatic bond
(3). Set up the extended adjacency matrix, EA.
I J(Redii),
(g T
EAL= 4.95
[EAI; :::( [AL)wW, " (4.95)
) 6

where (Radii); is the covalent radii (in angstroms) of the ith atom and w; is the weighting
for an edge (which is different for the two indices),
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1
= for EATI, (4.96)

VdV

\/: + J for EATI, (4.97)

(4). Evaluate a new matrix EA* asthesumof EA powers.

N-1
EA* = § (EA)K (4.98)
k=0
where N is the number of vertices in the molecular graph. When k = 0, then (EA)° is the
unity matrix.
(5). Calculate the topological indices.

N

EATI, = & (EA*]; )? (4.99)
i=1
N

EATI, =a [EA*]; (4.100)
i=1

The agorithm isillustrated in Figure 4.11 for caculating EATI, of furane, G4.4

I ) e J 4 J s/
o1 Ns__ 1\0— N 1
G4.4 G4.4{ 1} G4.4{ 2’5} G4.4{ 3!4}
Layer Partitions
Layers CVM B S (Radii);

1] (25 (34 6 6 6 2 4 744 | 0.702

2| 1,3 (45 3 9 6 3 2 582 | 0772

3| (24 (15 3 6 9 3 3 507 | 0.772

4| 35 (1,2 3 6 9 3 3 507 | 0.772

5| (14) (23 3 9 6 3 2 582 | 0772

A EA EA*
01 0 O 1| .1396 .3358 0 0 .3358 1612 719 419 419 .719
1 0 2 O Of .3358 .1464 4725 O 0 719 1847 1 A37  .369
02010 0 4725 1464 3333 O 419 1 1875 .776 .437
0010 2 0 0 3333 .1464 .4725 419 437 776 1.875 1
1 0 0 2 0Of .3358 0 0 .4725 .1464 719 369 437 1 1874

EATI, =9.021
Figure 4.11. Caculation of EATI2 index for the graph G4
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EATI, was tested for selectivity on over 610,000 structures and also good
correlating ability was found.™® EATI, (also called EAID"") was particularly tested for
selectivity (more than 4 bilion structures were investigated) and no degeneracy appeared.
It is the most powerful index designed so far and is a candidate for CAS Registry
Numbers.

4.9. INFORMATION INDICES

The following well-known principle'®® is generally used in construction of

information indices. Let X be a set consisting of n elements. By assuming some
equivaence criterion the elements are shared into M equivalence classes (i.e., subsets)

m

X, each class having n, elementsand n =3 n; . The probability for an dement to
i=1

belong to the i" subset is p; =N, /n. The mean information content 1C, corresponding

to one element of the considered set is given by the Shanon formula®*

n
H=-3 plogp (4.101)
i=1
In chemical literature Bonchev and Tringjstic®"***** and the group of Basak**'*
have pioneered this topic. Various schemes and various topological quantities were used
so far in devising information indices. For early work along these lines see the book. ***
Recently, Ivanciuc et al."”*® have defined an information invariant on the vertex
distance degree sequence, DDS (see Sect. 2.16)

% |DDS; j
-a log — (4.102)
j=1 s ds

u, =

N

where ds; = § dij . j is the magnitude of distances within DDSand ecci = max . The
=1

above mean loca information on the magnitude of distances was next modified in the

view of constructing four global indices, U, V, Xand Y, on the formula of J index (see

Sect.4.2.2).

A similar descriptor, the Information Distance Index, IDI, was introduced by

K onstantinova'?’

N ody  dy
IDI; =-a —log— (4.103)
=05 ~ds
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d:.
where the ratio d—” is the probability for an accidentally chosen vertex to be at the
S

distance d;; fromthevertex i . Thentheglobal DI takes the form

N
IDI =IDI(G) = § IDI (i) (4.104)
i=1
The selectivity of information indices is rather high. Thus, 1DI was tested on the
set of all unbranched hexagonal chains with three to ten rings (2562 structures).”***" No
degeneracy appeared within this set. However, lvanciuc et a.™ found some pairs of trees
with degenerate U, V, Xand Y indices.

4.10. OTHER TOPOLOGICAL INDICES

4.10.1. Stereochemical Descriptors

Descriptors for cigtrans sterecisomers or staggered akane rotamers were
introduced by the three-dimensional Wiener index, *W. In addition to a net improvement
of sdlectivity, agood correlating ability with alkane properties was reported. %%

A three dimensional cc connectivity descriptor was developed by Randic?® on
the ground of topographic matrices.

Estrada® included a corrected electron charge density (cal culated with MOPAC)
in a connectivity-type index, W, also able to differentiate cis/transisomers of alkenes.

The cis/trans connectivity descriptor ¢, of Pogliani®® is based on an extension of
the concept of connectivity. It considers virtual ring fragments formed by embedded cis
structures and appears to accurate describe some physico-chemical properties of olefins.

Other description of sterecisomers is obtained by using the GAI index,"*® (based
on quantum chemistry considerations), the topographic indices** the stereoisomeric and
optical topologica indices'**** or the complex numbers in the characterization of a
plane.**®

Enantiomers are more difficult to be described topologically, some results being
reported by SchultZ? and by Galvez et a.**

The shape descriptors “Sproposed by Randic,'*® are constructed on a distance
topographic matrix T, whose elements are raised to the power k. Next, the average row
sum of the “T matrix

138

“R=(U/N)&,; & [T (4.105)
isnormalized by division by k!
ks =KR/KI (4.106)

The molecular shape profile Sis obtained as a sequence
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s=0s1s,.. ks (4.107)

where the leading term is just the number of atoms in molecule. The factoria in the
denominators ensures the convergence of the series. The maximum k value will equal the
number of atoms on the molecular periphery. The consideration of atomic profiles may
offer an alternative route to graph center (see Chap. 8). The individual S descriptors can
be used in correlating studies.*****

The kappa indices 'k, of Kier'*'* are also related to as shape descriptors. A
flexibility indexj for molecules was derived from the kappa shape attributes.**®

Actualy there exists a net trend for a more appropriate description of the 3D-
structures. A bright illustration of this trend the reader can find in two recent monographs
by Bal aban, 146147

4.10.2. ID Numbers

In the design of a topological index, the two main attributes. (i) the correlating
ability and (ii) the selectivity (i.e., the discriminating power among structures) are not
reached at the same time. For the second purpose, an appropriate weighting scheme
would discriminate the subgraphs (.e., atoms, edges, paths) that are topologicaly (and
chemicaly) different. It this respect, the so called molecular identification numbers ID
were designed.

Randic**® defined the molecular 1D number as follows:

The mapping from the edge set E(G) to therea numbers, fE(G)® R is

f(e)=@d) "> (4108)
The mapping from the path set P(G) to the real numbers, f *: P(G) ® R takesthe form

f(p)=0f(e) (4109

for apath p congsting of m edges. The connectivity ID number of a molecular graph
having N vertices is

ID:ID(G):N+é’1pf *(p) (4.110)

where summation goes over al distinct pathsin G.

The sectivity of the connectivity ID number, CID was tested for all alkanes
with up to 20 carbon atoms.™* The smallest pair of trees with the same ID numbers was
found a N = 15 (a duplicate among some 7500 graphs). Recall that the first degenerate
pair for the Balaban number J appearsat N = 12.
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The prime ID number,”® PID, changed the weighting scheme (4.108) by
(pipj)'(ll 2 where pi and pj are successive prime numbers, thus reducing the chance of
accidental duplication of 1D numbers. Indeed, for PID, Szymanski et a.** found the first
duplicate at N = 20, meaning one pair among 618,050 graphs.

Despite the failure of the ID numbers to be unique, such a high resolution among
structuresis of interest in chemical data storage.

The race for a higher selective index continued with BID (Baaban's ID
number),"> WID (the walk 1D number),"** MINID,"** MINSID,"** (both based on seif-
returning weighted distances in the graph), t number,"> SD (the sdf-returning walk ID
number)™® and EAID'"" (see Sect. 4.8.3). The last two indices, for which no degeneracy
was found so far, are constructed in a very close manner (both are self-returning walks
but the weighting scheme differs, however).

A 3-dimensiona molecular identification number, MID, which can be obtained
from the Cartesian coordinates, differentiates the alkane rotamers.™

* *x %

The main application of TIs in chemistry is the evaluation and prediction of
physico-chemica properties. It is related to as QSPR (Quantitative Structure-Property
Relationship). The correlating studies make use of TIs as mathematical molecular
descriptors.

The physical meaning of topological indicesis amore or less proved percept.
1%2 The majority of Tls show a size-dimension (e.g., W, the connectivity indices, etc.) but
some of them emphasize a shape-component (e.g., k and other shape descriptors).'®

Despite Tls do not offer a causal explanation of the molecular properties, they
condense important structural features into a single numerical parameter that parallels
some properties. The structura insight is often permitted, such that Tls are useful tools
for looking at fragmental components of a certain property. Some aspects about the
correlating studies are detailed in Chap. 9.

For the computation of TIs some commercia programs, such as POLLY,"*
MOLCONN® or CODESSA™**" are available.

1,158-
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Chapter 5

SZEGED |INDICES

5.1. INTRODUCTION

5.1.1. Historical Remarks

In the 1990s a country which once was called Yugodavia (or more officially:
Sociadlist Federa Republic of Yugodavia) fragmented into a number of newly formed
states, followed by a

sequence of bloody civil wars conducted by unimaginable cruelty. A part of the

former country retained the name Yugodavia. In 1993 and early 1994 an unprecedented
inflation ravaged this new Y ugoslavia, reaching at its peaks a daily value of 50%. Inorder
to escape from the social, economic, political, cultural, ethical etc. collapse in his country,
one of the present authors moved to Szeged, a city in Hungary lying on the very border of
Hungary and Y ugosavia. There he happily spent a couple of years asaVisiting Professor
at the Ingtitute of Physical Chemistry of the Attila Jozsef University.

Soon after settling in Szeged he produced a paper which eventually appeared in
1994.1 In thiswork a novel distance-based graph invariant has been introduced, and some
of its basic properties established. Neither in the paper’ nor in three subsequent articles”™
was any name given to that invariant. As research in this direction continued to expand,
the lack of a name became quite annoying and in 1995 the invariant was named the
Szeged index and denoted by Sz.>® This name and symbol seem nowadays to be
universally accepted.

A remarkably vigorous research followed these early works on the Szeged index.
In just four years more than 30 papers on Sz were produced.”®" The review® covers,
among other distance-based topologica indices, also the theory of the Szeged index. The
review® is devoted solely to the mathematical properties of Sz. Quite a few
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mathematicians and chemists, belonging to different and independent research groups,
were involved in the elaboration of the theory andapplication of the Szeged index. The
authors who worked on Sz are from Austria, Croatia, France, Hong Kong, Hungary,
India, Romania, Russia, Sloveniaand Y ugodavia.

5.1.2. Towardsthe Szeged I ndex Concept

The basic idea behind the Szeged index is the following. For a long time it is
knowr' that the identity:

W=WG) = &, Nie N2e (5.1)

is satisfied for the Wiener index W of a molecular graph G, provided that G is acyclic.
(For details of the notation used in eq 5.1 see the subsequent section and aso Sect.
4.2.1.1) Thisformulais rather attractive, because it can be understood as a decomposition
of the Wiener index into contributions coming from individual chemica bonds of the
respective molecule. Indeed, n; Ny Can be in a natural way interpreted as the increment
associated with the carbon-carbon bond which in G is represented by the edgee.

Formula (5.1) is, however, not vaid for graphs containing cycles. The effortsto
modify the right-hand side of eq 5.1 and to find an edge-decomposition of the Wiener
index, applicable to al molecular graphs were successful,**** but resulted in rather
perplexed and difficult-to-apply expressions. In the work™ a seemingly awkward ideawas
put forward: the complications with the generalization of eq 5.1 to graphs containing
cycles could be overcome by using the right-hand side of this equation as the definition of
anew graph invariant. If so, then the right-hand side of eq 5.1 is automatically applicable
to al graphs and, in addition, in the case of acyclic systems the newly introduced
invariant coincides with the Wiener index.

Such a definition happened to be a lucky hit: the new graph invariant - the Szeged
index - possesses interesting and nontrivial properties and, furthermore, is of some
relevance for chemica applications.

5.2. DEFINITION OF THE SZEGED INDEX

Let G be amolecular graph, which means that G is necessarily connected (in fact,
G may be any connected graph). Let V(G) and E(G) be the vertex and edge sets of G.
Denote by i and j two vertices of G, which we formally writeasi,jT V(G). If i and  are
adjacent vertices, then the edge between them is denoted by (i,j). Then we write (i,j) T
E(G). Sometimes, however, we denote the edge (i,j) simply as e. One should therefore
bear in mind that throughout this chapter, the endpoints of the edge denoted by e are the
vertices denoted by i and .
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Let uvl VG). Recall that the distance between the vertices u and v is equd to
the number of edges in a shortest path connecting u and v, and is denoted by d,,,.
As usua, the number of elements of a set S will be denoted by [§. Hence, M(G)| and
|E(G)| stand for the number of vertices and edges, respectively, of the graph G.

Definition 5.1. Let G be a connected graph and e = (X,y) its edge. The sets N, and N,
are then defined as

Nye ={vivi V(G),dyvi<dy} (5.2

Nze ={vlvi MG),dy;<dy} (5.3)
Further,

Nie =|Niel (54)

N2e = | Nee | (5.5

When misunderstanding is avoided, we denote N1 eand ni e Smply by Nz and n;.
Similarly, N2 e and n2 e will sometimes be written as Np and n, respectively.

Inwords: ny e counts the vertices of G lying closer to one endpoint i of the edge e
than to its other endpoint j. The meaning of ny e is analogous. Vertices equidistant to x
and y are not counted. Because the quantities ny and n, play the crucia role in the theory
of the Szeged index, we illustrate Definition 5.1 by the graphs Gs1 and Gs 2, depicted in
Figure 5.1.

1
13” 2\11
| |
1 14 €,10
lz/ 16—15" \?4”
|
3 5—6 8
N4 N

GS.l GS.Z

Figure 5.1. Two molecular graphs and an edge e = (i,j) in them; the vertices
belonging to the set N are joined by thin lines; those belonging to N2 by thick lines;
vertices that do not belong to either N1 or N» are joined by dashed lines; such vertices
exist only in non-bipartite graphs (such as Gs2) whereas in bipartite graphs (such as Gs 1)
are necessarily absent.

For the molecular graph G; we have:



154 M. V. Diudeg, |. Gutman and L. Jantschi

Nie ={1,2,34,5,6,7,89713,14,15,16}
N2e ={10,11,12}

Consequently, n1 ¢(Gs1) =13 and n ¢ (Gs1) = 3. Note that
N1,eGs.1) E Noe(Gs1) = V(Gs.1)

and

N1e(Gs1) + Mpe(Gs.1) = M(Gs 1)l
The latter two relations are properties of all molecular graph which do not
possess odd-membered cycles (molecular graphs of alternant hydrocarbons).

For the molecular graph Gs 2 we have m ¢ =13 and nz ¢ = 7, see Figure 5.1. Note
that Gs, possesses 10 vertices that do not belong to either N1e(Gs2) or Nz,e(Gs2). Such
vertices are encountered in the case when the edge e belongs to an odd-membered cycle,
hence in the case of graphs representing non-alternant molecules.

Note that

N1,e(Gs2) + Npe(Gs.2) < [V(Gs2)|
We are now prepared to formulate our main:
Definition 5.2. The Szeged index Sz(G) of the molecular graph G is equd to

2=S2(G)= g Me(G)Mye(G) (56)
d E(G)
where the summation goes over al edges of G.
Examples

We now illustrate the calculation of the Szeged index, directly from its definition
(5.6). We firgt do this on the example of 1,1,-dimethyl cyclopentane (Gs3), depicted in
Figure 5.2.

SxOO B

Gs3 Gs4 Gss Gss Gs7

Figure 5.2. The molecular graph of 1,1-dimethyl,cyclopentane Gs; and
representatives of the specia graphs: star Sy, path Py, cycle Cy and complete graph Ky
(here Gs 4 = S, Gs5= P7,Gs = C;and Gs7 = Ky).
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First of al, notice that in Gs3 the edges e = (1,3) and e, = (2,3) are symmetry-
equivalent. Therefore the vaues of the products nye(Gss)Ne(Gss) and
N1.e2(Gs3)M2,2(Gs ) Will necessarily be equal. The sameis true for the edge-pairs (3,4) and
(3,7), as well as (4,5) and (6,7). Therefore, in actua calculations of Sz we need to
determine the value of Ny (Gs3)n.(Gs3) only for four edges.

Nevertheless, here we examine all the seven edges of Gs3:

Edge N1 N> Ny Ny
13 {1 {2,345,67} 1 6
23 {% {134,567} 1 6
G4 {1237} {4,5} 4 2
37 {1234 {6,7} 4 2
45 {1234} {5,6} 4 2
56) {5} {6} 1 1
67) {56} {1237 2 4

Then application of formula (5.6) yields:
Sz2(Gs3) = [1x6] + [1x6] + [4x2] + [4x2] + [4x2] + [1x1] + [2x4] =45
As more advanced examples we now deduce the general formulas for the Szeged
index of some specia graphs, the most frequently occurring ones in graph theory; their
structure is shown in Figure 5.2. In what follows N denotes the number of vertices.
The star Sy has N-1 edgesthat all are symmetry-equivalent. For each edge of Sy
we haven; =1 and n, = N-1. Therefore,

S2(Sv) =( N-1) x [(N-1) x 1] = (N-1)° (5.7)

The path Py has N-1 edges. On one side of the ith edges there are i
vertices, on the other side there are N-i vertices, i=1, 2, ..., N-1. Therefore,

CNXNZ2-1) _aN+1p

. 3 2 (5.8)

N-1
SAPn)=a iXN-i)
i=1
The cycle Cy has N edges that all are symmetry-equivalent. If N is even, then for
each edge of Cywe haven; = n,= N/2; if Nisodd, then n; = n,=(N-1)/2.
Therefore, for even values of N,

, N 3
¥(C,) =N E%x%az'\'? 59

whereas for odd values of N,
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SEN-1 N-10_ N(N-1)

82 2H 4

The complete graph Ky has N(N-1)/2 edges that all are symmetry-equivaent. If e
= (x,y) isan edge of Ky then N; ={x} and N, = {y}, implying h; = n, = 1. Thisis because
every other vertex of Ky ison equa distance to both x and vy, this distance, of course,
being unity. Consequently,

¥(C,) =NX (5.10)

(K, )_N('\I D 1) = N(N - ?‘% (5.11)

Because the Szeged index is intimately related to the Wiener index, we recall
here that the Wiener index W(G) equals the sum of all topological distances in the graph
(seeeq4.23)

At the first glance Definitions 1 and 2 look quite dissmilar. However, the
following result is an immediate consequences of egs (5.1) and (5.6).

Theorem 5.1. If G isatree (i.e., aconnected acyclic graph), then
SZ(G) = MG) (5.12)

Hence, in the case of molecular graphs of alkanes there is no difference between
the Wiener and Szeged index and, as far the Szeged index is concerned, there is no need
for any additional research. Therefore, in what follows we will be amost exclusively
interested in the properties of the Szeged index of cycle-containing (molecular) graphs.

5.3. FURTHER RELATIONS BETWEEN SZEGED AND
WIENER INDICES

Examples show" that in addition to trees there exist other graphs whose Szeged
and Wiener indices coincide. [ The simplest such example is the complete graph. Because
the distance between any two vertices in Ky is unity, W(Ky) = number of edges of Ky =
N(N-1)/2. Above we have shown that Sz(Ky) isaso equa to N(N-1)/2.]

The problem of relation between Sz and Wis basically resolved by the following result.”®

Let K be the set of al connected graphs, all blocks of which are complete graphs.
Recall that trees and complete graphs belong to K.

Theorem 5.2.
(@) SZ(G) =WG) if andonly if GT K.
(b) If Gisconnected, but G T K, then Sz(G) > W(G).
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In Figure 5.3 are depicted examples of cycle-containing graphs for which Sz=W,
that is graphs belonging to the class K.

ey

Gss Gsg Gs10 G

Figure 5.3. Examples of connected cycle-containing graphs, al blocks of which
are complete graphs; for these the Szeged and Wiener indices coincide; only very few of
these graphs (e.g., Gs.10 and Gs1;) are molecular graphs.

Because of Theorem 5.1 the trees with minimal and maximal Szeged indices are
precisely those which have minimal and maxima Wiener indices. These latter trees are

known for a long time**" and we state the respective result only for the sake of

completeness. As before, let Sy and Py be the N-vertex star and path, cf. Figure 5.2.

Theorem 5.3. If Ty isan N-vertex tree, other than S and Py, then
SZ(S\) < Sz(Ty) < Sz(Py) (5.13)
The connected unicyclic graphs with minimal and maximal SZ have been
determined already in the first study of this quantity.” Let Sy+e be the graph obtained by

adding one more edge to Sy. Let Cy be the N-vertex cycle and let Cy, be the graph

obtained by attaching a new vertex of degree one to some vertex of Cy.

Theorem 5.4.
(@) Let N be an odd number, greater than one. If Uy isan N-vertex connected unicyclic

graph, other than Sy+e or Cy,_,, then
SZ(Sv+e) < SZ(Uy) < SZ(Cy, ) (5.14)

(b) Let N be an even number, greater than two. If Uy isan N-vertex connected unicyclic
graph, other than Sy+e or Cy, then

Sz(Svte) < Sz(Un) < SZ(Cy) (5.15)

Analytical formulas for Sz of bicyclic graphs have been derived in terms of the
length of the cycles and the length of their common part.** Formulas for the connected
bicyclic graphs withminimal and maximal Sz have been determined in.*” Let S+e+ be
the graph obtained by adding two nonadjacent edges to the star Sy. Let Xy and X'y be the
N-vertex bicyclic graphs, the structure of which is shown in Figure 5.4.
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Theorem 5.5.
(@) Let N be an odd number, greater than five. If By isan N-vertex connected bicyclic
graph, other than Sy + e +f or Xy, then

Sz(Sy + e +f) < Sz(Bn) < S(Xn) (5.16)

(b) Let N be an even number, greater than six. If By isan N-vertex connected bicyclic
graph, other than Sy + e+f or X n, then

Sz(Sy +e+f) < Sz(Bn) < SAX N) (5.17)
|
Xy X Y YN

Figure 5.4. Bicyclic and tricyclic graphs with maximal Szeged index.

In the work’” aso formulas for N-vertex tricyclic graphs with minimal and
maxima Sz value have been determined. The structure of tricyclic graphs with maximal
Sz vdue is shown in Figure 5.4: Sz(Yy) is maximal in the case of even N, N 3 12, and
Sz(Y ) ismaxima if Nisodd, N 3 13,

It should be noted that the extrema graphs depicted in Figure 5.4 have a
completely different structure than the bicyclic graphs with maximal Wiener index.

It is easy to show™ that among connected N-vertex graphs and N-vertex bipartite
graphs the complete graph Ky and the star S, respectively, have minima Sz value. The
analogous result holds also for the Wiener number. The N-vertex graph with maximal Sz
value is, however, completely different than the N-vertex graph with maximal W value.
(Recdll that this latter graph is the path, Py.*®) The following result was first conjectured
by KlavZar et a.° and then proven in arigorous mathematical manner by Dobrynin.*

Theorem 5.6.

Among connected N-vertex graphs the complete bipartite graph®® Ky, 2, n/2 (if N
iseven) or Kin-1)72, (n+1)/2 (if N isodd) has maxima Sz value.

We mention in passing that Sz(Kyp) = a’b’.
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A number of profound and somewhat unexpected analogies between the Szeged
and Wiener indices have been found. Of them we mention here only two. For those who
are not interested n mathematical details (for which nobody can claim to be of great
chemica significance), it will suffice to compare the forms of the relations (5.1) and
(5.6).

Let C(h,k) be a class of connected bipartite graphs consisting of cycles of equal
size, characterized as follows. Let k and h be positive integers. If h = 1, then the class
C(1,k) consists of one element only, namely the cycle Cy.,. If h > 1,then every element
of C(h,k) is agraph obtained by joining the endpoints of a path with 2k vertices to a pair
of adjacent vertices of some graph from C(h-1,k).

It has been shown previoudy® that if G' and G" are graphs from the class
C(hk),then

W(G')° WG") (mod X?) (5.18)

To clarify: relation (5.18) means that the remainder after division of W(G' ) by
2k? is equa to the remainder after division of W(G" ) by . In other words, the
difference W(G' ) - WG ") is divisible by 2.

A fully analogous result has been established for the Szeged index?*

Theorem 5.7. Let G' and G" be arbitrary graphs from the class C(h,k). Then
S(G')° SZG ") (mod %?) (5.19)

Eventually, several generaizations and extensions of Theorem 5.7 have been put
forward.***?® In what follows we will pay particular attention to a special case of this
theorem important in chemica applications.” Namely in the case k = 2 some, but not all,
elements of the class C(hk) are molecular graphs of catacondensed benzenoid
hydrocarbons™® with h hexagons. In fact, molecular graphs of al h-cyclic catacondensed
benzenoid hydrocarbons belong to the class C(hk). As a curiosity we mention that the
below result was independently and practically simultaneoudly, but prior to the discovery
of Theorem 5.7, obtained in Indore (India), Novosibirsk (Russia) and Szeged (Hungary)
and was then published jointly in a single paper.”

Theorem 5.8. Let H' and H" be the molecular graphs of two catacondensed benzenoid
hydrocarbons with h hexagons. Then

Sz(H')° Sz(H") (mod 8) (5.20)

or, what is the same, the difference Sz(H ') - Sz(H ") is divisible by 8.
In Figure 5.5 are depicted three catacondensed benzenoid hydrocarbons with 4
hexagons. Their Szeged indices differ considerably: Sz(Gs15) = 1269, Sz(Gsi3) = 1301,

S(Gs 14)) = 1381, but in accordance with Theorem 8, the remainder after division of both
1269, 1301 and 1381 with 8is5.
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XL G GO0

Gs.12 Gs.14

Figure 5.5. Isomeric catacondensed benzenoid systems with h = 4;
(Gs.12) = 1269, Sz(Gs 13) = 1301, Sz(Gs14) = 1381

Needless to say that a fully analogous modulo 8 regularity holds also for the
Wiener indices of catacondensed benzenoids® The chemica meaning of such
congruencies is obscure, but these certainly reflect some peculiar intrinsic symmetry in
the distance-based properties of the underlying benzenoid molecules. An
extension/generaization of Theorem 5.8 (and of its Wiener-number-counterpart) to
pericondensed benzenoids™® has never been accomplished.

* % %

Let G and H be graphs with M(G )| and V(H )| vertices, respectively. Let G" H
denote the Cartesian product of G and H. It is known that™>>®

WG H)=MG)|>WH ) + MH )| *WMG) (5.21)
For the Szeged index the analogous result reads’
Theorem 5.9.
G H)=MG)3SzH ) + M(H)|°AG) (522)

Because the Cartesian product of graphs plays hardly any role in chemical graph
theory, we skip here its definition (which, however, can be found elsewhere®****) and
only call the readers attention to the intriguing parallelism between egs (5.21) and (5.22).

In our opinion such close analogies between Wand Sz in polycyclic graphs must
have a deeper-lying cause. The discovery of this unifying principle remains atask for the
future.

* % %

Concluding this section, in which the mathematical results pointing at concealed
connections between Szand W were outlined, we wish to note the following. When
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investigating the Szeged index, the strategy often is to try to prove properties of Sz
analogous to known properties of W. Sometimes, however, the opposite direction of
reasoning happened to be useful. For instance, it was noticed™*® that some specific
subgraphs of benzenoid graphs - those isomorphic to the linear polyacenes - play an
important role in certain considerations of Sz.

Bearing this in mind, new results for the Wiener index of benzenoid hydrocarbons were
recently obtained, in which Wis expressed in terms of such subgraphs.®**®

5.4. METHODS FOR THE CALCULATION OF THE SZEGED INDEX

In the genera case the Szeged index is computed by using its definition, eq 5.6.
This means that for each edge e the sets N; . and N, have to be found (egs 5.2 and 5.3)
and then the numbers n, . and n, (€gs 5.4 and 5.5). For this we need to know the distance
between any two vertices in the underlying molecular graph, cf. (5.2) and (5.3), that isthe
elements of the distance matrix (see Chap. 2).

In summary, the caculation of the Szeged index is done by the following steps.
1. Determine the distance matrix of the molecular graph considered, i.e., find the

distances between al pairs of its vertices.

2. Choose an edge e
3. Congtruct the setsNj eand N2 using their definition, egs 5.2 and 5.3.
4.Count the elements of N1 e and Ny e and thus determine ny e and N2 e, €gs 5.4 and 5.5.
5.Repeat Steps 3 & 4 consecutively for al edges of the molecular graph considered.
6.Apply eq 5.6 and calculate Sz

The distance matrix, required in Step 1, can be calculated by one of the severa
techniques devel oped in the theory of graphs and networks (see, for instance Chapters 11
and 12 in the book®"). The agorithm for the calculation of Sz can always be designed in
such away that Step 3 is not explicitly performed; yet the elements of the sets N; and N,
must somehow be recognized before they are counted in Step 4.
A genera agorithm for the caculation of the Szeged index was put forward by
Zerovnik.™® Chepoi and Klavzar showed'’ that in the case of benzenoid hydrocarbons Sz
can be obtained in linear time (with regard to the number of vertices).

5.4.1. The Gutman-KlavZar Algorithm

A specia agorithm for the calculation of the Szeged indices of the so-caled
Hamming graphs® was designed by Gutman and KlavZar.” For chemica applications, the
fact that the molecular graphs of benzenoid hydrocarbons are Hamming graphs® is
particularly important. Thus we have a specia, quite convenient and efficient, method for
computing the Sz value of benzenoid systems.” The Gutman-KlavZar agorithm was
eventually quite successfully applied in the theory of the Szeged index.”*3%%3*
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In order to formulate the Gutman-Klavzar agorithm (stated below as Theorem
5.10), we need some preparation.

Benzenoid systems are plane graphs representing benzenoid hydrocarbons.™
They are dways considered as being embedded into the hexagonal (graphite) lattice. All
their hexagons are regular, mutually congruent. A benzenoid system is aways drawn so
that some of its edges are vertical. Denote by B a benzenoid system and by N the number
of its vertices. An elementary cut or elementary edge-cut of Bis a straight line segment,
passing through the centers of some edges of B, being orthogonal to these edges, and
intersecting the perimeter of B exactly two times, so that at least one hexagon lies
between these two intersection points.

At this point some examples are purposeful. In Figure 5.6 are shown three
elementary cuts of benzo[c]phenanthrene (Gs15) as well as dl dementary cuts of
anthracene (Gs 16).

1 13 €1
27 \18 147 \12
L L L G G GGG G G

N4 N7 N107
)
R P

Gs.15

Gs.16

Figure 5.6. Three elementary edge-cuts of benzo[c] phenanthrene (Gs 15) and
al elementary edge-cuts of anthracene (Gs 15).

Let B be abenzenoid system, V(B) its vertex set and C one of its elementary cuts.
Then C partitions the vertices of B into two non-empty classes N, (C;B) and N,(C;B), such
that

N1(C;B) C No(C;B) = A& (523
N1(C;B) E N2(C;B) = V(B) (5.24)

The elements of Ni(C;B) are the vertices of B lying on one side of C, the
eements of N2(C;B) are the vertices of B lying on the other side of C. In what follows it
makes no difference which side of C correspondsto N;(C;B) and which to N2(C;B).

The number of elements of N;(C;B) and N,(C;B) are denoted by n1(C;B) and
n2(C;B), respectively. The number of edges of B intersected by C is denoted by r(C;B).

For instance, in the case of the benzenoid system Gs ;5 and its elementary cuts C,,
C, and Cg, depicted in Figure 5.6, we have:
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N1(C1;Gs1s) ={1.2.3}

N2(Cy;Gs15) ={4,5,6,7,8,9,10,11,12,13,14,15,16,17,18}

N1(C2;Gsas) ={1,2,3,4,10,11,12,13,14,15,16,17,18}

N2(Cz;Gs15) ={4,56,7,8,9}

N1(Cs;Gsas) = {12,13,14}

N2(Cs;Gs15) ={1,2,3,4,5,6,7,8,9,10,11,14,15,16,17,18}

and further

N1(C1;Gs15) = 3 N2(C1;Gs15) = 15 r(C1,Gs1s) =2
N1(C2;Gs15) = 13 n2(C2;Gs15) = 5 r(Cz;Gsas) = 3
n1(Cs3;Gs15) = 3 N2(C3;Gs15) = 15 r(Cs;Gs1s) =2

We are now prepared to describe the Gutman-KlavZzar agorithm.’

Theorem 5.10. The Szeged index of a benzenoid system B can be calculated by means of
the formula

S(B) = 1 (C;B)(C;B)nAC;B) (5.25)

in which the summation embraces al elementary cuts of B.
The advantage of eg 5.25 over eg 5.6 isthat there are much fewer elementary cuts

than edges, especidly in the case of large benzenoid systems. Consequently, the right-
hand side of (5.25) contains much fewer summands than the right-hand side of (5.6). In

practical applications of formula (5.25) it is not necessary to calculate both n1(C;B) and
n2(C;B).

Namely the sum n1(C;B) + nx(C;B) isindependent of the elementary cut C and is
equal to the number N of vertices of B. Hence, if we know n;(C;B), then we calculate
n2(C;B) as N - ny(C;B); in this case it is reasonable that n1(C;B) is chosen to be the
smallest among n1(C;B), no(C;B).

We illustrate the Gutman-Klavzar agorithm on the example of the anthracene

graph Gs 16, See Figure 5.6. The anthracene graph has 14 vertices, 16 edges, but only
seven elementary cuts. By direct counting we get:

N1(C1;Gs.16) = 3 N2(C1;Gs16) = 14-3=11 r(C1;Gs1e) = 2
N1(C2;Gs.16) = 3 N2(C2;Gs.16) = 14-3=11 r(Cz;Gs16) =2
N1(C3;Gs.16) = 7 N2(C3;Gs16) = 14-7= 7 r(Cs;Gs.16) = 2
N1(C4;G516) = 7 N2(C4;Gs16) = 14-7= 7 r(Cas;Gs.16) = 2
N1(Cs;Gs.16) = 3 N2(Cs;Gs.16) = 14-3=11 r(Cs;Gs16) =2
N1(Ce;Gs.16) = 3 N2(Ce;Gs.16) = 14-3=11 r(Ce;Gs16) = 2

N1(C7;Gs.16) =7 N2(C7,Gs16) = 17-7= 7 r(C7;Gs16) = 7
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Direct application of eq 5.25 yields then
Sz(Gs.16)=[2x3X11] +[ 2x3X L1 +H 2X7X 7] +[ 2X7X 7] +[ 2x3x11] +[ 2x3x11] +[ 4X7X 7] = 656

The calculation in the above example was performed without using the symmetry
of the molecule considered. This symmetry causes that numerous summands are mutually
egual. Needless to say that by taking into account molecular symmetry the algorithm
additionally gains on efficiency and smplicty.

By means of the Gutman-KlavZar algorithm general expressions for the Szeged
index of a large number of homologous series of benzenoid hydrocarbons could be
determined.”*** Four such expressions, pertaining to the benzenoid systems depicted in
Figure 5.7 are given below:

Sz(Ly) = %(44k3+72 k?+43k +3) (5.26)
3 6 1,4 2
Sz(Hy) = > (36 k- k*+k?) (5.27)
Q) = % (12 k*+72k *+137k “+92 k *+13k >-2Kk) (5:28)
(T = % (k®+12 k>+49k *+84 k 3+58 k 2+12 k) (5.29)
k
[ AN K
—_—
k
Tk Hk Qk Lk
Figure 5.7. Some highly symmetric homologous series of benzenoid systems,
k=123...,.

Elementary cuts in benzenoid systems have found several other applications in
the theoretical chemistry of benzenoid hydrocarbons:. in studies concerned with Kekule

structures>® Wiener indices’®®, hyper-Wiener indices™®® and elsewhere®

* Kk %

An attempt to use the symmetry of a (molecular) graph in order to facilitate the
calculation of its Sz value were communicated by Zerovnik.*® Expressions for the Szeged
index of some highly symmetric graphs were earlier deduced by KlavZar et al.® However,
no complete and practicaly applicable approach, which would enable the systematic
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exploitation of molecular symmetry (or more precisely: of the automorphism group of the
underlying molecular graph) in the theory of the Szeged index is available at the present
moment.

5.5 EXTENSIONS: SZEGED MATRICES, HYPER-SZEGED
AND HARARY-SZEGED INDICES

Diudea was the first to recognize™ that the right-hand side of egs 5.2 and 5.3 are
wdll-defined aso in the case when the vertices i and | are not adjacent. The same applies
to n, and n, egs 5.4 and 5.5. Consequently, the quantity

nij = NG)=I{vvin V(G) , dy; < dyj}|; (ij)T P(G) (5.30)

can be viewed as the (j)-entry of some square matrix of order N. In addition, njj =0
whenever i =j.
In words: nijj is the number of vertices of the graph G lying closer to vertex i than to
vertex j.

Three so-called Szeged matrices have been defined (see Sect. 2.8):1%%2"

the unsymmetric Szeged matrix

[USZ];j = njj (5.31)
the full symmetric Szeged matrix

[SZp] = nij 0y (532
and the sparse symmetric Szeged matrix
[SZelij = [Alij nij niji (5.33)

where [Aljj is the (ij)-element of the adjacency matrix (see Chap. 2). The corresponding
detour -Szeged matrices were also defined (see Sect. 2.8).

Evidently, the sum of the elements of the upper (or lower) triangle of SZe is just
the Szeged index Sz The analogous sum of the eements of SZ,, has been named™*** the
hyper -Szeged index, symbolized in this book by IP(SZD). A few more graph invariants
based on or related to the Szeged matrices have been put forward.™ 3

The theory of the Szeged matrices, the hyper-Szeged and Harary-Szeged indices
is presently at a very early stage of development. Table 5.1 lists some formulas™ for
calculating these indices in paths, cycles and stars.
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Table 5.1. Formulas for Hyper-Szeged IP(S&ZD) and Harary-Szeged |P(RSZD) Indices

in Paths, Cycles and Stars
| Index | Formula/ Examples
Paths
1 IP(SZD) 4_18(5N4- 10N3+16N2 - 8N - 6Nz+32)
N=11; 1285 N=12; 1846
Cycles
2 |P(SZD) %N(N' 1)(22+1) (NZ_ 2N +4)(1‘ 2
N=11; 1375 N =12; 2046
3 IP(RXZD) 2(N - 1+2)
(N-2+2)
N=11;22 N=12;22
Stars
4 IP(SZD) %(N - (3N - 4)
N =11, 145
N=11; 46

5.6. CHEMICAL APPLICATIONS OF THE SZEGED INDEX

When speaking of the chemical applications of the Szeged index one has first to
recall that the Wiener index has found numerous such applications, outlined elsewherein
this book and in a number of reviews.”” Namely, the Wiener index is correlated with a
large number of physico-chemical properties of organic molecules. Thisis especialy the
case for alkanes, whose molecular graphs are trees. Since in the case of trees the Wiener
and the Szeged index coincide, al studies on the possible chemical applications of Sz had
to be done on cyclic molecules.

Unicyclic molecules are the obvious first target for such studies. For them, it has
been shown that Sz and W depend on molecular structure in a remarkably similar
manner.***® Systematic numerical testing***** revealed that the correlations between S
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and various physico-chemica properties of monocycloakanes are of comparable,
sometimes dightly inferior, quality as the analogous correlations with W.

The Sz and W values of benzenoid molecules were aso found to be well
correlated,®***° yet for very large benzenoids this correlation is curvilinear."® This means
that also for this class of polycyclic molecules the structura information contained in Sz
isquite similar to that contained in W.

In conclusion: No convincing example of a chemical application of the Szeged
index has been discovered so far, in which the Szeged index would yield reasonably
better results than the Wiener index. In view of the relatively small number of classes of
molecules examined (only monocycloakanes and benzenoid hydrocarbons), this
pessmistic conclusion needs not be taken as something absolute. On the other hand,
bearing in mind the numerous mathematical relations between Sz and W (outlined in due
detail above), finding cases where the Szeged index is significantly more suitable for
modeling physico-chemical or pharmacologica properties of organic compounds than the
Wiener index should be considered as a kind of surprise.
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Chapter 6

CLUJ INDICES

In cycle-containing graphs, the Wiener matrices are not defined. (See Chap.
Topologica Matrices). Wiener indices are herein calculated by means of the distance-
type matrices™ but their meaning is somewhat changed (see Sect. 4.2).

An attempt of Lukovitz to extend the Randic's definition of hyper-Wiener index
to smple cycles resulted in a quite strange version of this index.®

Cluj matrices try to fill the hall of the Wiener matrices, in the same manner as
these matrices do in acyclic graphs (i.e., counting the external paths with respect to the

path (i.))).

6.1. CLUJ INDICES, CJ AND CF

Among several conceivable versions of the Cluj indices two variants are here
discussed: (1) at least one path external to the path (i,j), (see Sect. 2.11.1) leading to CJ
indices and (2) all paths external to the path (i,j), (see Sect. 2.11.2) that provides the CF
indices. As shown in Sect. 2.11.2, the entries in a CF matrix are true fragments (.e.,
connected subgraphs).

The Cluj indices are calculated®*® as half-sum of the entries in a Cluj symmetric
meatrix, M, (M = CJD, CJD, CFD, CFD - see Sect. 2.11.1)

IEM)=2)a,a; MI[Al; (6.)
IP(M)=(1/2@,; & ; M (62)
or from an unsymmetric Cluj matrix, by

IE2UM) =1/, & ; [UM];[UM];; [A]; (63)

IP2(UM)=(1/2)éié_j [UM];; [UM] (6.4)
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The number defined on edge, IE, isan index while the number defined on path,
IP is a hyper-index. Note that the operators |IE and IP, aswel as IE2 and IP2 may be
applied to both symmetric and unsymmetric matrices. When the last two operators are
calculated on a symmetric matrix, the terms of sum represent squared entries in that
matrix. Thisis the reason for the number 2 in the symbol ofthese operators. It is obvious
thaa IE(M)=IE2UM) and IP(M)=IP2(UM) with the condition
M =(UM)(UM)" where (UM)" is the transpose of the unsymmetric matrix UM . Only
in trees, and only for Cluj distance indices, IE2(UM) = IP(UM). The edge defined
indices ae identical for the two versons of Cluyj indices in al graphs
IE(CJD) = IE(CFD); IE(CJD) =IE(CFD). Vaues of the above discussed indices
for a set of 45 cycloakanes’ are listed in Table 6.1.

The boiling point of the set of cycloalkanes included in Table 6.1 correlates
r=0.991; s=5.93; F = 2333.7 with InIP(CJD)° and r=0.989; s=6.60; F = 1876.22 with
InIP(CFD).

A systematic search has been undertaken, including the calculation of the
sengitivity, S (see Chap. Topologica Indices) of these indices on the set of al cycloakane
isomers having ten vertices/atoms and three to ten membered cycles (376 structures)’
That study indicated that the sensitivity of 1P2(UCJD) to distinguish among the above
mentioned isomers is about 0,525. This value is superior to the sengtivity of the Wiener
W (0,216) and hyper-Wiener WW (0,408) indices.

The cycloalkane isomers were generated by the program FRAGGEN, written in
Turbo Pascal at the TOPO Group Cluyj.

6.2. CLUJ INDICES OF PARTICULAR GRAPHS

6.2.1. Cluj Indicesof Path Graphs

Clyj indices were designed to reproduce the Wiener indicesin path graphs and to
extend the Wiener definition (see egs 4.19, 4.20) to cycle-containing graphs. It is
immediate that arelation of the type (4.29) also holds for the Cluj indices

IP(CJD) =IE(CJD)+ 15(CJID) (6.5)

For path graphs, by replacing the formulas of Cluj indices existing in Table 6.2, entries 1
and 3, one obtains

Ib (CID)(Pn) = N(N-1)(N-2)(N+1)/24 (6.6)



Cluj Indices 175
Table 6.1. Boiling Points and Cluj-Type Indices for Some Cycloalkanes.
No |Graph* BP [IP(CJD)|IP(CJD) |IP(CFD)|IP(CFD) | IE(CJID)| IE(CJD)
1 [c4 13.1 18 6 18 6 16 4
2 [1amc3 21 24 20 24 20 15 15
3 |EC3 35.9 2 26 R 26 17 17
4 |MC4 40.5 37 17 39 17 28 10
5 |C5 49.3 40 10 40 10 20 5
6 [112MC3 56.5 49 39 49 39 26 26
7 |123MC3 66 54 42 54 42 27 27
8 |EC4 70.7 73 4 77 41 45 21
9 |[MC5 71.8 71 25 75 25 3 12
10 (C6 80.7 ) 24 ) 24 54 6
11 |(PC4 110 132 84 138 84 68 33
12 |11MC5 88.9 105 43 113 43 48 21
13 [12MC5 91.9** 109 48 121 48 49 2
14 {13MC5 91.7** 119 46 127 46 51 21
15 |MC6 100.9 142 48 149 49 78 14
16 |C7 117 154 42 154 42 63 7
17 (112mMC5 114 150 74 170 74 67 4
18 [113MC5 105 170 70 182 70 71 R
19 [123MC5 115 164 77 184 77 70 4
20 |1IM2EC5 124 178 93 198 93 72 39
21 |1IM3EC5 121 199 88 211 88 76 37
22 |PC5 131 215 113 227 113 78 45
23 |IPC5 126.4 186 R 198 R 73 40
24 [11IMC6 119.5 197 75 211 77 104 24
25 [12MC6 | 123.4** | 202 81 222 85 106 25
26 [13MC6 | 1245 | 211 80 227 82 108 24
27 |14MC6 120 220 80 234 82 110 24
28 |EC6 131.8 226 %] 242 % 109 29
29 |MC7 134 225 71 235 73 88 16
30 |C8 146 288 64 288 64 128 8
31 |1123MC5 | 132.7 222 109 250 109 93 48
32 |113MC6 | 136.6 285 117 310 120 140 36
33 |124MC6 136 296 120 324 124 144 37
34 |135MC6 | 1385 291 114 318 117 144 36
35 |IM2EC6 151 300 142 336 149 142 44
36 [1M3EC6 149 322 141 349 144 146 42
37 |PC6 154 352 170 377 173 148 52
38 |IPC6 146 313 143 338 146 142 46
39 |EC7 163.5 337 127 361 131 121 33
40 |C9 170 450 ) 450 0 144 9
41 |IM2IPC6 | 171 401 206 453 216 180 65
42 |IM3IPC6 | 167.5 436 205 474 209 186 62
43 |13EC6 170.5 467 221 507 225 192 64
44 |PC7 1835 503 219 541 225 163 59
45 |C10 201 705 145 705 145 250 10

* M = methyl; E = ethyl; P = propyl; IP = isopropyl; Cnh = nmembered cycle
** values for the trans-isomer
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Table 6.2 include formulas”®™* for the Cluj indices derived from the basic and
reciprocal Cluj matrices (see Sect. 6.3). These formulas were derived by analyzing the
corresponding Cluj matrices and transforming, where possible, the sums in simple
formulas.

Note that the two variants, CJ and CF, are both calculable by the same formulas
in the smple graphs. paths, cycles and stars Asthe reader can see, in Table 6.2 the Cluj
indices are symbolized by CJ.

6.2.2. Cluj Indicesof SmpleCycles

In smple cycles, the edge-defined Cluj indices are very simple, as shown in
Table 6.2, entries 5 and 6. The path-defined Cluj indices (entries 7 and 8) show aN mod 4
dependency”® and the formulas are till smple.
Note that only the CJD indices depend on the parity of the cycle (by z=Nmod 2).
The composition formula (6.5) also holds in cycle-containing graphs. From the
formulasin entries 5, 7 and 6, 8 (Table 6.2) it resultsin

&27°N - 9y°N - 162° - 3y? - 12y7 +12yzN+12y°z- 27N? - 2y° +0

24§ 7N> +8N +8y- 60zN - 127% +18yN - 12yz+16z7 p
(6.7)
I(CID)Cy) =%(4k3 +3yk2 +6k2 + Byk + 2k + 3y - 6) 69)

The quantities k, y, zand N have the same meaning as in Table 6.2. It is obvious that
Ip(M) isthe part of the Cluj index defined on paths larger than 1.

6.2.3. Graphswith Minimal IP(CJD) Value

Asin the case of the Wiener index W, the detour -Cluj index |P(CJD) showsits
minimal value’ in case of the complete graphs, Ky (see the graph Gg 1, Figure 6.1)

IP(CID)(K ) = N(N - 1)/2 (6.9)
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Table 6.2. Formulas for Cluj Indices of Paths and Cycles
Index Sums Final Relations Examples
Paths: [(CJ) = I(CF); [(RCJ) = I(RCF).
1 IE(CID N-1 1 N = 11; 220
= ) & (N - )i EN(N'])(N"'l)
i=1
2 |IE(RCID) N-1 L1 N =11; 0.533
a (N-i) i’
i=1
3 IP(CID) N - IN - 1 N =11; 715
a a i zN(N-l)(N+2)(N +1)
i=1 j=1
4 |P(RCJD) N-IN-i 11 N=11; 7.562
aai’i
i=1 j=1
Cycles: [(CI)=I(CF); [(RCJ) = I(RCF).
5 1E(CJD) N(N-2°/4 N =11; 275
6 IE(CJID) N N =11; 11
7 1P(CJD) gN-z_(aﬁ_ugg
(l-z)NaEN'292+2N 4 g 4ﬂﬂ3g\1-z_i92+(1 y)ﬁa\]-z_aﬂN-Z y- 260
&2 g i=1. 2 e 2 o Zg 2 4 4 oy
N = 9; 450
N(7222N- 9y°N- 1623 - 3y2- 12yz2 +12yZN+12y°z- 3N2- 2y3+7N3 N = 10: 705
2 S N N =11; 1001
+8N +8y- 108zZN+12z° +18yN - 12yz+162)/ 96, y=Nmod4; z=N mod?2 N =12 1470
8 IP(CJD) N=19 9
(kK + DN +3yk+ X +3y)/6 N =10; 145
= (N - -y =(N - N =11; 209
k=[(N-1)/4]; y=(N-1) mod 4 N =12 28
9 IE(RCID) ANJ(N - 2)2 N=11; 0.44
10 IP(RCJID) aéﬂﬁ Yz
aN- 262 §e § 4., 52 NaN-7z aN-2z y- 265 °
(I- ZNg——= +2N a i+ +1-y—= -C - T
e 2 9 i1, €2 o 26 2 e 4 4 gy
N = 9;3.125
4@2- Z)N +2N§ev€’i,1 z_Ng vEY. Ng, 8- yN N =10; 3.317
(N- 2) e 2g &4 4gg (N-2z+y)? N =11; 3477
N = 12; 3.460
11 IE(RCID) N N =11; 11
12 IP(RCJID) k : +N+n2/6+ +12 N = 922500
NG 2 +Ny(k+1)2/2 ANCY @A) +p7/O+ Ny AK+D ) Z 15, 25,556
i1 k=[(N-1)/4]; y=(N-1) mod4 N =11;28722
N = 12; 32.000

y=Nmod4; z=Nmod 2, X =int(exp(-t)t(x-1), t = O,..infinity;

y (¥ =diff(In@x)x); 'y (nx) = diff(y (x),x3n);y (0x) =y (x).
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The minimal value, given by eq 6.9 is adso obtained for star-triangulanes, G2,
stripswith odd girth g, Gg.3, Mobius strips (irrespective of g), Gg.4, and dipyramids (of
any g), Gs.s. Note that the strips with even g, Ggg, do not have a minima vaue for
IP(CJD).

The graphs showing a minima value IP(CJD) are full Hamiltonian detour
graphs, FHD (see Sect. 2.11.2) and, consequently, the nondiagonal entries in the CJD
matrix are unity. In such graphs, [(CJD)=1(CFD) and the edge-defined index
IE(CJD) equals the number of their edges. Formulas’ for calculating the detour-Cluj

indices in the above discussed graphs are given in Table 6.3. The formulas are given as
functions of g. Also included in Table 6.3. are the classical detour indices, w and ww, as
functions of IP(CJD).

P\

Ge1 Ge2 Ge3

66.4 GG.5 G6.6

Figure 6.1. Graphs with minimal 1P(CJD) vaue

Table 6.3. Formulas for Calculating Detour-Cluj* and Detour Indices
of Some Particular Graphs

Graphs N Q IP(CJD) IE(CJD) Ww w
Completegraphs g g(g-1)2  g@-1/2 9(@-1/2  (IPCID)°  (@-1)IP(CID)
Triangulanes  g+1 29 g(g+1)/2 29 (IP(CJID) )? g1P(CID)
Strips(g-even) 29 3g 9(59 - 4) 9(29-1)(29*- 29+1) g (4g®-5g+ 2)

Strips (g-odd)
& Mdbius Strips

3
29 39 9(29-1) 39 (IP(CID)Y*  (2g-1)IP(CID)
Dipyramids g+2 3g (g+2@+1)/2 3y

(IPCID)  (g+1)IP(CID)

* |P(CJD) = IP(CFD); |E(CJD) = IE(CFD)
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6.3. DISTANCE EXTENDED CLUJ-TYPE INDICES

The Tratch's and cowork.? extended distance matrix, E, can be interpreted as a
distance extended Wiener matrix D_W,, at least in acyclic structures (see Sect. 2.12). The

D_W,, matrix isjust the Hadamard product™® of the Deand Wy, matrices. The half sum of
its entries gives adistance extended Wiener index.
Similarly, Diudea’® performed the Hadamard product

De- UCJD =D_UCJID (6.10)

and the resulting distance extended Cluj matrix D_UCJD offered, in trees T, a new
definition of the hyper-Wiener index WW (see eq 2.47 and also Chap. Topologica
Indices)

IP(D_UCJID)(T) = WW (6.12)

Various other combinations: D_M or D M, M being a symmetric or unsymmetric Cluj
matrix, were performed on trees or on cycle-containing graphs, by means of the CLUJ
software program.

Since the Cluj matrices are, in general, unsymmetric, an index of the form

IP2(UM ) (eq 6.4) on the matrix D_UCJD would involve squared distances and promise
a better selectivity

IP2(D_UCID)=§ i.p (Peli )2[UCJD}; (6.12)

Indeed, among the 2562 structures of the set of al unbranched cata-condensed
benzenoid graphs with three to ten rings™ 1P2(D _UCJD) showed no degeneracy.

An extension of eq 6.10 to a 3D-De matrix® (e.g., by using the geometric matrix,
G) dlows the construction of various 3D-distance extended matrices, such as G_UCJD
(see Figure 2.19). They can offer 3D- sensitive indices (see Chap. Fragmental Property
Indices).

6.4. INDICES DEFINED ON RECIPROCAL CLUJ MATRICES

The haf sum of entries in reciprocal matrix RM of a square matrix M is an
index, referred to as a Harary-type index (see Sect. 4.3). The symbol used in ref®is Hy,
where M recall the info matrix (i.e., the square matrix whose reciproca entries give RM ).

Because of many Cluj matrices (symmetric or not, edge-defined or path-defined),
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we adopted here symbols of the type (6.1)-(6.4). Thus, IE(RCJD) denote an edge-defined
index (i.e., an index) on the symmetric reciproca Cluj-Distance matrix while
IP2(URCJD) is a path-defined index (i.e., a hyper index) on the unsymmetric reciprocal
Cluj-Detour matrix.

Table 6.2 includes formulas™™ for the indices defined on reciprocal Cluj
matrices. These formulas were derived by analyzing the corresponding Cluj matrices and
transforming the sums in simple formulas. Some formulas for these Harary-type indices
in cycles (entries 10 and 12) involve the well-known gamma, digamma and polygamma
function, given at the end of Table 6.2. Numerical values of these formulas are also given.
In path graphs, smple formulas could, however, not be derived.

A systematic testing has been undertaken of the sendtivity, S (see Chap.
Topological Indices) of the indices defined on reciprocal Cluj matrices within the set of
al cycloakane isomers having ten vertices/atoms and three to ten membered cycles (376
structures).’ The study indicated that the sensitivity of IP(RCJD) to distinguish among
these isomers is about unity.** Its discriminating ability is superior to that of the Wiener
W (0,216) and hyper-Wiener WW (0,408) indices.

In the class of al unbranched cata-condensed benzenoid graphs with three to ten
rings™ (2562 structures), IP(RCJD) showed S= 0.988.

In addition to an increased sengtivity, the Harary-Clyj indices showed good
correlating ability. The boiling point of a set of 30 cycloalkanes’ correlated 0.978 with
the classical Harary index, Hpe and the Harary-Cluj index 1P(RCJD). The viscosity of a
set of 25 cycloakanes with a saturated aliphatic side chain correlated 0.974 with
IP(RCJD) and 0.996 when combined with the Wiener index, as InW, and the IP(RCJD)
index.

6.5. INDICES DEFINED ON SCHULTZ -CLUJ MATRICES

The Schultz matrices, SCH(G) (see Sect. 2.15) are ©elated to the molecular
topological index, MTI, or the Schultz index,”® (see Chap. Topological Indices). In the
extension of Diudea and Randic™® the Schultz matrix is defined as

SCH Mp,aMg) =M1(A+M3)=MA +M M3 (6.13)
and a composite index (edge-defined or path-defined) can be calculated by

1 (SCHM1,AM3) = a i a {[SCHM1A M3)]jj = uSCH (Ml,A,MS)UT (6.14)

A Schultz-extended number is walk matrix calculable as'®"’

|(SCHM1AM3) = UWgu 1 (asmgnlt T =UW, 1 4)u" +UW U’ (6.15)
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When one of the M ; or M , matrices is unsymmetric, the resulting Schultz matrix
will also be unsymmetric. In such acase an index of the form 12(UM) can be derived

1 2USCH(M1,AM3)) = a p[USCH(M 1AM3)Jij[lUSCHmMm1AM3) ] ji (6.16)

Of course, therelation 1(M) =12(UM) (see Sect. 6.1) is preserved, with the condition
M =(UM)(UM)" . Within thisbook, M ; is a symmetric matrix (e.g., A, De, De) and M5

is an unsymmetric Cluj matrix (e.g., CJD, CFD).
If we write now a Schultz-type index as

_ T T _
H(SCHMAMz)) SUW @ aa)U +UW M amgU ' =lvga*ivgmg  (617)
the quantities |y, and Iy vz can aso be viewed as composite indices.***® Table 6.4 lists
vaues of Iy dadong with the hyper-Clyy I1P2(UCJD) and Schultz-Cluj

IP2(USCH (peaucipy) index values for the octane isomers. It can be seen that 1 ycipa iS the
arithmetic mean of 1p4 and lywe 4 iNdices as a consequence of the relations

Table 6.4. IP2(UCJID), Im1,a and IP2(USCH(peam3)) Indices of Octane Isomers

Graph* IP2(UCJD) IDea IweA lucipa | M3= UCID
Ps 210 280 322 301 105977
2MP; 185 260 324 292 80240
3MP, 170 248 318 283 68553
AMP;, 165 244 316 280 65252
3EP; 150 232 306 269 53945
25M,Ps 161 240 326 283 59061
24M,Pg 147 228 320 274 49804
23M,Ps 143 224 318 271 47537
34M,Pg 134 216 314 265 41753
3E;MPs 129 212 308 260 38668
22M,Pg 149 228 330 279 50940
33M,Ps 131 212 322 267 39884
234M5P5 122 204 320 262 33326
3E;:MPs 118 200 314 257 32185
224M5P5 127 208 332 270 35717
223M3Ps 115 196 326 261 29504
233M;P5 111 192 324 258 27501
2233M.4P, 97 176 338 257 19885

* M = methyl; E = ethyl.
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aidj[(UCJID)A + A(UCJID))/2];j =&idj[(DA + AWe)/2 ]jj

= (Ipeat lwea)2=lucipa (6.18)

(see also Sect. 2.15 and 4.4). They were tested for correlating ability.®

The Schultz-Cluj composite indices showed a powerful ability to discriminate
isomeric structures. A family of spiro-graphs showing degenerate sequences of terminal
paths, TPS, al paths sequences, APS, distance degree sequences, DDS, detour degree
sequences, DD S and cycle sequence, CyS and, consequently, degenerate indices based on
these quantities was successfully separated by IP2(USCHpeaucrpy) and
IP2(USCH (peaucipy) indices (see Sect. 8.6.1, Table 8.14).

6.6. CLUJ INDICES OF DENDRIMERS

Dendrimers are hyperbranched macromolecules, with a rigorous structure.*® The
topology of dendrimers is basicaly that of a tree (dendron in Greek means tree). The
number of edges emerging from each branching point is called progressive degree, p.'**
It equals the classical degreed, minusone p=d- 1

A regular dendrimer has al its branching points of the same degree, otherwise it

is irregular. In graph theory, dendrimers correspond to the Cayley trees or Bethe
| attices.

A tree has either amonocenter or a dicenter (i.e., two pointsjoined by an edge).
Accordingly, a dendrimer is caled monocentric (Gs7) and dicentric (Ggg), respectively
(Figure 6.2).

N
~\ L NN ~

7 S 7 S
A AR

Ge.7 Ce.s

Figure 6.2. A monocentric (Geg.7) and adcentric (Ggg) regular dendrimer
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The numbering of orbits (i.e., generations) starts with zero at the core and ends
with r, which is the radius of the dendrimer (.e., the number of edges adong a radia
chain, starting from the core and ending to the periphery).

A wedge is a fragment of a dendrimer resulting by cutting an edge in a
dendrimer.

6.6.1. Enumeration in Regular Dendrimers

A first problem in the topology of dendrimers is the enumeration of its
constitutive parts: vertices, edges, and fragments.®>" The number of vertices N, in theith
orbit of a regular dendrimer can be expressed as a function of the progressive degree p
and a parameter z: z =1 for amonocentric dendrimer and z = O for a dicentric one

N, =(2- 2(p+2)pi-?; i>0 (6.19)
For the core, the number of verticesis Ny = 2-z, and the number of external vertices (i.e.,
the vertices on the rth orbit) can be calculated by

N; =(2- 2(p+2)p"? (6.20)

The total number of vertices N in a dendrimer is obtained by summing the
populations on dl orbits

r r_106
N=@2- 2)+(2- 2(p+2Q PV =2- 9 +(2- Y(p+ 22T (621)
i=1 gp-15
A recursive formula relates the members of a dendrimer family
Nysg = PNp +2 (6.22)

The number of vertices in a wedgea fragment F;, starting at the ith orbit and
ending at the periphery can be evaluated by

;
F=qp"® 6.23)
s=i
The number of fragments {.e., wedges) starting at the ith orbit equa the number of
vertices lying on that orbit and is calculated by eq 6.19.

6.6.2. Cluj Indices of Regular Dendrimers

In regular dendrimers, Cluj indices are evaluated™ according to egs 4.19 and
4.20, by using the fragmental enumeration (see above) . The procedure is illustrated in
Figure 6.3. Note that N, isactudly F;.
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UucCJb
1 2 3 4 5 6 7 8 9 10
1 0 7 7 7 7 7 7 7 I 7
2 3 0 3 3 9 9 3 3 3 3
3 3 3 0 3 3 3 9 9 3 3
4 3 3 3 0 3 3 3 3 9 9
5 1 1 1 1 0 1 1 1 1 1
6 1 1 1 1 1 0 1 1 1 1
7 1 1 1 1 1 1 0 1 1 1
8 1 1 1 1 1 1 1 0 1 1
9 1 1 1 1 1 1 1 1 0 1
10 1 1 1 1 1 1 1 1 1 0

IP2(UCID)=A +B + C= 237

A = Ny(Ni-1)/2 [F1]? + N2(N2-12 [Fa]?

A =3(31)/2[3)2 + 6(6-1)/2[1° = 42

B = Ny[F1(N-F1)] + Nz [F2(N-F1)] + Np[F2(N-F2)]
B=3[37] +6[17] +6[19] = 159

C = N1y(N2-2)[F1-F2]

C=3(62) [13] = 36

Figure 6.3. Calculation of IP2(UCJD) index of dendrimers

Recall that IP2(UCJD) = IP(CJD), where CJD is the symmetric Cluj matrix.
Following the above procedure, one obtains:

§ o ¢ § 4 1 g -
IPCID)=8 g, 4F1%0 + & NjIFj(N- FOIP+& & NN - pU )RRy e
i=z i=1 j=1 i=7 j=i+1

(6.24)

IE(CJID) =(1- 2)[Fo]%9 +§r Ni[F (N- F)]¢ (6.25)
i=1
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By virtue of the identity between Wiener and Cluj matrices, in acyclic graphs, the
following identities: IE(CJD) °© Wie ; IP(CJID) © WWy, hold. The same is true for the
corresponding Harary-typeindices: Hye © IE(RCJID); Hwp © IP(RCID).

Expansion of the above symbolic relations lead to the simple formulas®

Monocentric dendrimers:

IP(CID) = {2p”" (p* -1)° r?+p” (p* -1)(p° - 8 -5) r +
(p+1)(p - L[ p" (p* +20p+3) - 2} / 2( p-1)* (6.26)

|E(CID) = {[r(p+1)*- 2Ar+1)(p+1)*+ (p+1)]p™ + 2(p+1)p" - (p+1)} (p-1)° (6.27)

Dicentric dendrimers:

IP(CID) = {4p”™* (p-1)° r?+ 4p™2 (p- 4)(p -1r +p*™* (p° - Fp + 16) -
p™*t (P + 10p + 5) + (p+1)} / (p-1)* (6.28)

IE(CID) = [4p°"Fp-Dr + (p-1)(p"*Y -1~ 2p(p" -1)(30"? - 1)] (p-1)°  (6.29)

Values of Cluj indicesin regular dendrimers having p = 2 and 3, up to generation
ten are listed in Table 6.5. Vaues for the corresponding Harary-Cluj indices are presented
in Table 6.6.

From Table 6.6 one can see that the IE(RCJID) values decrease as the radius (i.e.,
generation) o dendrimer increases. For the family of dendrimers having the progressive
degree 2, the limit of convergence is 0.6067 while for the family with the progressive
degree 3, the limit is 0.7286, irrespective they are mono- or dicentric-dendrimers. The
convergence is a characteristic feature of IE(RCJID) index.
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Table 6.5. Cluj Indices IE(CID) and I1P(CJD) in Regular Dendrimers
Having p = 2 and 3 and Generation up to 10.

r IE(CJD) IP(CJD)

z=0 z=1 z=0 z=1
1 29 9 47 12
2 285 117 667 237
3 1981 909 6195 2535
4 11645 5661 46179 20427
5 62205 31293 301251 139923
6 312829 160893 1798531 863523
7 1510397 788733 10085123 4958787
8 7084029 3740157 53986819 27022467
9 32518141 17310717 278891523 141535491
10 146825213 78661629 1400838147 718754307
1 58 16 97 22
2 1147 400 2842 862
3 16564 6304 55546 18988
4 207157 82336 885067 322684
5 2392942 975280 12486859 4737346
6 26310703 10897456 162614932 63370330
7 279816808 117191488 2001654484 795156568
8 2905693033 1226857792 23632595701 9524050936
9 29637785506 12591244624 270225628693 110124165742
10 298120420579 127267866832 3012581235310 1238679833686

Table 6.6. Cluj Indices IE(RCJID) and IP(RCJID) in Regular Dendrimers
Having p = 2 and 3 and Generation up to 10.

r IE(RCJID) IP(RCJD)

z=0 z=1 z=0 z=1
1 0.91111 1.00000 8.24444 4.00000
2 0.75700 0.80952 39.48428 21.00000
3 0.67978 0.70526 171.93340 93.99806
4 0.64248 0.65479 718.89205 398.36215
5 0.62434 0.63034 2942.94684 1642.52530
6 0.61544 0.61840 11913.41433 6674.41687
7 0.61105 0.61251 47945.57042 26914.25133
8 0.60886 0.60959 192376.55943 108099.91432
9 0.60778 0.60814 770707.04503 433297.01294
10 0.60724 0.60742 3085243.85345 1734996.10484
1 0.91964 1.00000 17.41964 7.00000
2 0.79410 0.82692 179.54978 77.12500
3 0.75027 0.76122 1696.45922 744.63142
4 0.73578 0.73939 15533.98437 6873.80590
5 0.73099 0.73219 140639.34503 62412.87672
6 0.72941 0.72980 1268302.06937 563405.57044
7 0.72888 0.72901 11422421.63083 5075774.57299
8 0.72870 0.72875 102824974.44435 45697411.49634
9 0.72864 0.72866 925494391.69444 411323103.15047
10 0.72862 0.72863 8329658484.38390 3702047217.72089
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6.6.3. Enumeration in Triangulanes and Quatranes

Triangulanes and quatranes' are the line graphs (see Chap. 1 and Sect. 8.2.1) of
the dendrimers with the progressive degree p = 2 and 3 respectively (i.e., the branching
usualy encountered in organic chemical structures). Their line graphs are lattices of
complete graphs (of three and four vertices, respectively) generated around each
branching vertex in dendrimer and then transformed into a dendritic spiro-structure (see

SR
/\ >< /\ QQ
XX s

Ge.10

Figure 6.4. A monocentric triangulane (Ge 9) and a dicentric quatrane (Gs.10)

A spiro-graph results by fusing a vertex of degree d;, belonging to aring, with a
vertex of degree d;, of another ring, for giving a spiro-vertex of degree dy=d; + d; in the
resulted structure (analogue to spiranes in organic chemistry).

In the line graphs of a dendrimer, the degree of a vertex il V(L(G)) is
calculated by

di =p,+p; VI EG) (6.30)

where p, and p, are the progressive degrees of the endpoints of the edge (u,v) and d. isjust
the degree of that edge in G. The branching points of aregular dendrimer have the same
progressive degree, so that d, = 2p. For the external edgesin G it results d;, =p.

The progressive degree of the complete graph units in the line graphs of
dendrimers in discussion is derived from their reduced graphs (i.e., the graphs resulted by
replacing each unit by a point and then joining those points of which corresponding units
have acommon spiro-vertex). In triangulanes, p = 2 whilein quatranesp = 3.

The number of vertices on the ith orbit in the reduced graph of the line graph of a
regular dendrimer is given by
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Ni =(2- 2)(p+2p (6:31)
where z = 1 for monocentric and z = 0 for dicentric triangulanes and quatranes.

The tota number of verticesis obtained by summing the orbital contributions N;,
over dl orbits (the core included) of the reduced graph

r ,
N=(1-2+(@2- 2(p+2Q p"" (6.32)
i=0
which (after devel oping the sum) becomes

N=(1-2+2- 2(p+ z)wg (6.33)
-1 5

By definition, the number of vertices in L(G) equals the number of edges or the number
of vertices less one, in the corresponding dendrimer (having an additional generation,
r+1, as compared to the reduced graph of L(G))

N(L(G)) = E(G) = N(G)- 1 (6.34)

A recursive relation among the members of a family of L(G) in regular
dendrimersis as follows

Nr4a(L(G) = PN, (L(G) +(p +]) (6.35)

The number of edgesin L(G) can be counted by considering the line graph as a
collection of spiro-complete graphs built up around each vertex of the corresponding
dendrimer, till the (r-1)th generation. Since the number of vertices in a complete graph
unit, equals (p+1) and its number of edgesis combinations of (p+1) choose 2 and keeping
in mind eq 6.21, the number of edges in the line graph of aregular dendrimer is

p' -10

5 &®
E(L(G)) :g‘”l%\l(e) = PRV EH . 4 (2- 2(p+2) (6.36)
2 g 2 8 p
wherer in the right hand side of eq 6.36 is the radius of the reduced graph of L(G).
Vertices on awedgea fragment starting on the ith orbit are counted by

r
F=48 p"? (6.37)

s=i

The number of al vertices, N, number of vertices on the last added generation
and the number of all edgesin triangulanes and quatranes, up to generation ten, are listed
in Table 6.7.
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Table 6.7. Enumeration in Triangulanes (p = 2) and Quatranes (p = 3):

Globd Vertex Population, N, Periphery Orbital Population, N;,
and Number of Edges, E.

13120 8748 26238 19681 13122 39360

39364 26244 78726 59047 39366 118092
11809 78732 236190 177145 118098 354288
354292 236196 708582 531439 354294 1062876

N N, E N N E
z=1 z=0
1 9 6 12 13 8 18
2 21 12 30 29 16 12
3 45 24 66 61 32 Q0
4 93 48 138 125 64 186
5 189 96 282 253 128 378
6 3381 192 570 509 256 762
7 765 334 1146 1021 512 1530
8 1533 768 2298 2045 1024 3066
9 3069 1536 4602 4003 2048 6138
10 6141 3072 9210 8189 4096 12282
1 16 12 30 25 18 48
2 52 36 102 79 LY 156
3 160 108 318 241 162 480
4 484 324 966 727 486 1452
5 1456 972 2910 2185 1458 4368
6 4372 2916 8742 6559 4374 13116
7
8
9
10
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6.6.4. Cluj Indices of Triangulanes and Quatranes

Clyj indices are defined in any connected graph, so that it is tempting to calculate
them for cycle-containing networks such as triangulanes and quatranes. A procedure
similar to that described for dendrimers is illustrated in Figure 6.5 alowed the
description™ of the dendritic line graphs with p = 2 and 3, according to the Cluj
definitions (see Sect. 2.11). Nate that, in dendrimers, as well as in triangulanes and
guatranes, both CJ and CF Cluj indices give identica vaues.

a\log[ 29 CI; g rc;l CI; g
IP(CJD):ng 1Fo] ™ +a Ni[F(N- pFi)]® +pa a NjlpFj(N- F)]
g i=z i=0j=i+l
1 3 29,13 2g 3 g
+ a Ni(F) tZa N; (N; - p)(PF)“® + (L- 2 pa N;(pF; pFp)® +
i=z i=z i=1
ro-l or
+a a (Nj - p)N;[pF;pF;]° (6.38)
i=1 j=i+l
& a9 s 5 1l
IRCD)=AE 2 RI%+& ANIF(N- pOIT+A AN~ B D))
i 2 i=zj=1 i=0j=5+1
(6.39)
alNg 6 1 ¢ 3
IE(CIDI?)=2§ ) A Fol® +—— A Ni[F1%% + & Ni[F(N- pF)]°
(%] 4- i=z i=z

(6.40)

As can be seen, the edge-defined indices are identical both for distance- and
detour-Cluj indices. Note the forma similarity between the relations for calculating the
Clyj indices in dendrimers and those in their line graphs, particularly for the detour-Cluj
indices (egs 6.24; 6.25 and 6.39; 6.40). In the opposite, the formula for the distance-Cluj
index IP(CJD), (6.38) isfar more complicated. Expansion of the above symbolic relations
did, however, not offer smple formulas.

Vaues of Cluyj indicesin triangulanes (p = 2) and quatranes (p = 3) up to generation
ten™ arelisted in Tables 6.8. t0 6.11.



IP2(UCID)=A +B + C=382
A = No(No-1)/2 [Fol? + Ny(Ny-1) [Fa]?
A = 441)/2[3]% + 88 1)/2[1]° =82
B = No[Fo(N-2F0)] + N[F1(N-2Fo)] + Nu[F1(N-2F1)]
B=4[37] +8[17] +8[111] = 228
C =No(N1-2) [Fo F1]
C=4(82)[13] =72

Figure 6.5. Cdculation of IP2(UCJD) index of triangulanes
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UCJD

1 2 3 4 5 6 7 8 9 10 11 12 13
1 0 7 7 7 7 7 7 7 7 7 7 7 7
2 3 0 3 3 3 1 1 3 3 3 3 3 3
3 3 3 0 3 3 3 3 1 1 3 3 3 3
4 3 3 3 0 3 3 3 3 3 1 1 3 3
5 3 3 3 3 0 3 3 3 3 3 3 11 1u
6 1 1 1 1 1 0 1 1 1 1 1 1 1
7 1 1 1 1 1 1 0 1 1 1 1 1 1
8 1 1 1 1 1 1 1 0 1 1 1 1 1
9 1 1 1 1 1 1 1 1 0 1 1 1 1
10 1 1 1 1 1 1 1 1 1 0 1 1 1
11 1 1 1 1 1 1 1 1 1 1 0 1 1
12 1 1 1 1 1 1 1 1 1 1 1 0 1
13 1 1 1 1 1 1 1 1 1 1 1 1 0
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Table 6.8. Cluyj Indices IE(CJD) and IP(CJD) of Triangulanes (p = 2)
and Quatranes (p = 3) with Generation up to 10.
p r IE(CJD) IP(CJD)
z=0 z=1 z=0 z=1
2 1 194 72 946 264
2 1546 678 12218 4470
3 9754 4626 108874 45186
4 54330 26922 793194 353754
5 280698 142938 5100714 2381706
6 1380602 715962 30157098 14532330
7 6562298 3447162 167924266 82787754
8 30426106 16134906 894215210 448494378
9 138446842 73950714 4600711210 2338518570
10 620826618 333499386 23034236970 11833568298
3 1 822 264 8679 2046
2 13404 4926 243606 74748
3 177996 69456 4677222 1607484
4 2128314 857910 73818741 26995314
5 23922498 9836760 1035358077 393561786
6 258303288 107632110 13430112780 5240628840
7 2712012312 1140784032 164846025516 65548466040
8 27894481878 11816462694 1942134733659 783264588510
9 282430156494 120294475176 22170706080627 9040351900278
10 2824297224852 1208172034974  246843377284962  101541238563540
Table 6.9. Cluj Indices IE(RCID) and IP(RCJD) of Triangulanes (p =2)
and Quatranes (p = 3) with Generation up to 10.
p r IE(RCJD) IP(RCJD)
z=0 z=1 z=0 z=1
2 1 5.13997 4.19048 13.38442 8.19048
2 9.23189 7.15947 48.71617 28.15947
3 17.65167 13.42958 189.58507 107.42764
4 34.59912 26.11971 753.49117 424.48187
5 68.54440 51.56906 3011.49124 1694.09436
6 136.45903 102.50041 12049.87337 6776.91728
7 272.29997 204.37886 48217.87039 27118.63019
8 543.98760 408.14347 192920.54704 108508.05779
9 1087.36569 815.67649 771794.41072 434112.68943
10 2174.12328 1630.74441 3087417.97674 1736626.84925
3 1 19.30857 13.29808 36.72821 20.29808
2 55.94973 37.59520 235.49951 114.72020
3 166.23298 111.08109 1862.69220 855.71251
4 497.19102 331.70877 16031.17538 7205.51469
5 1490.09927 993.64410 142129.44430 63406.52082
6 4468.83511 2979.46685 1272770.90449 566385.03730
7 13405.04630 8936.94059 11435826.67713 5084711.51358
8  40213.68106 26809.36364 102865188.12541 45724220.85999
9 120639.58575 80426.63339 925615031.28020 411403529.78386
10 361917.29996 241278.44285 8330020401.68386  3702288496.16374
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Table 6.10. Clyj Indices IE(CID) and IP(CJD) of Triangulanes (p = 2)
and Quatranes (p = 3) with Generation up to 10.
r IE(CJD) IP(CJD)
z=0 z=1 z=0 z=1
1 194 72 382 120
2 1546 678 4214 1626
3 9754 4626 34534 14766
4 54330 26922 239046 108630
5 280698 142938 1485702 702630
6 1380602 715962 8574726 4170054
7 6562298 3447162 46902790 23282310
8 30426106 16134906 246373382 124224774
9 138446842 73950714 1254012934 640092678
10 620826618 333499386 6224179206 3208516614
1 822 264 1695 462
2 13404 4926 38982 12684
3 177996 69456 677910 240348
4 2128314 857910 10093917 3762066
5 23922498 9836760 136304229 52472874
6 258303288 107632110 1721837676 677965080
7 2712012312 1140784032 20726902668 8297193144
8 27894481878 11816462694 240587843187 97532921118
9 282430156494 120294475176 2714460814731 1111411966854
10 2824297224852 1208172034974 29937528342642 12356290538148
Table 6.11. Cluyj Indices IE(RCID) and IP(RCJD) of Triangulanes (p = 2)
and Quatranes (p = 3) with Generation up to 10.
r IE(RCJID) IP(RCJID)
z=0 z=1 z=0 z=1
1 5.13997 419048 38.72727 20.19048
2 9.23189 7.15947 171.25362 93.29280
3 17.65167 13.42958 718.24957 397.70737
4 34.59912 26.11971 2942.32250 1641.89496
5 68.54440 51.56906 11912.79889 6673.79848
6 136.45903 102.50041 47944.95937 26913.63882
7 272.29997 204.37886 192375.95057 108099.30473
8 543.98760 408.14347 770706.43725 433296.40480
9 1087.36569 815.67649 3085243.24622 1734995.49742
10 2174.12328 1630.74441 12345822.02431 6943615.07018
1 19.30857 13.29808 178.75568 76.29808
2 55.94973 37.59520 1695.70896 743.87020
3 166.23298 111.08109 15533.24859 6873.06652
4 497.19102 331.70877 140638.61404 62412.14453
5 1490.09927 993.64410 1268301.33997 563404.84065
6 4468.83511 2979.46685 11422420.90195 5075773.84398
7 13405.04630 8936.94059 102824973.71565 45697410.76760
8 40213.68106 26809.36364 925494390.96580 411323102.42181
9 120639.58575 80426.63339 8329658483.65528  3702047216.99226
10 361917.29996 241278.44285  74967553341.83228 33318842928.83120
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Chapter 7

FRAGMENTAL PROPERTY INDICES

7.1. INTRODUCTION

In the last decade, structural indices used in QSAR/QSPR (Quantitative
Structure-Activity Relationships/ Quantitative Structure-Property Relationships) are
rather caculated from deric/geometric  and/or  electrostatic/partial charges
considerations™ than from (older) topological basis.* In the view of a QSAR analysis, the
set of molecules under study is somehow aligned.” CoMFA method® proposes an
algorithm consisting of the following steps. (1) build a set of molecules with known
activities and their 3D-structure (eventually obtain the 3D-structure from any specific
program, such as. MOPAC, SYBYL,”® HyperChem,>*® Alchemy2000,/ MolConn®);
(2) dign the set in the 3D space according to a chosen superimposing method (e.g., those
maximizing the steric overlap of some fragments in the molecules,”**** or those based on
a pharmacophore theory***®); (3) construct a grid of points surrounding the superposed
molecules (in standard form® or in modified form'®); (4) atomic charges are then
calculated for each molecule, a a chosen level of theory, (5) the fields: steric (Lennard-
Jones), electrostatic (Coulomb'®), hydrophobic (e.g., HINT),"” hydrogen-bond potential '®
molecular orbital field,”*° or any other user-defined field®, are further calculated for
each molecule by interaction with a probe atom®?* at a series of grid points; (6) The
resulting descriptors are correlated, by the use of partid least squares (PLS), with the
chosen property. A cross-validation procedure will give the measure of the predictive
ability of the modd. The best results were obtained in a series of congeners but non-
congeneric series were aso investigated.

CoMFA is a good tool in investigating a variety of biological activities, such as
cytotoxicity” enzyme inhibition binding properties®?® Moreover, CoMFA is
ultimately used in drug design,***® eventually by searching for active substructures in a
database. Modifications of the above discussed method were used in 3D-QSAR/QSPR
studies”®*

In this chapter a new approach, leading to a family of fragmental property
indices, FPI, is proposed. These indices are calculated as local descriptors of some
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fragments of the molecule and, a globa index is then obtained by summing the
fragmental contributions. This idea is implemented on a set of four models with four
default properties, eight descriptors of property, five models of superposition, and four
type of summative indices, resulting in 2560 indices for one method of breaking up.

7.2. FORMULAS FOR FRAGMENT CALCULATION

The calculation of fragmental property indices starts with a decomposition of
molecule into fragments (i.e., spanning subgraphs) corresponding to all pairs of vertices
(i,j) inthe molecule, i being the reference vertex (see below).

In Cluj fragmentation criteria, the path p joining the vertices i and j of the pair
(i,j) play the central role in selecting the fragments. In cycle-containing graphs, more than
one path could join the pair (i,j) thus resulting in more than one fragment referred to 1. In
such a fragmentation, the most frequently occurring fragments will bring the greatest
contribution to a globa vaue of the caculated index for the molecule. In Szeged
fragmentation criteria, for each pair (i,j) results one fragment.

Before introducing the fragmental property indices some formulas for caculating
the fragments are needed.

Recal that these fragments are entries in the Cluj and Szeged matrices,
respectively (see Chap. 2).

LetG=(V,E)beagraphand i,j1 V. Letp=(i = vi, Vo,..,Vi pt1, Vi pj = J) T
P(G)ij beapathfromitoj in G.

7.2.1 CJ and CF Fragments
Collections of maximal fragments of type CJ (CJDIS", andCJDeS}) and CF
(CFDIS" andCFDeS;) are available by applying the following equations:
CXDyS'Y'J- ={CXDy,'Y},p ,‘CXDy,'Y'J-’p‘ = max{|cxdyi’j | ,cxdy; j T CXDyS | }} (7.1)
CXDyS ={CXijpl CXSij|pl P(G)ij, T Y(G)} (7:2)

with the meaning for X, X, Y, y:

X; X Y; maximal fragment set
X=J, Xx=] Y=D; y=i CJDiSMj
X=J; x=] Y=? y=e CJDe#Y'j
X=F; x=f Y=D; y=i CFDiSi'Y'j
X=F;, x=f Y=? y=e CFDeS'Y'j
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where Di is related to the distance djj while De to the detour dijj in the graph (see Chap. 1).
More explicitly, the quantitiesin eq 7.2 (see also (2.37) and (2.42)) are:

Clijp ={vM V(G); d(G)iy< d(G)jv; and $ Wi Wi, wC p = {i}; pl D(G) or D(G)}
(7.3
CFijp ={v IV V(G); d(Gp)iv<d(Gp)jv; Gp = G — p; pl D(G) or D(G) }
(7.4)

where d(Gp)iv and d(Gp)jv are distances measured in the spanning subgraph Gp = G- p
resulted by cutting off the path p except its endpoints. CJjjp and CFij, represent
fragments (connected or not) in G, constructed according to egs (7.3) and (7.4)
respectively, with respect to the endpoints i and j of the path p.

7.2.2 Sz Fragments

The Szeged fragments are constructed by the equations:

SDiij ={v|]vi V(G); d(G)y,;<dG)y,} (7.5)
SDe;; ={v|v V(G); d(G)vi <d(G)y; } (7.6)

Note that in the definition of the Szeged fragments, the path between the vertex i and
vertex j isirrelevant.

7.3. FRAGMENTAL PROPERTY INDICES

7.3.1 Model Parameters

It is well known that the physical laws govern the natura phenomena
Macroscopic interactions are interactions of field-type. This means that the field is
produced by a scalar function of potential. Let f(x, y, 2) be a scalar function. This
function induces a field given in terms of the gradient of f:

T . 9f . 9 -
— +— +—k—f =—ij+—j+—k 7.
g i ] (XY, 2) ﬂl ﬂyJ = (7.7)

Zu

For the potentia of type
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f(xy,2=pz (7.8)
and applying eq 7.7 we obtain the associated field of the form:

N xf :£r+ﬂj+ﬂk’zﬂ(pz)r+ﬂ(p2)I+ﬂ(pZ)R':
ﬂz( :ﬂy ~ Tz ~ x ﬂy 1z (79)
=0i +0j+pk=pk=p

This is the case of the well-known uniform gravitationa field:

G=mj (7.10)
the potential of which is given by
Ep = Ep(2) =mgz (7.11)

where misthe mass of probe and z is the reference coordinate.

Note that eq 7.9 is applicable not only to the Newtonian (gravitational)
interactions but aso to the Coulombian (electrostatic) interactions. In both cases the
relation is vadid if the mass M (or the charge Q) that generates the potential f and

associated field N >f isfar enough (r >> 2) for the approximation

(r+ 2%Ir°= (fP+ 2rz+ DI* = 1+ 2r + (Zr) @1
be applied in the equation of field produced by M or Q (see below).

For the potentia of type:

f(x,y,2 =plz (7.12)
€q 7.7 leads to the associated field:

SR L A (2 Y (R R R (CIE T
'Hi< :"y_ p‘IIz ; ITX . Ty |74 (713)
=Oi+0j+ k=—;k=—;2=—

N
|\>|'01

This is the case of well-known (non-uniform) gravitational field given by:

Gzé(m,r)z-krmgf (7.14)
and the associated potential of the form:

U :U(m,r):krm (7.15)

where mis mass of probe and r is the position relative to the location of the point that
produces the field.
For the Coulombian field eq 7.13 becomes:
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Fo =Fc(r)=- kr%F (7.16)

and the potential associated to the Coulombian field:
U=U(qr)=kd (7.17)
r

For fragmental property indices four models of interaction are implemented: two
of them topological (dense topological and rare topological) and two others geometric
(dense geometric and rare geometric).

The models are related to two types of field interactions: one of weak dependence
on distance for the potentia of the type (7.8) generating a uniform field (7.9) and the
second, of strong dependence on distance for the potentia of the type (7.12) that generate
anon-uniform field (7.13).

The variables in the models are metrics of distance d (topological dr and
geometrical dg), property F (mass M, electronegativity E, cardinality C, partial charge or
any other atomic property P), property descriptor W (p, d, pd, 1/p, 1/d, p/d, p/d2, p2/d2)
and method of superposition Y (S P, A, G, H).

Given rationa numbers xy, ..., Xn, the (mathematical) superposition is

-1

~

2t s=8x; P=Opxi A=Sin: G=lne)Jfab): H =R,

QIIO

g
X ¢

\‘

(7.18)

The expressions for the property descriptors are:

O: p=p;d=d; pd=pxd; 1/p=1; 1/d=1; p/d=£; p/d2=—p; p2/d2=p—2
p d d d? d2
(7.19)
wherep isany property (p 1 F ) and d isany metric of distance.

These variables are most frequently used in building of our models by the
reasons:

- The expressions of the property descriptor W simulate the most occurring
physica interactions (.g., p, pd, p/d, p/d2, p2/d2)* and the most usual descriptor in
topological and geometric models*>**® The property descriptor is used ether in the
calculation of the vertex descriptor (when d isthe distance from the vertex vto j and p is
any atomic property) or in the evauation of the fragment descriptor (when d is the
distance between the center of property of the fragment and |, while p is a calculated
fragment property).
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- The (mathematical) superposition is applied upon a string of vertex descriptors
for giving a fragment descriptor. Note that S= sum operator; P = product operator; A=
arithmetic mean operator; G = geometric mean operator; H = harmonic sum operator.
The summation is suitable in the case of any additive property (mass, volume, partia
charges, electric capacities, etc.)*’. The multiplication occurs in concurrent phenomena
(probabilitically governed).**“*° The arithmetic mean is useful in evaluating some mean
contributions (corresponding to some uniform probabilistic distribution).**** The
geometric mean is used in caculating the group electronegativities®* Findly, the
harmonic sum is present in connection with the elastic forces, electric fields and group
mobility in viscous media.*>*

7.3.2 Decription of the Models
Let (i) beapair of verticesand Frjj any fragment referred to i with respect to .

Dense Topological Model

Let v be a vertex in the fragment Fr;;j. The vertex descriptor applies the property
descriptor to the vertex property and topological distance dij- The globa property

descriptor, resulting by the vertex descriptor superposition, gives the interaction of the
whole fragment Frij with the point j:

PD(Frj)= 2 (W(dyj.pv)) (7.20)
VEF

f

The j point can be conceived as an internal probe atom (see the CoMFA approach).
However, the chemical identity of j is not considered.

RareTopological M odel

Within this model the global property results by superposing the vertex properties
pv. The vertex descriptor applies the property descriptor to the global property and
topological distance dr jj. The global property descriptor models the interaction of the
fragment Fr;; with the point j and the global property being concentrated in the vertex i:

PD(Fri,j)=W(drij, .2 (pv)) (7.21)
g

T
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Dense Geometric Modél

The global descriptor is the vector sum of the vertex vector descriptors. It applies
the property descriptor to the vertex property p, and the Euclidean distance de v in
providing a point of equivalent (global) property located at the Euclidean distance de cp;

(with de cp; being the distance of property). The global property descriptor vector has the
orientation of this distance vector. The model smulates the interactions in non-uniform
fields (gravitational, electrostatic, et a):

_ \7\/( ) e _ 5 :
PD(Frij) = .S Wdgv,j,pv)||; W=Wx——"==P(Fri ;)= 2 (py);
vi Fl’i’j dEV,j vi Fri,j
de cpy =W ( DG(Fr; | ),P(Fri j)), (7.22)

or, inwords, de cp; isthe distance that satisfies: W( dg cp,j, P(Fl’i,j )) = PD(FI’i’j )

Rare Geometric Mode

The scalar globa descriptor applies the property descriptor to the center of
fragment property and Euclidean distance between this center and the vertex j.

The model simulates the interactions in uniform fields (uniform gravitational,
electrostatic, etc.):

PD(Fr,j) =Wdecr,j» .2 (PV));
Ny

vl Fr
[} o]
CPi(xcp,j»Ycr,j ZcR,j) XcR,j= A X Py / A Py (7.23)
vi Fri,j vi Fri’j
- 8 ] . _ ° o
Yer,jT A WXy / APviZer,jT AZvPy/ A Py
Vi Fri vi Fri Vi Fri Vi Fri |

7.3.3 Fragmental Property Matrices

The fragmental property matrices are square matrices of the order N (i.e., the
number of norrhydrogen atoms in the molecule). The non-diagonal entries in such
matrices are fragmental properties, evaluated for the maximal fragments (equations 7.1-
7.6) corresponding to apair of vertices (i, ) by a chosen model.

In Szeged criteria (egs 7.5 and 7.6), the fragmentation related to the pair of
vertices (i, ) resultsin aunique fragment Fri.
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In case of Clyj criteria, the fragmentation can supply more than one maximal
fragment for the pair (i,j). In such a case, the matrix entry is the arithmetic mean of the
individual values.

Thus, if i, iInV(G), it jand Pij ={ pil,jvnz,j,..., p'fj} pathsjoining i and j, then
cf. CJ or CF definition (egs 7.1-7.4), the fragments Frﬂj , Fri?j Fri'fj are generated. Let

m be the number of maximal fragments (cf. eq 7.1) among dl the k fragments, 1Em £ k,

andlet sy, ...,.Sm betheindex for the maximal fragments.
Applying any of the equations 7.20-7.23 for all the m maximal fragments we
obtain the following mvaues (for example, by eq 7.20):

PD(Fr’t), PD(Fr2), ..., PD(FrS™)

The matrix entry associated to the pair (i,j) is the mean value:

PO =L (7.24)

The resulting matrices are in general unsymmetric but they can be symmetrized
as shown in Chap. 2. The symbols for the fragmental property matrices will be detailed
below.

7.3.4 Fragmental Property Indices
Fragmental property indices are calculated at any fragmental property matrices

given by eqs 7.20-7.24. Four types of index operators are defined: P_, P2, E , E2
according to the relations:

P_(M) = %:SS[M];; ; P2(M) = %.SS[M];;[MJji;
E_(M) = %SS[M];;[Alij ; E2(M) = %SS[M]i;[M1;i[Alij (7.25)

where M is any property matrix, Symmetric or unsymmetric.
7.3.5 Symbolism of the Fragmental Property Matrices and I ndices

The name of fragmental property matricesis of the general form:

ABCDdEfffffG (7.26)
where:

A1 {D,R}; D =Dense R = Rare;
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BT {T,G}; T=Topologica; G = Geometric;

cl {f,j,s}; f=CF-typej = C-type, s= Sztype;

Dd1 {Di, De}; Di = Distance; De = Detour;

ET F (i.e, El {M, E, C, P} where M = mass; E = electronegativity; C =
cardinality; P = other atomic property - implicitly, partial charge; explicitly, a property
given by manua input);

fifff 1 W(.e,ffffl { _p_, Up_, d_, d , pd_, p/d_, p/d2, p2d2}
with the known meaning given in eq 7.19);

GT Y (i.e, Gl {S P, A, G, H} with the known meaning from eq 7.18).

The name of fragmental property indicesis of the genera form:

ABCDdHTfffGii (7.27)

where:

il {P_, P2 E_, E2} with the known meaning from eq 7.25.

If an operator, such as f(xX)=1/x (inverse operator) or f(x)=In(x), is applied the
indices are labeled as follows:

INABcDdEfffffGii =  In(ABcDdEfffffGii);
1/ABcDdEffffGii = 1 - (7.28)
ABCDdEfffffGii

For example, index InDGfDeM_p SP is the logarithm of index
DGfDeM__p SP_computed on the property matrix DGfDeM __p S The moded used
is dense, geometric, on fragment of type CF, with the cutting path being detour. The
chosen property is mass, the descriptor for property is even the property (mass) and the
sum operator counts the vertex descriptors.

7.3.6 Some Particular Fragmental Property Models

Leti,j betwo verticesin V(G) and Fr;; any fragment referred to i with respect to j.
Fragmental Mass
In evaluating the fragmental mass, the chosen property isF =M, descriptor W= p,

superposition Y = S and the modd is rare topological, RT. The fragmenta mass
descriptor takes the form:

PD(Frij) = i S

= M (7.29)

]
It models the molecular mass of the fragment. The name of the associated property matrix
iISRTcDdM__p__ S with the known meaning for ¢ and Dd.
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If c= sand Dd = Di then RTsDIM__p__S, it models the molecular mass of the
Szeged Distance Fragments (equation 7.5). If ¢ = f and Dd = Di then the matrix
RTfDIM_p__ S collects mean vaues (see eq 7.24) of mass of al the fragments
belonging to i (with respect to ) according to the CF criterion (egs 7.1, 7.4 ).

Fragmental Electronegativity

The well known equalizing principle of electronegativity E, is here considered:
the fragment electronegativity is the geometric mean of electronegativities of the s atoms
joined to form that fragment (see also Section 7.3.1).

Let the property F = E (electronegativity); descriptor W = p; superposition Y = G; the
mode is rare topological, RT. The fragmental electronegativity descriptor of Frjj is:

PD(Fr;j)=IFi, ,—y TFF’ E, (7.30)
Vi ri,j

It models the electronegativity of the fragment. The name of the property matrix
associated with it is RTcDdE__p G . Note that E, is the group eectronegativity for
vertex v calculated with formula:

abv,j)[ = '
e, = o B e @3
g

where b(v, j) is the conventional bond order between vand j (eg., 1, 1.5, 2, 3 for single,
aromatic, double and triple bonding, respectively), Ej is the atomic electronegativity
(Sanderson) and ji G, isany atom ( H atoms included) consisting the group G,.

Fragmental Numbers

The property F = C (cardinality) was introduced for recovering some graph-
theoretical quantities and/or graph theoretical analogue indices (see below).

For descriptor W = p, superposition Y = {P, A, G}, and the model rare
topological, RT, the cardinal numbering descriptor of Fri; is:

S1
v
PD(Fri)= P 1=——L=F; ;| P 1=1 (7.32)
y|
v Fri |Fri1j| v F

The arithmetic mean A, geometric mean G and product P applied to 1 (value for
vertex property) leave it unchanged. The mean value for al fragments belonging to i vs. |
(CJ and CF only) is dso 1. All matrices RTcDdC__p_ P, RTcDdC_p_ A and




Fragmental Property Indices 207

RTcDdC__p__ G have al their entries unity, except the main diagona elements that are
zero.

The indices RTcDdC_p_ PP _, RTcDdC_p AP, RTcDdC_p_GP_ give
the number of edges in the complete graph having the same number of vertices N, as the
considered molecular graph:

RTcDAC_p PP_=RTcDAC_p_AP_= RTcDAC_p_GP_=N(N-1)/2

Similarly, the indices calculated on edge, RTcDdC p PE , RTcDdC p AE,
RTcDdC_p GE_give the number of edges in the molecular structure.

Uniform Field Gravity

Let the property F = M, descriptor W = p/d2, superposition Y = Sand rare
geometrical modd.
The uniform gravity descriptor of Fr;; is calculated by:

PD(Fri)) = S M (7.39)

It models the value of the gravitational field induced by the fragment Fr;; in the
point j. Values given by (7.33) are collected in the matrix RGsDdM_p/d2S while
averaged vauesare considered in RGfDdM _p/d2Sand RGjDdM _p/d2S matrices.

Non-Uniform Field Gravity

Let the property F = M, descriptor W= p/d2, superposition Y = Sand dense
geometrical modd. The distance (vs. j) of the center of equivalent fragmental gravity of
Fri'j is

e

dECP(FI’i,j),j = gvTFSri j My

It models the distance at which a point mass equal to the fragment mass é M, should
vi Fri,j

be located vs. j such that the gravitational field induced by Fr;; inj be equa to the field

induced by al atoms of the fragment. The associated matrix is of the form

DGcDdM _p/d2S
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Uniform Electrostatic field

Let the property F = P (Qp implicitly, in the Cluj Program), descriptor W= p/d2,
superposition Y = S and rare geometrical model. The uniform electrostatic field
descriptor of Frjj is:

PD(Fri,j): V,l\Sr ] QPV (735)

It models the value of electrostatic field induced by the fragment in j. The property matrix
is of the form: RGceDdP_p/d2S

Non-Uniform Electrostatic Field

For the property F = P (Qp implicitly), descriptor W= p/d2, superposition Y = S
and dense geometrical modd, the distance (vs. j) of the center of equivalent electrostatic
field of Fr; is

aee d,: 0 d., . ©
decprr ), =1 O Qpy/ & S Q;V L6 Qpy x L (7.36)
] vi F"i,j gg\/l Fri’j dV,j dV,j ﬂ g\/l Fri’j de dV,j mg

It models the distance at which a point charge equal to the fragment charge & va
v Fri, j

be located vs. j such that the electrostatic field induced by it in j be equa to the field

induced by the dl atoms of the fragment. The associated matrix is of the form:

DGcDdP_p/d2S

Uniform Field Gravitational Potential

It is obtained for the property F =M, descriptor W= p/d, superposition Y = Sand
rare geometrical model. The property descriptor of Fr;; is:

PD(Fri,j) = . S MV (737)
Vi Fri,j d .
A

It models the value of the gravitational potential induced by the fragment in j. The
property matrix is of the form: RGeDdM _p/d_S
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Non-Uniform Field-Type Gravitational Potential

For the property F = M; descriptor W = p/d; superposition Y = § dense
geometrical model, the distance (vs. j) of the center of equivalent fragmental gravity of
Fri'j is

It models the distance at which a point mass equal to the fragment mass ( é M, )

vi Frm‘
should be located vs. j such that the gravitational potential induced by it in j be equal to
the potential induced by the al atoms of the fragment. The associated matrix is of the
form DGcDdM _p/d_S

Uniform Field Coulombian Potential

It is obtained for the property F = P (Qp implicitly), descriptor W = p/d,
superposition Y = Sand rare geometrical model. The electrostatic potential descriptor of
Frijis.

(7.39)

It models the value of the electrostatic potential induced by the fragment in j. The
property matrix is of the form: RGeDdP_p/d_S.

Non-Uniform Field Electr ostatic Potential

For the property F = P (Qp implicitly); descriptor W= p/d; superpositionY = S
and dense geometrical modd, the distance (vs. j) of the center of equivalent electrostatic
potential of Fri; is:

It models the distance at which a point charge equal to the fragment charge ( é_ Qpy )
v Fr; N
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should be located vs. j such that the electrostatic potential induced by it in j be equa to
the potential induced by all the atoms of the fragment. The associated matrix is of the
form DGcDdP_p/d_S

Fragmental Numbers and Graph-Theoretical Matrices of CJ-, CF- and Sz -Type

Let the property F = C, descriptor W = p, superposition Y = S and rare
topological model. Vaue of cardina numbering descriptor for Fr;; is:

PO(Fr)= S 1= |Frét| (7.40)

v Frot

It models the number of atoms in the fragment. The associated matrices are of the
form: RTcDdC_p S Note that these matrices are exactly the graph-theoretical
matrices corresponding to the Cluj and Szeged criteria (see egs 7.1-7.6):

RTfDIC__p_S=CFD; RTfDeC__p_S=CF?
RTjDiC_p_S=CJD; RTjDeC__p_ S=CJ?
RTSDIC_p S=SD:; RTDeC p S=S7?

In al the above presented models, j appears as a virtual probe atom. In the
opposite to the COMFA approach, whose descriptors are calculated as interactions of the
molecule with external grid probe atoms, our approach makes use of internal probe
atoms: the property of fragment Fr;; is viewed as the interaction of atoms forming the
fragment Fr;j with the atom j (with no chemical identity, however).

Model Degeneration and Computational Features

The degeneration in the above models may occur in cases when the values of
property are not diverse enough, like is case of cardinality (see Fragmental Numbers, this
Section). Another degenerationisinthecase: RTfDIC_p H =TfDIiC_1/p_S

The fragmental analysis was made by the aid of four origina 16-bit
windows computer programs. First program, ClujTeor calculates topological
descriptors of Cluj and Szeged type and generates the fragments for the
molecules. Second, ClujProp calculates the fragmental properties. The third one,
SatMon makes monovariate regressions and sorts indices according to the
correlation score. The forth program, StatQ performs multi-linear regression (2-
variate, 4-variate, etc.) and saves on disk the best couples of indices. The total
number of indices is given by: 2560(see Sect. 7.1) ~ 3(i.e., X, In(x), 1/x) ~ 3(i.e,,
the cutting methods: CJ, CF, &) © 2(i.e., the path criteria: Di, De) = 46080. Note
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that in most cases, the degeneration induced by property values and operators lead
to a total number of distinct indices around 19,000. In bivariate regression, the
first 24-1=16383 indices recording the best scores in monovariate regression are
considered.

7.4. STUDY OF CORRELATION

To illugtrate the quality of the family of fragmenta property indicesin correlation
a set of 17 chemica structures from the class of substituted 3-(Phthalimidoalkyl)-
pyrazolin-5-ones was sel ected.

7.4.1 Structur e of substituted 3-(Phthalimidoalkyl)-pyrazolin-5-ones
The structure of the selected chemical compounds is given in Figures 7.1.(a, b).
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Figure 7.1.a. Structure of 17 substituted 3-(Phthalimidoalkyl)-pyrazolin-5-ones;
molecules 1 to 9
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16 17

Figure 7.1.b. Structure of 17 substituted 3-(Phthalimidoalkyl)-pyrazolin-5-ones;
molecules 10 to 17.

7.4.2 Propertiesof substituted 3-(Phthalimidoalkyl)-pyrazolin-5-ones

The sum of one-electron energy calculated at the Extended-Huckel level was the
first molecular property taken in correlation. A second molecular property was the
biological activity of the above listed pyrazolin-5-ones, namely the inhibitory activity (in
%) of a solution of 0.05 mg/ml pyrazolin-5-one on Lepidium sativum L (Cresson). The
The dataare listed in Table 7.1.
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Table 7.1. The Sum of One-Electron Energy Calculated at Single Point Semi-Empirical
Extended-Huckel and the Inhibitory Activity on Lepidium sativum L. (Cresson) for 17
Substituted 3-(Pthalimidoakyl)-Pyrazolin-5-Ones*

No. Compound Energy Inhibition (%)
(kcd/mal) (0.05 mg/ml)
1 Gly-Pyr -50978.12 28.4
2 Gly-Pyr-O-Me -48531.44 28.0
3 Gly-Pyr-1-N-Me -50863.04 304
4 Gly-Pyr-2-N-Me -53416.95 271.7
5 Gly-Pyr-Decarb -38604.68 14.3
6 Gly-Ph-Pyr -62330.33 68.3
7 Gly-Ph-Pyr-O-Me -64752.65 494
8 Gly-Ph-Pyr-2-N-Me -64751.09 65.2
9 Gly-Ph-Pyr-Decarb -38588.46 46.9
10 | Ala-Pyr -43209.47 29.3
11 | Ala-Pyr-O-Me -55729.99 289
12 | Ala-Pyr-1-N-Me -55832.12 32.6
13 | Ala-Pyr-Decarb -41020.54 12.2
14 | Ala-Pyr-1-N-Me-Decarb -43743.36 18.2
15 | Ala-Ph-Pyr -64701.39 717
16 | Ala-Ph-Pyr-O-Me -67104.63 50.6
17 | Gly-Pyr-1-N-Me-Decarb -41057.45 15.1

* Vaues of inhibition are taken from ref.*® and values of energy are calculated by
HyperChem program (HyperCube Inc.)

7.4.3 QSPR Analysisfor Energy

7.4.3.1. Monovariate Regression for Energy

For the first five best indices in monovariate correlation, the equation of the
mode is.

Predicted energy = by + by *nlndex (7.42)

The indices and their values are shown in Table 7.2.
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Table 7.2 Vaues of the Best Five Indices in Monovariate Regression
Index 1 2 3 4 5
Name|DGjDeC_1/p_SP_|DGfDeC_1/p_SP_|DG|DIC_1/p_SP_|RTsDIiC_1/p_GP2|RTSDIC_p_ SP |
r -0.999466 -0.999463 -0.999439 -0.999414 -0.999405
by 89016.518 89128.374 89375.155 89382.165 81477.187
b, | -25198.270 -25214.115 | -25150.194 | -25379.594 | -16830.753
1 257.98245 258.17130 263.03785 253 2644.0
2 235.67776 235.86768 240.61058 231 2296.5
3 262.04099 262.37413 268.90715 253 2644.0
4 287.68696 287.93773 296.79757 276 3001.0
5 155.73903 155.92757 159.59795 153 12335
6 414.86839 415.11870 425.81775 406 5376.5
7 445.15796 445.41579 456.60416 435 5953.5
8 448.66651 448.91642 460.66835 435 5941.5
9 156.12878 156.32527 160.50819 153 12335
10 193.88140 194.13758 197.96803 190 1691.0
11 312.32217 312.59997 321.23457 300 3406.0
12 312.17034 312.44917 321.26878 300 3390.0
13 174.41853 174.62444 178.39353 171 1449.0
14 194.01648 194.23557 198.60151 190 1702.0
15 444.70485 444.96963 455.79605 435 5946.0
16 476.02635 476.29883 487.62160 465 6560.0
17 174.26687 174.46487 178.66246 171 1461.0
The best single variable QSPR (boldface in Table 7.2) was
Predicted energy = 89016.5 - 25198.3*nDGjDeC_1/p SP_ (7.43)
Statistics for the best regression are given in Table 7.3.
Table 7.3. Statistics for eq 7.43
r s F (@15 | t(15) p-level
I ntercept 74.59 .0000
INDGjDeC_1/p_SP_ | -0.999466 | 338.5 | 14046 | -1185 .0000

For the meaning of statistic parameters, the reader is invited to consult Chapter 9 of this

book.
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Figure 7.2. shows the plot of the calculated energy (cf eq 7.43) vs. the naturd
logarithm of the DGjDeC_1/p_SP_ index.

y=89016.515-25198.27*x+eps

-34000

-40000

-46000

-52000

Energy

-58000

-64000

-70000
4.8 5.0 5.2 5.4 5.6 5.8 6.0 6.2 6.4

INDGjDeC_1/p_SP_

Figure 7.2. The best monovariate regression (cf eq 7.43)

Vdues of INDGjDeC_1/p_SP_, energy and predicted energy (cf eq 7.43) are included in
Table 7.4.

Table 7.4 Regresson Results: Inindex, Energy and Predicted Energy, cf eq 7.43.

No |InDGjDeC 1/p SP | Energy Predicted Energy
1 5.55289 -50978.12 -50906.74219
2 5.46246 -48531.44 -48628.16016
3 5.56850 -50863.04 -51300.07031
4 5.66187 -53416.95 -53652.88281
5 5.04818 -38604.68 -38188.92969
6 6.02796 -62330.33 -62877.67969
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Table 7.4 (Continued)

7 6.09843 -64752.65 -64653.34766
8 6.10628 -64751.09 -64851.17187
9 5.05068 -38588.46 -38251.91016
10 5.26725 -43209.47 -43708.98437
11 5.74403 -55729.99 -55723.23437
12 5.74355 -55832.12 -55710.98047
13 5.16146 -41020.54 -41043.28906
14 5.26794 -43743.36 -43726.53516
15 6.09741 -64701.39 -64627.68359
16 6.16547 -67104.63 -66342.74219
17 5.16059 -41057.45 -41021.36719

7.4.3.2. Bivariate Regression for Energy

The first 16383 indices in monovariate regression are input for bivariate
correlation. The algorithm searches for the best correlation for every pair (i, j) of indices
(1£1 <] £ 16383), and writes on disk the new best found correlation.

Here, the first best found three pairs of indices for bivariate correlation. Indices
are labeled with their monovariate rank score. The pairs are bivl(l, 11717), biv2(95,
1414) and biv3(108, 1383).

Case hiv3(108,1383) was the best found correlation within the fragmental
property family.

Note that the best scored index in monovariate correlation is not present in the
pair of best bivariate correlation (1 {108,1383}). This fact suggests that the best scored
index in monovariate correlation does not explain at the best the property, when coupled
with another index belonging to the family. Selection of the pairs of indices for bivariate
correlation must be done among al the set (1...16383). Experimental it is proved that
there is no method less time consuming (such as an orthogonalization procedure) in
obtaining the best scored pair of indices.

The bivariate scores are shown below:

bivl (1 =InDGjDeC_1p_SP_, 11717 = INRGSDeMp2/d2SE2)

bivl = -25958.9%nNDGjDeC_1/p _SP_ + 1220.67*nRGsDeMp2/d2SE2 + 80244.9
(7.44)

Correlation coefficient: Energy vsbivl, r = 0.999570
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Vaues of indices, energy and biv1 (predicted energy cf eq 7.44) are given in Table 7.5.

Table 7.5 Indices, Energy and biv1l (Predicted Energy cf eq 7.44)

No | InDG]DeC_1/p SP_|(InNRGsDeMp2/d2SE2| Energy bivl
1 5.55289 10.78950 -50978.12 | -50731.59240
2 5.46246 10.41587 -48531.44 | -48840.30885
3 5.56850 10.56440 -50863.04 | -51411.57213
4 5.66187 10.60332 -53416.95 | -53787.89129
5 5.04818 10.40413 -38604.68 | -38100.29205
6 6.02796 11.07533 -62330.33 | -62714.98246
7 6.09843 10.82098 -64752.65 | -64854.73277
8 6.10628 11.27766 -64751.09 | -64501.06933
9 5.05068 10.41900 -38588.46 | -38588.46280
10 5.26725 10.81842 -43209.47 | -43281.26493
11 5.74404 10.90985 -55729.99 | -55546.5639%4
12 5.74355 10.60678 -55832.12 | -55903.89805
13 5.16146 10.44110 -41020.54 | -40995.68193
14 5.26794 10.44431 -43743.36 | -43756.00117
15 6.09741 11.00936 -64701.39 | -64598.33663
16 6.16547 10.82029 -67104.63 | -66595.96010
17 5.16059 10.41325 -41057.45 | -41007.09916

biv2 (95 =DTjDeP 1/d SE , 1414= UDTsDiP_d_AE )
biv2 = -385.13xDTjDeP_1/d SE_ + 796417UDTsDiP_d_AE_ - 37166

(7.45)
Correlation coefficient: energy vsbiv2, r = 0.999884

Vaues of indices, energy and biv2 (predicted energy cf eq 7.45) are given in Table 7.6.
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Table 7.6 Indices, Energy and biv2 (Predicted Energy cf eq 7.45)
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No | DTjDeP_Ud | I/DTDIP_d_AE_| Energy biv2

1 59.70321 0.01174 -50978.12 | -50813.46614
2 55.55278 0.01270 -48531.44 | -48448.36827
3 59.70321 0.01174 -50863.04 | -50813.46614
4 64.99726 0.01129 -53416.95 | -53207.83788
5 38.10040 0.01653 -38604.68 | -38673.81954
6 81.74904 0.00801 -62330.33 | -62268.72347
7 87.25182 0.00776 -64752.65 | -64592.17922
8 88.15976 0.00786 -64751.09 | -64855.46663
9 38.10040 0.01653 -38588.46 | -38588.43460
10 4766825 0.01510 -43200.47 | -43496.59129
11 70.34408 0.01082 -55729.99 | -55640.48566
12 70.836%4 0.01093 -55832.12 | -55742.02042
13 43.00040 0.01598 -41020.54 | -41002.88913
14 47.31508 0.01481 -43743.36 | -43593.46139
15 88.34726 0.00788 -64701.39 | -64917.41882
16 94.01670 0.00763 -67104.63 | -67299.73910
17 4221508 0.01527 -41057.45 | -41261.34229

biv3 (108 = RTfDeM_p/d2SP_, 1383 = 1/DTsDeE_1p SE )

biv3 = -54.019xRTfDeM_p/d2SP_ + 697864.874/DTsDeE_1p SE._ - 43266.3

Correlation coefficient: energy vs biv3, r = 0.999934

(7.46)

Vaues of indices, energy and biv3 (predicted energy cf eq 7.46) are givenin Table 7.7.
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Table 7.7. Indices, Energy and biv3 (Predicted Energy cf eq 7.46)

No| RTfDeM_p/d2SP_ | 1/DTsDeE Up SE_ | Energy biv3

1 291.65807 0.01169 5007812 | -50861.14698
2 253.84179 0.01204 -48531.44 | -48578.47928
3 286.32871 0.01101 -50863.04 | -51050.62598
4 318.26541 0.01013 -53416.95 | -53390.70245
5 141.99293 0.01752 -38604.68 | -38707.64398
6 435.14085 0.00641 -62330.33 | -62302.08286
7 475.71099 0.00600 -64752.65 | -64773.71407
8 475.03007 0.00600 -64751.09 | -64737.52944
9 141.99293 0.01752 -3858846 | -38588.45484
10 195.34755 0.01526 -43209.47 | -43166.88331
11 358.32197 0.00986 -55720.99 | -55742.37228
12 349.41745 0.00932 -55832.12 | -55639.52197
13 164.77147 0.01577 -4102054 | -41162.38985
14 188.35158 0.01428 -4374336 | -43476.32911
15 474.16792 0.00599 -64701.39 | -64698.52071
16 516.35251 0.00563 -67104.63 | -67231.41652
17 164.07111 0.01579 -41057.45 | -41107.89635

Figure 7.3. illustrates the plot of energy (quantum mechanically
calculated) vs biv3 (predicted energy cf eq 7.46).
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Statistics for the regression: energy vs biv3 are givenin Table 7.8.
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Table 7.8 Statistics for the Regression: Energy vs biv3

r S F(1,15) | t(25) | p-leve
Intercept -0.0000 | 1.0000
biv3 0.99993 | 119.14 | 113500 | 336.904 | 0.0000

-34000
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7.4.3.3. Conclusions to Energy Analysis

1. The best index in monovariate regression does not provide the best explanation
for the measured property when coupled (in a bivariate correlation) with any other index
belonging to the discussed family.

2. The best bivariate correlation is not obtained as the best orthogonal indices,
(see the Randic's DCA, Section 9.6.) but only as the best couple of indices, resulted by
the trial of the whole family.

3. The constant high correlation (r > 0.999) between the best indices and the
guantum mechanically calculated energy provided by the semi-empirical Extended
Huckel approach demonstrates the quantum nature of FPI.

4. Sum of one-electron-energies for the set of 17 molecules is best modeled by
biv3 (i.e, the calculated energy by eq 7.46).

5. Aninsight of eq 7.46 (i.e., biv3), reveds the dependency of this energy by the
molecular topology (topological models) and the nature of aoms (mass and
electronegativity).

6. Let S abs(byx1)/(S (abs(byx;) + Sabs(%2)) be a measure of individual
contribution of indices in variation of biv3. The value given by

S |-54RTIDeM_p/d2SP_|/(S |-54RTfDeM_p/d2SP_|+S |6978644/DTsDeE_1/p_SE |)

= 0.68035

says that about 68% sum of one-electron-energy is a measure of field (p/d2 in the
expression of RTfDeM_p/d2SP_).

7. The preferred operator in monovariate regression is In (al the best 5 indices,
seeeq 7.42 and Table 7.2).

7.4.4. QSAR Analysisfor Inhibition

7.4.4.1. Monovariate Regression for Inhibition

For the first seven best indices in monovariate regression, the equation of the
mode is:

Predicted inhibition = b, + by*ndex (7.47)

the index values of which are shown in Table 7.9 and stetisticsin Table 7.10.
The best monovariate QSAR was

Predicted inhibition = -194.68 + 0.003370RGSDeCp2/d2SE2 (7.48)

Statistics for the best scored index RGsDeCp 2/d2SE2 (cf eq 7.48) are given in Table 7.11.
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Table 7.9 Inhibition and Vaues of the Best Seven Indices
in Monovariate Regression

No | Inhib 1 2 3 4 5 6 7

1 | 284 | 64089 | 11.068 | 1.5603E-05 | -345.37 | 82.636 | 47755 | 637.31
2 28 | 64448 | 11.074 | 1.5516E-05 | -221.58 | 76.173 | 3596.9 | 569.26
3 | 304 | 68490 | 11.134 | 1.4601E-05 | -286.06 | 84.060 | 4846.4 | 772.27
4 | 27.7 | 65346 | 11.087 | 1.5303E-05 | -213.29 | 105.128 | 6000.1 | 966.24
5 | 143 | 64947 | 11.081 | 1.5397E-05 | -161.27 | 77.538 | 3085.2 | 491.68
6 | 683 | 77978 | 11.264 | 1.2824E-05 | -538.20 | 154.502 | 13086.9 | 1807.18
7 | 494 | 72755 | 11.195 | 1.3745E-05 | -455.55 | 116.674 | 8640.4 | 1314.55
8 | 652 | 77294 | 11.255 | 1.2938E-05 | -588.78 | 143.425 | 115785 | 1742.13
9 | 469 | 65165 | 11.085 | 1.5346E-05 | -255.93 | 78.655 | 3166.4 | 504.32
10 | 29.3 | 65341 | 11.087 | 1.5304E-05 | -278.17 | 85016 | 4816.9 | 643.25
11 | 289 | 65547 | 11.091 | 1.5256E-05 | -186.94 | 96.383 | 7273.2 | 1037.66
12 | 326 | 66652 | 11.107 | 1.5003E-05 | -272.94 | 91.621 | 6019.0 | 970.02
13 | 122 | 65588 | 11.091 | 1.5247E-05 | -229.75 | 79.968 | 3410.3 | 546.83
14 | 182 | 65333 | 11.087 | 1.5306E-05 | -147.46 | 78.974 | 3586.2 | 574.37
15 | 717 | 77537 | 11.259 | 1.2897E-05 | -643.15 | 140.442 | 11386.1 | 1669.85
16 | 50.6 | 73461 | 11.205 | 1.3613E-05 | -648.32 | 112.870 | 8445.2 | 1320.70
17 | 151 | 65119 | 11.084 | 1.5356E-05 | -102.56 | 77.259 | 3264.8 | 520.13

Table 7.10 Name of the Best Seven Indices and their Monovariate Correlation

No Index r by b,
1 RGsDeCp2/d2SE2 | 0.899523 | -194.68 | 0.003370
2 INRGsDeCp2/d2SE2 | 0.897333 | -2612.4 237.92
3 | VRGsDeCp2/d2SE2 | 0.894772 | 281.7 | -16741138.9
4 DGJDiP_p/d AP_ | 0.894351 | 4.9767 | -0.095527
5 RGsDeM p/d2SE_ | 0.888106 | -28.384 | 0.654080
6 RGsDeEp2/d2SE_ | 0.887772 | 3.6751 0.005184
7 RGsDeMp2/d2SE_ | 0.885762 | 1.8078 0.036454

Table 7.11 Statistics for the Best Scored Index RGsDeCp 2/d2SE2 (cf eq 7.48).

r S F(1,15) | t(15) p-level
Intercept -6.704 .000007
RGsDeCp2/d2SE2| 0.89952 | 8591 | 6359 | 7.975 .000001
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The plot of the inhibition vs. the index RGsDeCp2/d2SE2 is shown in Figure 7.4.

y=-194.68+0.003"x+eps

80

Inhibition

~o.. 95% Confidence
Interval

5
62000 64000 65000 68000 70000 72000 74000 76000 78000 80000
RGsDeCp2/d2SE2

Figure 7.4 Monovariate regression best predicted inhibition

7.4.4.2. Bivariate Regression for Inhibition

The first best found three pairs d indices in bivariate correlation are presented.
Indices are labeled with their monovariate scores. The pairs are: biv1(1, 11961), biv2(235,
4052) and biv3(235, 7783). The second index for the bivariate correlation was chosen

from the 1..16383 best scored monovariate indices.
The case biv3(235, 7783) was the best found correlation in the agorithm

selection. For algorithm details see section Bivariate Regression for Energy.
Note that, as in the case of energy, the best scored index in monovariate

correlation is not present in the pair of best bivariate correlation (1 {235, 7783}).
Selection of pairs of indices for bivariate correlation must be done among al the family
(1...16383).
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The bivariate correlations are as follows;

bivl (1 = RGsDeCp2/d2SE2, 11961 = 1/DGjDeP_p/d2GE?2)
bivl = 0.003054RGsDeCp2/d2SE2 - 1719.34/DGjDeP_p/d2GE2 - 138.6

(7.49)
Correlation coefficient: inhibition vs bivl, r = 0.988830

Table 7.12 Vaues of Indices, Inhibition and biv1 (Predicted Inhibition, cf eq 7.49).

No | RGSDeCp2/d2SE2 | DGJDeP p/d2GE2 | Inhibition | bivl
1 64088.68725 55.64699 284 | 26.265
2 6444753674 64.68759 280 | 31679
3 68490.38729 43.68903 304 | 31253
4 65345.82007 52.33072 277 | 28147
5 64947.11517 37.00776 143 | 1332
6 77978.39585 52.22715 68.3 | 66.667
7 72755.40201 52.00063 494 | 50570
8 77293.73666 5254815 65.2 | 64.776
9 65165.30346 40.14345 469 | 46.900
10 65340.85566 4857654 203 | 25503
11 65546.50225 4861544 289 | 26.249
12 66652.22261 51.43069 26 | 31562
13 65587.90626 38.58451 122 | 17182
14 65332.92136 38.58311 182 | 16.401
15 77536.67347 57.10956 717 | 68132
16 73460.71348 59.83603 50.6 | 57.078
17 65119.29156 38.30207 151 | 15422

biv2 (235 = DGSDiPp2/d2SE2, 4052 = INDTSDIE_p/d_HE2)

biv2 = 0.775xDGsDiPp2/d2SE2 + -30.994%nDTsDIE_p/d HE2 + 30.782
(7.50)
Correlation coefficient: inhibition vs biv2, r = 0.993240

biv3 (235 = DGSDiPp2/d2SE2, 7783 = INRGSDIEp2/d2HE2)

biv3 = 0.9372xDGsDiPp2/d2SE2 — 10.058*nRGsDiEp2/d2HE?2 + 14.488
(7.51)
Correlation coefficient: inhibition vs biv3, r = 0.993770
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Table 7.13. Vdues of Indices, Inhibition, biv2 (Predicted Inhibition, cf eq 7.50)
and biv3 (Predicted Inhibition, cf eq 7.51).

No |DGsDiPp2/d2SE2| DTSDIiE_p/d HE2| RGsDiEp2/d2HE2 | Inhibition| biv2 biv3
1 -14.80225 0.78665 0.05815 284 | 26.748 | 29.229
2 -16.55124 0.79529 0.05973 28.0 25.054 | 27.321
3 -15.07688 0.71684 0.07599 304 |[29.416 | 26.281
4 -12.22525 0.69343 0.06758 27.7 | 32.655 | 30.133
5 -17.15632 1.20376 0.29558 14.3 11.738 | 10.668
6 14.24503 0.45129 0.02181 68.3 |66.482 | 66.317
7 -3.66908 0.44415 0.01870 494 [ 53.093 | 51.078
8 15.21789 0.49053 0.03332 65.2 |64.652 | 62.966
9 -16.87848 1.20376 0.27948 46.9 46.903 | 46.902
10 2.91247 1.17026 0.35940 29.3 28.167 | 27.511
1 -10.87153 0.79379 0.07637 289 |29.514 | 30.172
12 -11.10275 0.73055 0.06304 326 [31.909 | 31.885
13 -13.62422 1.27247 0.30716 122 | 12.755 | 13.592
14 -15.50583 1.03057 0.136%4 18.2 17.832 | 19.984
15 22.24726 0.49099 0.02304 717 | 70.071 | 73.268
16 -1.97165 0.48236 0.02024 50.6 |[51.851 | 51.871
17 -17.44972 0.96513 0.13847 151 18.359 | 18.021

The plot of inhibition vs biv3 (predicted inhibition cf eq 7.51) is shown in Figure 7.5.
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Statistics for the regression: inhibition vs biv3 (predicted inhibition cf eq
7.51) are given in Table 7.14.

Table 7.14. Statistics for the Regression: Inhibition vs biv3

r s F(1,15) t(15) p-level
I ntercept 0.00031 .9997
biv3 0.99377 | 219 1193 34.54 .0000

7.4.4.3. Conclusions to Inhibition Analysis

1. The best index in monovariate regression does not offer the best
explanation for the measured property when coupled with any other index
belonging to this family in a bivariate correlation.

2. The best bivariate correlation is the best couple of indices, resulted by
the tria in the whole family of fragmental property indices.

3. The constant high correlation (r > 0.88) between the best indices and the
mitodepressive activity on Lepidium Savitium L. (Cresson) demonstrate ability of
this family of indices to estimate the biological activity of the considered set of
chemical structures.

4. An inspection onto eq 7.51 suggests that the mtodepressive activity on
Lepidium Savitium L. (Cresson) is dependent on the geometric feature of
molecules, the nature of atoms (electronegativity) and the electrostatic field of
atoms induced by their partia charges.

5. The geometric models are dominant both in monovariate and bivariate
regression (7 of the best 7 among the monovariate regressions and 5 of the best 6
in the bivariate regressions).

7.4.5. Correlation between Energy and Inhibition

The plot: inhibition vs energy (Figure 7.6) reveals that between the two properties
no good correlation exists. r = 0.77898363. It implies that these properties cannot be
modeled by the same indices. Our results clearly showed that the inhibition is best
modeled by geometric models whereas topological models better describe the energy.
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Inhibition = - 40.653 - 0.001*Energy + eps
80
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Figure 7.6. The plot: inhibition vs. energy (quantum mechanically calculated — see text).

The low correlation between inhibition and the sum of one-electron energy
demonstrates that the inhibition is not dependent on the energy.

7.4.6. General Conclusionsto Correating Studies

1. Fragmental property indices take into account the chemica nature of atoms
(mass and eectronegativity), various kinds of interactions between the fragments of
molecules and the 3D geometry of molecular structures.

2. There exist an analogy between CoMFA and FPI: both of them calculate the
interaction of a chemical structure (or substructure) with a probe atomin the 3D space.
The property of fragment Fr;j is viewed as the interaction of atoms forming the fragment
Frijwith theatom j . The mgjor difference is that CoOMFA uses external probe atoms (with

defined chemical identity) whereas FPI considers internal probe atoms with no chemical
identity. Only the fragments (i.e., substructures) are chemically well defined.

3. Bivariate correlations with indices belonging to the fragmental property index
family can offer good quality models for quite diverse molecular properties such as the
inhibition of mitodepressive activity on Lepidium Savitium L. (r > 0.99) as well as the
sum of one-electron energy calculated at the Extended-Huckel level (r > 0.9999). These
results demonstrate the correlating ability of this family of indices.
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4. The best couple of indices are found by performing al combinations of two

indices hivariate regressions within the family. At such a large pool of indices, the two-
dimensional description (i.e., bivariate correlation), providing a direct structura
interpretation of a molecular property, appears to be one of the most powerful methods in
the characterization of molecular structures.
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Chapter 8.

SYMMETRY AND SIMILARITY

The investigation of molecular structure involves research on its congtitution (i.e.,
the number and chemical identity of atoms and bonds joining them) and configuration in
3D-space.

Molecules show various types of geometrical symmetry. The symmetry is
reflected in several molecular properties, such as dipole moments, IR vibrations, *C -
NMR signals etc., properties which are dependent on the spatial structure of molecules.
The molecular topology reveals a different type of symmetry: the topological symmetry
(i.e., constitutional symmetry). It is defined in terms of connectivity, as a condtitutive
principle of molecules and expresses the equivalence relationships between elements of
graph: vertices, bonds or larger subgraphs. It makes use of groups theory formalism in
modeling an N - dimensiona space. The geometrical aspects are disregarded.

Similarity (or relatedness) of molecular structures expresses the common features
occurring within a set of molecules. It is established on the ground of various criteria and
procedures. Both symmetry and similarity provide equivalence classes. the first one at the
level of molecular graph and its subgraphs while the last one among the members of a
whole set of molecules. The two notions are interrelated, as will be detailed in the
following.

8.1. Isomor phism and Automor phism

Let G=(V,E)and G'=(V, E') betwo graphs, with?A/%% = 14/'%,, and afunction
f, mapping the vertices of V onto the vertices belongingtotheset V', f: V® V' . That
is, the function f makes a one-to-one correspondence between the vertices of the two sets.
The two graphs are called isomorphic, G~ G/, if there exists a mapping f that preserves
adjacency (i.e.,if (i,j)I E, then (f (i), f(j ) E'). In searching isomorphicity, labeled
graphs are compared. In the chemicd field, such a study will answer if two molecular
graphs represent one and the same chemical compound.

Let the mapping be a permutation P, represented in a two-row notation® as:
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_gpl P2 - Pi ---PN%

which shows that vertex 1 gets permuted to vertex p,, vertex 2 to vertex p,, vertex i to
vertex p; and so on. The permutation that leaves the graph unchanged is called the
permutation identity and denoted P;;. Some mgermutations preserve the adjacency and
some others not. The former type provides an isomorphism of a graph with itself, which
is called an automor phism
Let Aut(G) = (P11, Pui, Pyj...) bethe set of automorphisms of agraph G and A a
binary operation (i.e.,, a composition rule) defined on that set. Aut(G) is cadled an
automorphism group if the following conditions are satisfied: *°
1. For any two permutations Pyj, P3; T Aut(G) there exists a unique element,
Pl Aut(G), suchthat Py = Py A Pyj.
2. The operation is associative: Pij A Pyj A Py = PiiA (P A P ) = (Py
A Pyj) A Py, fordl Pyj, Pyj and Pl Aut(G).
3. The set Aut(G) contains a unique permutation RB; , caled permutation
identity, suchthat Pij A Py, = Py A P1j= Pyj, fordl Py Aut(G).
4. For every permutation Py T Aut(G) there exists an inverse, P11 Aut(G) that
obey therelation: P A PYLi=PY% A Piij= Py

A permutation can be described by a permutation matrix P, whose elements [P];;
= 1if vertex i is permuted to vertex | and [P]jj = 0 otherwise. The permutation identity,
P11, isadiagona matrix whose elements equal unity.

In matrix form, an isomorphism can be expressed as; *°

A(G,)=P3A(G, )P, (8.1)

where A(Gy) and A(Gy) are the adjacency matrices of the two isomeric graphs and P is
the permutation matrix. Since the P matrix is orthogonal, eq 8.1 can be written as.

A(Gz) = PLA(G, )Py, (82
relation in which PT isthe transpose of matrix P.

In case of an automorphism the relation 8.2 becomes: *
A(G)=PTA(G)P (8.3)

Figure 8.1 illustrates the above notions. It can be seen that a permutation P in a
two-row notation is easily written in its matrix form. In this Figure, P113 leads to an
isomorphism (cf. eq 8.2) while P12 provides an automorphism (cf. eq 8.3). Furthermore,
condition 1 is satisfied, as shown in the multiplicative table and any P matrix admits an
inverse (see above and condition 4); the permutation P;; leaves the graph unchanged
(condition 3) and finally, the composition rule A , which is just the matrix multiplication)
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B A

#2345 _ #2345 #2345 #2345 #2345 #2345
_52345‘ §31245¢, 13:§L3,245g, 14:§13,45@ 15:@32145@ 16%3145@

AV AV AV AV AV AY,

Gg7 Ggs Ggo Gs.10 Gg.11 Gg.12
n®234% o @#234% L @234%  $234%  #234% #2349
”'§2354§ §1254g 19‘§3254,}‘, “°=§1354§ l“:gzlszg “ng3154§

—_ 3
1/ p =22 D
113 g %
5 4
Ggis
A(Gg1-Gg2): |0 O Of1 1 A(Gg): |0 0 1 0 1
0O 0 O1 1 0O 01 0 1
0O 0 0|1 1 1 1 0 1 O
1 1 1({0 O 0O 01 0 1
1 1 1(0 O 1 1 0 1 O
Isomorphism: P[5 A (Gg.1) Pus =A (Gg.13)
PlTlS A (Gg1) P113 A (Gg.13)

1 0 00O 00011 1 00 0O 00101

00100 00011 00010 00101

0 0O0O1 0] x|0OOO0O11l x|0O01 000 = 11010

01000 11100 00100 00101

0 0 00 1 11100 0 0 0 0 1 11010

Automorphism: P, A (Gg.1) P12 =A(Gs.2) = A(Gg 1)

Py A(Gg.1) Py A(Gs.2) = A(Gg.1)
01000 0 0011 0 01 00O 00011
00100 0 0011 1 00 0O 00011
1 00 OO0 x|]0O0OO1 1] x|010O0UDO0 = 00011
00010 11100 0 00O 10 11100
00 O0O0 1 11100 0 00 01 11100
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Matrix Multiplication Table of Aut(Gs1)

P11 P12 P13 P14 Pis P16 P17 Pis P19 P110  P111 Pi112
P11 P11 P12 P13 P Pis P16 P17 Pi1s P19 P10 P11 P12
P12 P12 P P Pis P13 Pu Pis P12 P10 P11z P P17
P13 P13 Pis  Pu P1s P12 P14 P P11z P7 P12 Pis P110
P P Pz P P11 Pis Pis P10 P P P17 P12 P11z
P1s P15 P P P12 Pu P13 P111 P10 P12 Pis P17 P19
P16 P16 Pu  Pis P13 P14 P12 P12 P17 P111 P P10 Pis
P17 P17 P P19 P10 P11 Pz P P P13 P14 P1s P1s
Pis Pis P112  Piio P11z P P17 P2 P Pi1a P15 P13 Pu
P19 P19 P111 P P12 Pis P10 P13z P15 P11 P1s P12 P1a
P10 | P10 P Pis P17 P112  Pu1z Ps P13 P12 P11 Pis P15
P111 | P111 Piwo P12 Pis P17 P19 Pis P14 P16 P12 P11 P13
P112 | P12 Pz Pz P P10 Pis P Pu Pis P13 P1a P12

Figure 8.1. Isomorphic (Gg1 and Gg 13) and automorphic (Gg1 - Gg 12) graphs
and matrix multiplication table, cf. eqs 8.1 - 8.3.

is associative (condition 2). Thus, Aut(Gg1), with its 312!=12 automorphic permutations,
isagroup.

Thus, these permutations lead either to isomorphic or automorphic labeled
graphs, G(Lb). A graph having N vertices can be labeled in N! ways, thus resulting N!
different G(Lb)); i = 1,2,..N! but representing one and the same abstract graph (as
proposed by Klin and Zefirov).® Among these G(Lb)), only the automorphic ones
preserve the connectivity (and the adjacency matrix) in the origina graph. Any graph
possesses at least one automorphism, e.g., that induced by the permutation identity, Py;.

Given agraph G=(V, E) and agroup Aut(G), two vertices, i,j1 V arecdled
equivalent if there is a group element, aut(n) I Aut(G), such that j aut(n) i (i.e, an
automorphic permutation that transforms one to the other - a permutation that is edge
invariant). The set of all vertices | obeying the above equivalence relation (see also Sect.
8.4) is called the orbit of vertex i, \hi. Synonyms are: automorphic partition, class of
equivalence. Vertices belonging to the same equivalence class can not be differentiated
by graph-theoretical parameters.”

Suppose Vi, Vh2,...Vim are the mdigoint automorphic partitions of the set of
vertices, V(G) (with W/(G)Y=N=n1+ mp+ ...+ ny vertices):

V=Vy UVn2 U ---UVnm (8.4)
Vi ﬂvnj =f (85)
The group of automorphisms, Aut(G),

Aut(G) =aut(nq) x aut(n,) X..x aut(ny,) (8.6)
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(with aut(n;) being a group element containing n;! permutations) is a subgroup (of
nilmp!...nm! permutations), of the complete permutation group, of N! elements Per(G)."*’

The quotient set V/Aut(G) is often caled the orbit space? It describes all
symmetry properties of agraph.”

A search for Aut(G) may provide a canonical code. A code, Cd(G,Lb) of a
labeled graph, G(Lb), is a string derived from the graph by a set of rules. It is a
description of G(Lb) which alows the (Iabeled) graph reconstruction. Codes are useful in
computer structure storage and retrieval procedures as well as in enumeration and
generation of isomers.

Two codes may be compared and ordered (by either a lexicographical or a
numerical relation): they may differ or may be identica, Cd(G,Lb1) = Cd(G,Lby),
stuation in which the corresponding labeling are equa: Lb; = Lb,. It comes out that, if
two vertex labelings are identical, V(Lb;) =V(Lb,) , the corresponding vertices are
automorphic.

A rigorous search for Cdcan(G,Lb), has to construct al N! permutations, to
generate and compare al corresponding codes, Cd(G,Lb)); i = 1,2,..N! . Findly, a
maximal, Cdmcar(G,Lb), (or a minimal, Cdmean(G,Lb)) canonical code is selected along
with the automorphism partitions. The process of generating Cdcan(GLb) by
investigating automorphism permutations is called canonical code generation by
automorphism permutation, CCAP. ° The identification of topological symmetry alows
reduction of the number of tests (N!) by avoiding the generation of non-automorphic
permutations. *

Consider a vertex invariant, In = Iny, Im,...,InN, which assigns a value In; to
vertex i. Two vertices, i and j, showing In; = In; belong to the same atomic invariant
class, AIC. The process of vertex partitioning in AIC induced by a given In is caled
graph invariant atom partitioning, GIAP. The partitioning of verticesinto mclasses, with
N1, Mo,..Nm vertices in each class, is taken as a basis in generating the canonical code.
Note that GIAP may by different from the orbits of automorphism since no vertex
invariant is known so far to always discriminate two non-equivalent verticesin any graph.
The classes of vertices are ordered with some rules, vertices in the first class being
labeled by 1, 2, ...ny, vertices in the second classby n; + 1, n1 +2, ..., N1+ np, and so on.

A réliable algorithm for canonica coding would obligatory include two steps: °
(i) GIAP: computes a discriminant atom invariant and provides an initial atom
partitioning along with a GIAP labeling ;

(i) CCAP: generates codes and identifies the canonical code (by exploring all
permutations over the GIAP classes); from the canonical labeling, (i.e., those
providing the canonical code) true or bits of automor phism are identified.

Thus, the GIAP results can be used as ground for both canonical coding and
search for Aut(G), as shown above. For some applications, such as the numbering of **C-
NMR signas® the knowledge of Aut(G) is not necessary; only the automorphic
partitions are quite sufficient. Other major chemical applications of topological symmetry
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include: (i) chemica documentation system, storage and retrieval of chemical compounds
in structure databases and (i) computer generation of chemical structures, involved in
molecular and synthesis design as well as in structure elucidation search.

Several procedures for canonical coding (or only GIAP procedures) were
developed. * * ¥ Among these, the Morgan agorithm™  was the first and the best
known, in the origina form (EC -Extended Connectivity algorithm — used by the CAS in
the chemical registry system) or as its extensions (SEMA - Stereochemically Extended
Morgan Algorithm'” * ). Balaban et a.** have proposed a variant, which provides
automorphic partitions by hierarchic ordering (and numbering) of vertices (HOC -
Hierarchically Ordered extended Connectivities). The HOC algorithm also considers the
stereochemical  information® and is followed by a CCAP procedure. The ordering
provided by HOC for the carbon atoms in some polycyclic aromatic hydrocarbons was
shown to pardle the experimental IH-NMR chemical shifts of their attached hydrogen
atoms.*® Balasubramanian developed algorithms for generating the equivalence classesin
edge-weighted graphs” * aswell asin 3D-molecular structures' and proposed applications
in NMR and ESR spectroscopy.*” * Among the more recent GIAP procedures, the
MOLORD (MOLecular ORDering) performed by Diudeaet a. ** is presented.

8.2. TOPOLOGICAL SYMMETRY BY MOLORD ALGORITHM

43-45

The MOLORD algorithm is built on the ground of iterative line graphs, L, ,
that will be discussed before the agorithm.

8.2.1. LineGraphs

The points of the line graph, L(G), represent lines of G and two points of L(G)
are adjacent if the corresponding lines of G are incident to a common point.*® By
repeating this procedure n times, the iterativelinegraph, L, ; n=0,1,2,...(withn=0
for the original graph, G) can be obtained. Figure 8.2 illustrates the line graphs L, for
Gsg14 (2-Methylbutane); n =0 - 3.

The number of vertices, Np+1 and edges Qn+1in Ln+1 i given by relations**

Nn+1 = Qn (8.7)

Qnit =-Qn+(1/2) & () (889)
il Ly,

Qn+1 = 2=

a g2+— a ki(k - 1)/ 2=8, (89
iTLne< @ ilLy
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where k; is the vertex degree and By, - Bertz s branching index,* which is the exact
number of edges in the Ln+1 line graph.

In regular graph (.e., graphs in which al vertices have the same degree), the
number of edges Qn+1 can be calculated by arecursive relation, derived from eq 8.8 or eg
8.9 by substituting the value for the vertex degree (see also™) :

Kn=2Qn/ Nn= 20 /Qn1 (8.10)
Qns1 =-Qn +2Q7/Qpq (8.12)

The number of edgesin Ln+1 can aso be calculated by:

Qn+1 = (1/2) kn+1 Nos+1 (8.12)
Since in regular graphs:

kn+1 = 2 (kn-1) (8.13)
and taking into account eq 8.7, eq 8.12 becomes

Qn+1=Qnkn-1 (8.14)

From relations (8.13) and (8.14) k, and Q, can be expressed in terms of the

starting parameters, ko and @ (i.e., the degree and number of edges in the initia graph,
Lo).

n
ky=1+2"ky- § 28=2"ky- 2™ +2 (8.15)
e=0
nel el .
QA =QQ (ki - D=QoQ ('kg - 20" +1) (8.16)
i=0 i=0

In case of multigraphs, the (multiple) line graphs®” will account for the bond
orders.

8.2.2. MOLORD Algorithm

The MOLORD agorithm®* characterizes vertices or subgraphs (of various size) of
the initial graph by means of invariants derived from the topology of line graphs, Lo
(=0G), Ly, ... Ly,

Some notations need to be introduced.

Verticesi 1 L, (i.e., the current line graph) denote pairs of verticesi.e., linesin
the lower-order line graph, Ly-1:

in=C(jn-1,Kn-1) (8.17)
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where the two points j and k are necessarily connected by an edgein L,-1. One can write
that jn11 inandkni1l in. The relatedness of vertices (subgraphs) in process of iteration
can be expressed by:

o 1 if (inT in+1)
d(in, = 8.18
(In-Tnea) 0 otherwise ©818)

The definition can be easily extended for any two arbitrary ranks n and m?2 n, stating that
d (in, im) = Lonly if the vertex iy appearsin at least one of the subgraphs defining vertex
im- On going back to Lo, it can be seen that i,, denotes a subgraph consisting of n edges, in
Lo.

The agorithm consists of the following four steps:

Step 1 : computes local, 1(in) , and global, GI(L,) classical invariants on each L,
within the set of line graphs Lo to Ly :

Gl(Ln) =4 I(in) (8.19)
in
Step 2 : evaluates a partial local invariant Plyy, (in ) of avertex i, with respect to
the m" order line graph, Lm :

Plin(in) = Gy & )l in) 80
m)in

Here, I(im) denotes a certain loca invariant of vertex im, with respect to the
topology of graph L. Furthermore, the partia invariant of i, with respect to Ly is
caculated by summing up al the local invariants I(im) of those verticesin Ly, which are
relatedto in, according to the mn successive line graphs, Ly, . . .Lim. Theraio GI(Ly) /
Gl (Lm) is used as a normalizing factor meant to ensure that the resulting Pl values can be
compared with each other, irrespective of the current Ly, for which they are evaluated.

Step 3 : computes a synthetic local invariant of vertex ip, in a series of successive
linegraph, Ln, . . ., Lim:

g (n-k)
Sm(in)=aPly(y)f (821)
k=n

Subscript min S(in) indicates the last line graph (L, ) taken into account. The
factor f can be used to give different weight to the contributions arising from line graphs
of various ranks (usudly 10 unless otherwise specified) . Note that in case n = m) the
synthetic invariant Sl (i) isreduced to the classical invariant 1(i,).
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Step 4 : evaluates the fina expression for the global synthetic index of a graph,

G m(Ly) = é. S mlin) (822

in

The MOLORD algorithm offers a GIFP (Graph Invariant Fragment Partitioning)
and a (decreasing) ordered GIFP labeling according to a certain invariant (i.e.,
topological index). The spectrum of loca vaues, SIm(in) (per fragments of various size)
and globd values, GSm(Ln), can be used both for partitioning purposes and correlating
studies. The agorithm is exemplified on 2Methylbutane Gg 14, (Figure 82). The line
graphs, Ln; n = 0-3 are given aong with the corresponding L DS matrices within an output
list with including some detailed calculations. The focused data are marked by gray
and/or boldface letters/numbers (see below).

(8) 34@ 234 (4) (5 4 2%5(g)

5
L(s) " %0 @Am @ @
07 \36 (4)2/—\25(4) \u/co o \ 2 9

Lo (Ge.14) L1 (Ge.14) Lo (Gg14) Ls (Gg14)

Figure8.2. LinegraphsLp; n = 1-3, of 2-Methylbutane (Gg 14).
The corresponding DS are given in brackets.

An Example of MOLORD algorithm:

Graph Gg 14; matrices LDS vaues derived for | = X(LDS); ti = 1.

Current rank of line graph: 0
LDS(Ly); (kio); (line graph evolution)
5 vertices & 4 edgesin line graph
1(1): 8 514 9(1)
23: 52 9 0(2)
3(: 6 14 16 0 (3)
41): 9 6 5 16 (4)
5(1: 8 5 14 9 (5)

Global operator value, Gl(Ly): 1.25903433
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Fragments of 1 atoms after O line graph:

1- Fragment: 2
2- Fragment: 3
3- Fragment: 5
4- Fragment: 1
5- Fragment: 4

M. V. Diudea, I.

Atoms
Atoms,
Atoms:
Atoms:
Atoms:

AR OWN

Bonds:
Bonds:
Bonds:
Bonds.
Bonds:

Gutman and L. Jantschi

I: 0.5746136
[: 0.3256480
I
[
[

0.1242019

: 01242019
: 01103690

** Sum of fragmental indices (1):  1.259034329

Current rank of line graph: 1

LDS(L1); (ki1); (line graph evolution)
4 vertices & 4 edgesin line graph

12: 4 7 5(1 2)
2(3: 3 13 0(2 3)
3): 4 7 5(2 5)
4(1): 5 3 8(3 4)

Global operator value, GI(L1): 2.13992226

Fragments of 1 atoms after 1st line graph:

1- Fragment: 2 Atoms. 2 Bonds. |: 0.6888219
2- Fragment: 3 Atoms. 3 Bonds. |: 0.3937350
3- Fragment: 1 Atoms. 1 Bonds |: 0.1531101
4- Fragment: 5 Atoms. 5 Bonds: |: 0.1531101
5 Fragment: 4 Atoms. 4 Bonds |: 0.1220641

** Sum of fragmentd indices (I):  1.510841194

Note:
1 1y
0.6888219 = 0.5746136 +}e2$‘°'407°5° 8613000 (220529 tlo1
{66 2 o & 3 o 2100287

SI1(2) =Plg(210%° + {PI;(2)}10%?!

Fragments of 2 atoms after 1st line graph:

1- Fragment: 2 Atoms. 2 3 Bonds. 2 . 0.9584665
2- Fragment: 3 Atoms. 2 5 Bonds: 3 . 0.4913401
3 Fragment: 1 Atoms 1 2 Bonds 1 I: 0.4913401
4- Fragment: 4 Atoms. 3 4 Bonds: 4 . 0.1987755

** Sum of fragmenta indices (1):  2.139922257
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Current rank of line graph: 2

LDS(Ly); (ki2); (line graph evolution)
4 vertices & 5 edgesin line graph

13: 311 0(1 2 3)
2(: 4 6 4(1 2 5)
3(3: 311 0(2 3 5)
4(2): 4 6 4(2 3 4)

Global operator vaue, GI(L,): 2.91438507

Fragments of 1 atoms after 2nd line graphs.

1- Fragment: 2 Atoms. 2 Bonds. |: 0.7014123
2- Fragment: 3 Atoms. 3 Bonds |: 0.4041974
3 Fragment: 5 Atoms. 5 Bonds |: 0.1594053
4- Fragment: 1 Atoms. 1 Bonds. |: 0.1594053
5 Fragment: 4 Atoms. 4 Bonds. |: 0.1241920

** Sum of fragmental indices (1):  1.548612224

Fragments of 2 atoms after 2nd line graphs:

1- Fragment: 2 Atoms. 2 3 Bonds. 2 I: 1.1362917
2- Fragment: 1 Atoms 1 2 Bonds 1 I: 0.5983362
3- Fragment: 3 Atoms. 2 5 Bonds. 3 |: 0.5983362
4- Fragment: 4 Atoms. 3 4 Bonds: 4 . 0.2349425

** Sum of fragmentd indices (I):  2.567906708

Note:

1y
05983362 = 0.4913401 + 1.%‘311000 38406040 1,213992235
i@ 3 o & 2 o 29143507

SI,(12)=Pl;(12) 1071 +  {PI,(12)}10" 2

Fragments of 3 atoms after 2nd line graph:

1- Fragment: 3 Atoms 2 3 5 Bonds 2 3 I: 0.9646302
2- Fragment: 1 Atoms. 1 2 3 Bonds. 1 2 [: 0.9646302
3- Fragment: 4 Atoms. 2 3 4 Bonds 2 4 |:. 0.4925623
4- Fragment: 2 Atoms. 1 2 5 Bonds 1 3 [|: 0.4925623

** Sum of fragmental indices (I):  2.914385068

243
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Current rank line graph: 3

LDS(Ls); (ki); (line graph evolution)
5 vertices & 8 edgesin line graph

13: 514 5(1 2 3 5)
2(@): 4 20 0(1 2 3 5)
3(3: 5 14 5(1 2 3 4)
4(3: 514 5(1 2 3 5)
5(3: 5 14 5(2 3 4 5)

Global operator value, GI(Ls): 3.28678422
Fragments of 1 atoms after 3rd line graph:

1- Fragment: 2 Atoms 2 Bonds 1: 0.7026713
2- Fragment: 3 Atoms. 3 Bonds. |: 0.4054564
3- Fragment: 1 Atoms. 1 Bonds. |: 0.1604408
4- Fragment: 5 Atoms. 5 Bonds. |: 0.1604408
5 Fragment: 4 Atoms. 4 Bonds |: 0.1246391

** Sum of fragmental indices (1):  1.553648361
Fragments of 2 atoms after 3rd line graph:

1- Fragment: 2 Atoms 2 3 Bonds 2 |: 1.1576909
2- Fragment: 3 Atoms. 2 5 Bonds 3 |: 0.6159358
3 Fragment: 1 Atoms. 1 2 Bonds 1 I: 0.6159358
4- Fragment: 4 Atoms: 3 4 Bonds. 4 |: 0.2425418

** Sum of fragmentd indices (I):  2.632104376
Fragments of 3 atoms after 3rd line graph:

1- Fragment: 1 Atoms: 1 2 3 Bonds 1 2 1.2043210
2- Fragment: 3 Atoms. 2 3 5 Bonds. 2 3 1.2043210
3 Fragment: 2 Atoms:1 2 5 Bonds 1 3 [I: 0.6805053
4- Fragment: 4 Atoms 2 3 4 Bonds 2 4 [I: 05960578

** Sum of fragmental indices (1): 3.685205051

Fragments of 4 atoms after 3rd line graph:

1- Fragment: 1 Atoms1 2 3 5 Bonds 1 2 3 |: 21195826
2- Fragment: 3 Atoms 2 3 4 5 Bonds 2 3 4 1:0.5836008
3 Fragment: 2 Atoms.1 2 3 4 Bonds 1 2 4 I:0.5836008

** Sum of fragmental indices (I):  3.286784221
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Note:
}é -1 10 ]
21195826 4@23514059 + @200 328678422 51033
Tg e 3 g e 4 g 63.28678422 b

Gl (L
S|3(12,3,5):{[ a d(@2.35),(1.235) | 1,2,35)] ( 3)} f (m-m)
(1,235 Gl(L,)

The index used in the above example is defined by:

| R, e
1(i,) = X(LDS);,, =g?{a[LDS]ij10 T (8.23)
e ! j=0 o

where i/ ki isaweighting factor (i.e., electronegativities per degree - in Figure 8.2, t = 1),
ecc; is the eccentricity of vertex i; zisthe maxima number of bites of an entry in the
matrix LDS.

If in the first step of MOLORD, the values I(in) are normalized by max I(in)l Ly
and in step 2, the scaling factor Gl (L) /Gl(Ly) is omitted, a variant called MOLCEN is

obtained.*® This agorithm provides centric ordering of vertices (see below), with values
intherange [0 - 1]; value 1 is assigned for the central vertices.

8.3. INTRAMOLECULAR ORDERING

Under this topic, we include both the identification of GIFP classes and fragment
ordering, by the following criteria: (i) of centraity; (ii) of centrocomplexity and (iii)
lexicographic (see al'so Chap. Topological Indices).

8.3.1. Criteria of Centrality
The center of agraph isthe set of vertices, {i}1 V(G), which obey the relation:

ecci = r(G) (8.24)
where

ecci = max Diji v (8.25)

r(G) = min eccii v(g) = min max Dj i v(g) (8.26)

ecc; being the eccentricity of the vertex i while r(G) the radius of the graph. In other
words, the central vertices have their eccentricity equal to the radius of the graph, which,
in turn, is the minimal maximal distance in the graph. The diameter, d(G), is, in the
opposite, the maximal eccentricity in the graph:
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d(G) = max eccii ) = max max Diji v(g) (8.27)

Any tree has either a center or a dicenter.*® ***° Note that the requirement (8.24) is only
necessary but not sufficient. The finding of the graph center, in cycle-containing
structures, is not always a simple task. In this respect, Bonchev et al.** have proposed the
distance-based criteria, 1D-3D, asfollows:

1D: minimum vertex eccentricity: min ecc

2D: minimum vertex distance sum: min &  Dj;

3D: minimum number of occurrence of the largest distance: min [L CJij, max
(see Chap. Topologica Matrices, Sect. Layer Matrices). If the largest
distance occurs for several vertices, the next largest distance (i.e,
[L Clij,max -1) is considered, and so on.

Criteria 1D-3D are applied hierarchically. The algorithm which implements these
criteriais caled IVEC.™ It finds the center of a graph and its orbits of GIFP, which are

ordered from the center to the periphery (i.e., the vertices having max ecc; ). The
centrality ordering given by IVEC is illustrated on a set of polycyclic graphs’® included
in Table 8.1. On the same set, the MOLCEN algorithm®® (working by indices C(LK) and
X(LK) - see Chap. Topologica Indices) finds the same ordering, with only dight
differences.

In layer matrices, particularly in L DS, the 1D criterion® is scanned by the column
counter, j; the 2D criterion isincluded in the column j=0 (the distance sum being just the
property collected by this matrix). The 3D criterion is somewhat nondecisive. It is known
that there are graphs having pairs of vertices with the same distance degree sequence,
DDS®™® 17, 24, 29, 25, 26, 23, 9. Figure 8.3 illustrates such graphs, which are labeled in
acanonical ordering given just by L DS matrix.*

These graphs show identical globa sequence, DDS Moreover, vertices labeled
15 and 16 show the same sequence DDS : 4, 4, 2, 4, 3, in both graphs. It is obvious that
the two vertices can not be discriminated by the ID-3D criteria. More powerful is the
matrix LDS and index C(LDS); which separate these vertices, both intra and
intermolecularly. Figure 8.3 shows matrices LDS aong with the canonica-L DS and

central ordering induced by C(LDS);. It can be seen that the central ordering reverses the
canonical-L DS one, with asingle inversion (vertex 15 before vertex 16 in Gg 15).
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Table 8.1. IVEC and MOLCEN Ordering (According to the Vaues of
Indices C(LK) and X(LK) Calculated on Lo- L>).

247

Graph Vertices
\2_1 C(LK) (1), (2, (3), (4, (5), (6)
| 15 X(LK) 1), 4, (2, 3), (9), (6)
3—4~
Edges
IVEC (12), (14), (23), (15), (34), (45), (26)
C(LK)  (14), (12), (15), (34), (23), (45), (26)
X(LK) (14), (12), (15), (34), (45), (23), (26)
Vertices
4—1. IVEC (1:2), (3), (4;5), (6)
| 1>3—6 C(LK)  (1:2),(3), (4:5), (6)
5—27 X(K) - (1:2),(3), (45). (6)
Edges
IVEC (12), (13;23), (14;45), (36), (45)
C(LK)  (12), (13;23), (14:45), (36), (45)
X(LK) (12), (13;23), (14;45), (36), (45)
Vertices
3 5 IVEC D), (2), (34, (5:6)
\ — 2/ C(LK) (1), (2, (3:4), (5.6)
/ N X(LK) 1), (2), (3:4), (5:6)
4 6
Edges
IVEC (12), (13;14), (25:26), (34)
C(LK)  (12), (13;14), (25:26), (34)
X(LK)  (12), (13;14), (25;26), (34)
Vertices
5—4 IVEC (1), (2, (3:4), (5), (6)
|\ /| C(LK) (D), (2, (34, (5, (6)
3i\2_6 XLK) (2, (2, (34, ©6) (6)
Edges
IVEC (12), (13;14), (15), (23;24), (35;45), (26)
C(LK)  (12), (13;14), (15), (23;24), (35:45), (26)
X(LK) (12), (13:14), (15), (23;24), (35;45), (26)
Vertices
IVEC (1,2), (3), (4), (5), (6)
5/]|\\3—6 C(LK)  (1:2),(3), (4, (9, (6)
N\l X(LK) (1;2), (3), (4), (5), (6)
Edges
IVEC (12), (13;23), (14;24), (34), (15;25), (36)
C(LK)  (12), (13;23), (14;24), (34), (15;25), (36)

X(LK)

(12), (13:23), (14;24), (34), (15;25), (36)
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Vertices
1 IVEC  (L;2:3), (4), (5), (6)
‘ C(LK)  (1,23),(4), (5). (6)
5{—6 XLK)  (L23),(4), (5, (6)
2
Edges
IVEC (12;13;23), (14;24;34), (15;25;35), (46)
C(LK) (12;13;23), (14;,24,34), (15;25;35), (46)
X(LK) (12;13;23), (14,24;34), (15;25;35), (46)
Vertices
b?/ CUK)  (1),(2,(3, (4. (5, (6)
3\\3 XLK) (1), 4.3, 03).(5).(6)
5~
Edges
IVEC (12), (13), (23), (15), (14), (24), (35), (26)
C(LK) (12), (13), (23), (14), (24), (15), (26), (35)
X(LK)  (12), (13), (23), (14), (15), (24), (26). (395)
Vertices
'/—Ag\G CK)  (1),(2, (3,4, (5, (6)
]\4/ XLK) (1), (4,2, (3).(5),(6)
Edges
IVEC (12), (13), (14), (23), (15), (25), (34), (26),
C(LK) (46)
X(LK) Eié; (13), (23), (14), (15), (25), (34), (26),
(12), (13), (23), (14), (15), (25), (26), (34),
(46)
Vertices
> IVEC D), (2,3), (45), (6)
Ny |\6 C(LK) (1), (23), (45), (6)
AN XLK) (D), (23 (45), (6)
Edges
IVEC (12;13), (23), (14;15), (24;35), (26;36), (45)
C(LK) (12;13), (23), (14;15), (24;35), (26;36), (45)
X(LK) (12;13), (23), (14;15), (24;35), (26;36), (45)
Vertices
IVEC (1,2, (3), (4, (5), (6)
CLK)  (L:2),(3). (4). (5), (6)
‘2/4—%5 X(LK) (1;2), (3), (4), (5), (6)
Edges
IVEC (12), (13;23), (14;24), (15;25), (34), (36), (56)
C(LK) (12), (13;23), (14;24), (34), (15;25), (36), (56)

X(LK)

(12), (13;23), (14;24), (34), (15:25), (36), (56)
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6 4
4 3 w4 s
| 11 L/ l/ 6
9/116\812\ Y. 9—16—118 13
1~ 7\14/18\17/ 15\10/ 2 1 7\14/18\17/15\10/ 2
Gs1s Gs16
DDS: 17.24.29.25.26.23.9
Canonical LDS (Gg 15) Central  C(LDS), 10°

1 8 69 55 43 94 240 343 237 18 0.92803
2 79 63 49 171 201 104 260 239 17 0.98765
3 79 63 49 171 201 104 260 239 16 0.98765
4 79 63 49 171 201 104 260 239 15 0.98765
5 77 61 126 173 100 118 274 237 14 0.99034
6 77 61 126 173 100 118 274 237 13 0.99034
7 77 140 43 94 240 343 237 0 12 1.61963
8 69 49 169 254 118 274 237 O 11 1.68283
9 65 49 169 254 118 274 237 O 10 1.68283
10 65 128 171 201 104 260 239 0 9 1.70661
11 63 128 171 201 104 260 239 0 8 1.70661
12 63 128 171 201 104 260 239 O 7 1.70661
13 61 203 173 100 118 274 237 0 6 1.71299
14 55 112 179 240 343 237 0 0 5 2.83069
15 49 234 280 104 260 239 0 O 4 2.98095
16 49 234 254 118 274 237 0 O 3 2.96090
17 45 92 203 497 239 O 0 0 2 4.98333
18 43 149 309 428 237 0 0 0 1 5.03388

C(LDS)10¢ 36.48041

Canonical LDS (Gg.16) Centra  C(LDS); 10°

1 8 69 55 43 94 240 347 233 18 0.93163
2 79 63 49 171 197 104 260 243 17 0.98305
3 79 63 49 171 179 118 274 233 16 0.98405
4 79 63 49 171 179 118 274 233 15 0.98405
5 77 61 126 173 122 104 260 243 14 0.99260
6 77 61 126 173 122 104 260 243 13 0.99260
7 77 140 43 94 240 347 233 0 12 1.62391
8 69 49 169 276 104 260 243 O 11 1.68925
9 65 49 169 258 118 274 233 0 10 1.68981
10 65 128 171 197 104 260 243 O 9 1.69970
11 63 128 171 179 118 274 233 0 8 1.70115
12 63 128 171 179 118 274 233 0 7 1.70115
13 61 203 173 122 104 260 243 0 6 1.71633
14 55 112 179 240 347 233 0 0 5 2.83731
15 49 234 276 104 260 243 O 0 4 2.97033
16 49 234 258 118 274 233 0 0 3 2.97154
17 45 92 293 493 243 0 0 0 2 4.97244
18 43 149 309 432 233 0 0 0 1 5.04486

C(LDS)10° 36.48577

Figure 8.3 .Canonical and centra ardering (cf. LDSand C(LDS);, respectively)

of G8_15 and 68.16

249
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The matrix LDS degenerates very rarely in trees but there are cyclic regular
graphs which show degenerate LDS> When included in the frame of MOLORD
algorithm, L DS succeeded in separating the GIFP classes for subgraphs even larger than
one edge. Figure 8.4 exemplifies such a performance in case of cuneane Gsg17). It
illustrates the fact that the geometrical symmetry implies the topologica symmetry; the
reciproca is, however, not always true.

The finding of the center of a graph is of interest in the chemical nomenclature,
or in coding of chemical structures (see aso™ *°) or aso in correlating some physico-
chemical properties (e.g., centric indices and octanic number).>* >

NG
AL
\\ // Ge17

—_38

1 3 7 8 7
a b d
4 6 4 g 6
15 (3 K\ % 15;3
7 8 7 8
e h

5 5 4 5 6
:mzm N st ij;e %Ez? 3
m 0 P

Figure 8.4. Central ordering of cuneane (cf. S 3(i3) values - see the MOLCEN agorithm)
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8.3.2. Criteria of Centrocomplexity

If in a molecular graph , a "center of importance” is defined, the reminder
substructures can be ordered with respect to this center. Such a criterion was called
“ centrocomplexity” > and it takes into account the chemical nature of vertices and edges
in molecules.

8.3.2.1. Accounting for the Nature of Heteroatoms

Kier and Hal*® have extended the validity of Randic indexX’’ ¢ (see chap.
Topologica Indices) to heteroatom-containing molecules. They introduced the notion of
d “i valences in the construction of the analogue index ¢ “:

d/=2z'-h (8.28)

where Z'; is the number of valence electrons of atom i and h; is the number of hydrogen
atoms attached to atom i . For atoms belonging to the third period of Periodic Table, d'; is
calculated by:

ZV - h
d iv _ i \|/
Zi - Z;
where Z is the atomic number of atom i. Analogue heteroatom accounting was made by
Balaban.*®

Diudea and Silagh?® have proposed group e ectronegativity vaences, denoted
EVG and defined by:

(8.29)

hi = (8- GA) - v (8.3
EVGi — (E% )l/(1+vi) (832)

where GA; isthe number of column in the Periodic Table for the atom A belonging to the
vertex (i.e., group) i. ESAand ESH denote the Sanderson electronegativities for the atom
A and hydrogen, respectively. The number of hydrogen atoms attached to the group i is
denoted by hjwhile v; stands for the degree of i. When v; > (8 - GA), then h; = 0. In case
of multiple bonds, v; = é by i , Where bjj is the conventional bond orders around i.
J

Note that these group electronegativities obey the electronegativity equalizing
principle within the group i (see eq 8.30) and per molecule, each group is considered
bonded to neighbors with electronegativity 1.>°

The EVG; vaues were used in the congtruction of the DS index (see Chap.
Topologica Indices) that showed good correlation with several physico-chemica and
biologica properties.®
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A vaiant of EVG parameters was further developed.®® The EC valence
electronegativities are based on the idea of the modification of covaent radius of an atom
by its hybridization state.® Such a modification is reflected in the electronegativity
values corresponding to the considered state. The following scenario defined the EC
parameters:

(i) - covaent radii relative to carbon atom (0.772 ANG) are calculated by eq. 8.33-8.35

Cni = rcgj + Drcp; (8.33)
rcii=rqi/ 0772 (8.34)
Drehi=(mi-rni)/7.72 (8.35

where: rc is the atomic radius relative to the carbon atom; n isthe row and i is the
column in the Periodic Table; Drc stand for the “excess of relative radius’.
(i) - values EC, for the atoms belonging to the n™ row of Periodic Table are calculated

by dividing the group electronegativities ESG; to the mean relative length, mic, of the
bonds around the considered vertex/group i :

EC,i = (ESG,; / micy,;) / ECc (8.36)
EC. = 2.746/ 1.4996 (8.37)
mic,i = mc rey; (8.38)

EC vaues are listed in Table 8.2. Two Randic-type indices were constructed by
using the EC values (see Chap. Topologica Indices). They showed good correlation with
some physico-chemical properties.® *

Table 8.2. EC Electronegativities.

-Br 1.2447 | -CHBr, 1.0672 | -NH, 1.0644 | 3P=0 1.3333
-CBr3 1.1266 | -CHCl, 1.1089 | -NO 1.4063 | =C= 1.1581
-CClg 1.1932 | -CHF, 1.1897 | -NO, 1.4861 | =CH- 1.0441
-CF3 1.3260 | -CHlI, 0.9914 | -O- 1.4634 | =CH, 1.0891
-CH,- 0.9622 | -Clg 1.0088 | -OCHjs 1.1248| =N- 1.3147
-CH,Br 1.0110 |-COOH 1.2220| -OH 1.2325| =NH 1.2474
-CH,CI 1.0305 | -Cl 13717 | -P(CH3),  0.9351 | =O 1.6564
-CHzF 1.0674 |-ce 1.1476 | -P< 0.8988 | =P- 0.9658
-CHjl 0.9744 |-C°N 1.2377 | -PCHs- 0.9314| =S 1.2523
-CH,OH 1.0228 | -F 1.6514 | -PH- 0.9124 | >C< 1.0000
-CH,SH 0.9804 | -H 0.9175 | -PH, 0.9170 | >C= 1.0747
-CHs 0.9575 | -I 1.0262 | -PHCH; 0.93053| >C=0 1.2397
-CH< 0.9716 |-N(CHs), 1.0292| -s 1.1064 | -NHCHs5 1.0379
-CH=CH, 1.0381 |-N< 1.2234 | -SCH3 1.0073 | °CH 1.2142
-CH=0 1.1596 | -NH- 1.1021 | 2PO 0.1222| °N 1.5288
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8.3.2.2. X(L°M) Descriptors

The descriptors X(L°M) are built on layer matrices: LDS, LW, etc. The chemical
nature of atoms is considered by means of the parameter t; (see Chap. Topologica
Indices).

Figure 8.5 offers an example of centrocomplexity ordering (and separating of
automorphism groups) in which the important property is the vaence/degree of vertices.
The graph G s shows vertices 3 and 6, those are endospectral (.e., have the same
sequence of "W, parameters see Figure): these vertices can be distinguished by means of
L*'W and index X(L'W);, respectively.

(@ (b) L'W (Geus):

133233221
342332210
255322100
256421000
354530000
255332000
244323200
232332320
122233232
133233221
134453000

Wz6) : 25 9,21, 39, 88, 168, 370, 721, 1560 X(L'W)3 = 2.553221
X(L'W)g = 2.553320

*

| *

10

®

[eF)

&
Rooo~Nq ohwyNPR

Figure 8.5. (a) Endospectral vertices (3 and 6 -marked with *) in the graph Ggs.
(b) Matrix L*W and theindex X(L'W);, which separates these vertices.

Perception of heteroatom, by means of X(LDS) index and MOLORD dgorithm, is
illustrated in Figure 8.6. and Tables 8.3 and 8.4, for a set of cuneanes. Values are listed in
decreasing ordering of centrocomplexity.

L/\ TN L i /
S el

8

Gg17 Gg.19 Gs.20 Gg21 Gg22

Figure 8.6 Cuneane and heterocuneanes.
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Table 8.3. MOLORD Ordering of Cuneanes (Figure 8.6);
VauesSn (i) and GSm (Lo); f =10; | = X(LDS).
Graph Gg17 Gs.19 Gs20 Gs21 Gg.22
Values Sly (ip ): vertices
2 0337702 2 0353210 7 0.353210 2 0353210 2 0.353210
5 0337702 5 0337702 8 0.353210 5 0.353210 5 0.353210
7 0337702 7 0.337702 2 0337702 7 0.337702 7 0.353210
8 0337702 8 0.337702 5 0.337702 8 0.227702 8 0.353210
1 0310649 1 0.324915 1 0.310649 1 0.310649 1 0.310649
3 0310649 3 0.310649 3 0.310649 3 0.310649 3 0.310649
4 0310649 4 0.310649 4 0.310649 4 0.310649 4 0.310649
6 0310649 6 0310649 6 0.310649 6 0.310649 6 0.310649
VauesGSlp (Lo ):
2.593402 2.623177 2.624419 2.624419 2.655436
ValuesSl; (ip ): vertices
2 0404711 2 0.422259 7 0.420017 2 0.422272 2 0.422311
5 0404711 5 0.405217 8 0.420017 5 0.422272 5 0.422311
7 0402482 7 0.402963 2 0.404749 7 0.402493 7 0.420029
8 0.402482 8 0.402481 5 0.404749 8 0.402493 8 0.420029
1 0374424 1 0.390656 1 0.374943 1 0.374943 1 0.375461
3 0374424 3 0.374931 3 0.374943 3 0.374943 3 0.375461
4 0374424 4 0.374883 4 0.374943 4 0.374943 4 0.375461
6 0374424 6 0374426 6 0.374943 6 0.374943 6 0.375461
VauesGS; (LO ):
3.112083 3.147812 3.149303 3.149303 3.186523

Table 84. MOLORD Ordering of Cuneanes (Figure 8.6);
ValuesSim (i1) and G99 (L1); f =10; | = X(LDS).

Graph Ggi7

Gs19

Gs20

Ggx

Gs2

VauesSl; (i ): edges

(2,9
(1,2)
(2.3
(4,5)
(5, 6)
(7, 8)
(L7
(3.8
(4,7)
(6,8)
(1, 4)
(3.6)

0.268012
0.267970
0.267970
0.267970
0.267970
0.267956
0.254624
0.254624
0.254624
0.254624
0.242557
0.242557

()
(2,5
(2,3
(4,5)
(5, 6)
(7, 8)
(L7
(3.8)
(4,7)
(6, 8)
(1,4
(3.6)

Values GSl; (Ll ):

3.111455

0.280276
0.274097
0.274054
0.267970
0.267970
0.267956
0.260405
0.254624
0.254624
0.254624
0.248064
0.242557

3.147218

(7,8)
(2,5
(1,2)
(2.3
(4,5)
(5. 6)
L7
(3.8
(4.7)
(6,8)
(1,4
(3.6)

0.280261
0.268012
0.267970
0.267970
0.267970
0.267970
0.260405
0.260405
0.260405
0.260405
0.242557
0.242557

3.146885

(2,5
(1,2
(2,3
(4,5
(5, 6)
(7, 8)
L7
(3.8
(4.7
(6,8)
(1,4
(3.6)

0.280320
0.274054
0.274054
0.274054
0.274054
0.267956
0.254624
0.254624
0.254624
0.254624
0.242557
0.242557

(2,5
(7,8)
(1.2
(2.3
(4,5
(5, 6)
7
(3.8
(4.7)
(6,8)
(1,4
(3.6

3.146099

0.280320
0.280261
0.274054
0.274054
0.274054
0.274054
0.260405
0.260405
0.260405
0.260405
0.242557
0.242557

3.183529
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Table 8.4. (continued)

Values S, (i, ): edges

(2,5) 0.320767 (1,2) 0.334647 (7,8) 0.334616 (2,5) 0.334692 (2,5) 0.334693
(1,2) 0.320733 (2,5) 0.327854 (1,2) 0.320936 (1,2) 0.327828 (7,8) 0.334628
(2,3) 0.320733 (2,3) 0.327824 (2,3) 0.320936 (2,3) 0.327828 (1,2) 0.328032
(4,5) 0.320733 (4,5) 0.321131 (4,5) 0.320936 (4,5) 0.327828 (2,3) 0.328032
(5,6) 0.320733 (5,6) 0.320937 (5,6) 0.320936 (5,6) 0.327828 (4,5) 0.328032
(7,8) 0.320704 (7,8) 0.320907 (2,5) 0.320771 (7,8) 0.320717 (5,6) 0.328032
(1,7) 0305766 (1,7) 0.312525 (1,7) 0.312524 (1,7) 0.305978 (1,7) 0.312737
(3,8) 0.305766 (4,7) 0.306145 (3,8) 0.312524 (3,8) 0.305978 (3,8) 0.312737
(4,7) 0.305766 (3,8) 0.305970 (4,7) 0.312524 (4,7) 0.305978 (4,7) 0.312737
(6,8) 0.305766 (6,8) 0.305771 (6,8) 0.312524 (6,8) 0.305978 (6,8) 0.312737
(1,4) 0.293140 (1,4) 0.299612 (1,4) 0.293518 (1,4) 0.293543 (1,4) 0.293918
(3,6) 0.293140 (3,6) 0.293340 (3,6) 0.293518 (3,6) 0.293543 (3,6) 0.293918

Values GSZ (I_1 ):
3.733746 3.776662 3.776261 3.777719 3.820234

8.3.2.3. W, and °Ey Descriptors

The descriptors “W, represent walk degrees weighted by the property collected by
the square matrix M.** ® They can be caculated by the ®W, agorithm (see Chap.
Topologica Matrices). If the algorithm runs on the matrix C (of connectivities) then the
resulting "W naturally take into account the multiple bond. If in the first step the EC
values are setting as diagonal elements, the resulting descriptors are the weighted
electronegativities, °Ey, , of rank e:>

M + °E =By (8.39)
6. M MI;

[e+lEM]ii =§C) ([eEM]” )[M]ij l;' J ; [lEM]” =EC valueseo (840)
& ] H

[*Em i =[°Emlij =[MT;; (8.41)

where M is the matrix used for weighting Ey, and °E is the diagonal matrix of atomic
electronegativities. Summing the two matrices results in the matrix °Ey whose elements
are defined by egs 840 and 8.41. Finaly, [°(Em]ii isassigned to °Ey ;i (see above). Note
that relation (8.40) is in agreement with the equalizing principle of atomic
electronegativities .
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Descriptors ®Ey ;i can be used as independent parameters or in association with
Wy parameters, to give the parameters Wy ;i:

e\/VME,i =Wy i eEM,i

The "Wig; descriptors alow the perception of both heteroatom and multiple
bond in graphs. Figure 8.7 illustrates such descriptors for the graph Gg14.

(8.42)

dn* e=1 e=2 e=13
Wi ! 3 4
I |
none 1/3\2/1 3 A 4—2 4/10\6/4
A
eE )
M,i 0.9575 1.0747 1.0642
dn 1.0747 0.9575 1.0642 1.3147 1.0542 1.0144
N N N
A 09575 14107 L0747 | 1 10642 1 1eg
WME,i 0.9575 32041 4.2569
dn 32241 09575 4.2569 1.3147 105421 40576
N N N
A 09575 5 6o 3241 40576 4269 70971
ol ‘r :
C
°Em,i 0.9575 1.0747 1.1220
dn 1.074Q\ 0.9575 1.1220 1.3147 1.0542 1.0841
C 0.9575 13147 10747 10341 11220 11829
WvE, 0.9575 4.2988 8.9758
dn 4.2983 0.9575 8.9758 3.9441 27.4096 9.3071
C 0.95%5 3941 42988 93071 89758 224742

eln*- electronegativity

Figure 8.7. Heteroatom and multiple bond perception in Ggi4
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MOLECULAR SIMILARITY

"Similarity is one of the most instantly recognizable and universally experienced
abstractions known to humankind".**

Because of its fundamental role in a large variety of situations and fields,
the similarity concept has strongly attracted the interest of scientific world. It is
reflected in the occurrence of severa English synonyms: relatedness, equivalence,
proximity, closeness, resemblance, isomorphism, etc.

Usually, things, facts or concepts are classified (i.e., partitioned) into groups or
categories according to ssimple perceptions or more elaborated criteria. Members of such
groups will possess one or more common attributes. Similarity is always with respect to
some particular characterization of groups. If the similarity is wel behaved
mathematically these members will satisfy an equivalence relationship (see below).

Severa levels of similarity in chemistry are actually recognized® (1) Chemical
similarity, which compare and group chemica systems with respect to various
macroscopic properties such as melting point, refraction index, chromatographic retention
index, etc. (2) Molecular similarity, which involves the comparison and grouping of
individua molecules according to their 2D and 3D structurd information and property
information, such as dipole moments and charge censity. (3) Intramolecular similarity,
which compare and group intramolecular entities, such as molecular orbitals or
topological fragments (see Section 8.1). This Section is focused on the concept of
molecular similarity.

Molecular similarity, like molecular branching, is an intuitive notion.
unique and unambiguous measure of similarity does not exist.®

Molecules are nonrigid entities that preserve ther identity under small
deformations, such as vibrations or rotations at some temperature. Thus, molecules can be
viewed as topological objects?” mathematically well behaved.

The descriptions of molecules used in molecular similarity analysis are named
molecular descriptions. A smple enumeration of atoms, or a fragment location, or an
electrostatic potentia surface characterization of the molecule can be termed as molecular
description.®® In many cases, the molecular description is a vector of numbers,
quantifying some local, or global attributes such as the presence or absence of a certain
fragment, a topological index, etc. Each element of vector is called a molecular
descriptor. All molecular descriptions induce a partitioning into equivalence classes on a
set of molecules. It is now appropriate to define concepts such as equivalence relation,
equivalence class, mapping, matching, partial ordering and proximity, which are
frequently used in molecular smilarity anayss.

Equivalence relation. Let S be a set of molecular structures and R a binary
relation on Srelating pairs of its elements. If x, y1 Sarethusrelated, xRy will be written.
Thereation Ris an equivalenceredation if some properties are satisfied:

64, 66 A
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1. xRx,fordl xT S (reflexivity)
2. If xRy, then yRx (symmetry)
3. If xRyand yR z then xRz (trangitivity)

The set of al dements y T S, such that xRy, represent the equivalence class of x By
imposing an equivaence relation R on a set S results in partitioning S into digoint
subsets, each subset being an equivalence class under R. This set of subsets is denoted by
SR (i.e., thequotient set, Smodulo R).?

Let f beafunction mapping the elements of Sonto the e ements of any other set
Y. That is, for any x 1 S, f assigns a corresponding value y = f(x) in Y. This
correspondence can be written as f: S—Y. If Y is the set of descriptions, the mapping
function associates a molecular description with each moleculein S. Those moleculesin
S are equivalent which are mapped to the same molecular description. Such afunction f
may be a labeling (or a coding) or simply a measuring process. It can be shown that
various molecular descriptions associated with their algebraic representation form a
group.® ®

A matching can be achieved by overlapping two molecules. An overlapping can
indicate the common features shared by two molecules or by two molecular descriptions.

A partial ordering refers to some local ordering induced by local covering (i.e.,
substructure matching) within the molecules belonging to the set S. Such an ordering can
beillustrated by a Hasee diagram.®®

Mathematically, the ordering relation requires the antisymmetry property (2'): If
xRy and yRx then x = vy, instead of the symmetry property (2) (see above). Randic®
reporteda partial ordering of alkane isomers with respect to the path numbers p and p.
Other graph-theoretical descriptors, such as topological indices, sequences of descriptors,
etc., may be used in the characterizing and subsequently partial ordering and clustering
of molecular structures. (see Sections 8.3 and 8.5). Molecules may also be ranked with
respect to some experimental property. Compounds closely positioned in a derived
ordering are expected to have close (i.e., Smilar) properties.

Proximity is basically expressed by two categories. similarity and dissimilarity.
Smilarity expresses the relatedness of two molecules, with a large number if ther
molecular descriptions are closely related and with a number going to zero in case they
are unrelated.®® The ratio of the count of matched atoms and bonds to the corresponding
count for the whole molecule, multiplied by the analogous ratio for a comparing molecule
has been proposed” as a similarity measure between two molecules. Such measures have
the correlation property (zero for no correlation and one for full correlation).

Dissimilarity expresses the relatedness of two molecules, with a number closeto
zero when their molecular descriptions are closely related and with alarge number if they
are unrelated. For example, the number of atoms and bonds that cannot be matched up in
overlapping two molecules may be a measure of dissimilarity between two molecules.
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This particular dissimilarity measure’ constitutes a metric (see below) and is alsoreferred
to aschemical distance® > 7"

Similarity and dissimilarit are both included in the more general term proximity.
Four main types of proximity coefficients have been reported.

Distance coefficients usually assume a Minkowski metric within an m

dimensional space® %™

1/ z

_em 24
D(x,y)=@a [ - Yi| ¢ 843)
=1 b

where X = (X1X2,..%n) and Yy = (Vi,Y2,...Ym) &e the two structures of m points. Such
coefficients are extensively used owing to their geometrical interpretation: when z = 1,
the city-block distance (or the Manhattan distance Dy, ) is obtained and when z = 2, the
Euclidean distance Dg results.”” "® Randic® evaluated the Euclidean distance on a set of
monoterpenes by using path sequences as descriptors. Basak et. a.”® performed a PCA
(Principal Component Analysis) study on a set of 3692 molecules by using a pool of 90
topological indices and De as a measure of dissimilarity. For other examples, see Sect.
85.
Any proximity measureis ametric if it satisfies the triangle inequality:

D(xy) = Ofor x=y;
D(xy) = D(y,x) and
D(x,2) £ D(xy) + D(y,2).

Association coefficients are used when binary variables are involved.

Correlation coefficients measure the degree of statistical correlation between two
molecules or their descriptions.

Probabilistic coefficients count the distribution of frequencies of occurrence of
some common features in a dataset.”

A molecular description isin essence a mapping from a set S of structures onto a
set Y of molecular descriptions. This mapping, together with some concepts of matching,
partial ordering and proximity, defines amolecular similarity space.®

Similarity procedures thus produce a partitioning of sets of molecules into
digoint subsets or clusters based on their similarity. The procedures are classified as
hierarchical or nonhierarchical depending on whether relationships can be established
between the clusters®

The clustering process is achieved in three stages: (1) the selection of appropriate
variables for the molecular description, (2) the weighting of these variable and (3) the
definition of the similarity measure. The choice among a variety of possibilities depends
very much on the nature of the molecules under study but is, ultimately, a persona
preference of each researcher.
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Complementarity is another form of similarity, which needs the use of some
shape descriptors®” ™ 8%

In case of flexible molecules, the similarity analysis requires a conversion from
2D to 3D molecular structures to which analogue considerations may be addressed. For
such a purpose, a computer program, which takes into account the torsion angles and
Euclidean distances, is needed. Some programs are actualy availablee CONCORD
(University of Texas at Austin and TRIPOS Associates®” ), ChemModel (Chemical
Design Ltd.), ALLADIN (Martin et a.*®), etc.

8.5. INTERMOLECULAR ORDERING

Ordering of a set of molecules with respect to certain graph theoretica
descriptors follows approximately the same criteria as the intramolecular ordering, with
the difference that here global descriptors are used.

8.5.1. Criteria of Centrality

Let us consider a set of isomers. Their global sequence, DDS, can be ordered
according to the 1D-3D criteria* *° this time applied "intermolecularly".®® Tables 8.5 and
8.6 lists the distance sequences and central ordering (Cq), in increasing order, of
heptanes and octanes, respectively. For comparison, the global vaue C(L3DS) (calculated
by using 3D distances in optimized geometry) was considered. It can be seen that a
single inverson: 3ECS5; 22M2C5 (in heptanes) and 3E3M5; 223M3C5 (in octanes),
appeared between the two central orderings.

Table 8.5.Distance Degree Sequence ODS) of Heptanes, Lexicographic (Xorq)

and Central Ordering (Corg, cf. 1D-3D Criteria), Compared with the Indices X(L'W), DM*
and C(L3DS), Respectively.

DDS Xad | X(L'W) | DM® | Coa |C(L3DY
6 5 4 3 2 1 c7 14.3951 | 13.4246 Cc7 0.58938
6 6 4 3 2 0| 2MC6 | 14.6150 | 14.7656| 2MC6 | 0.74061
6 6 5 3 1 0| 3MC6 | 14.6368 | 15.0821| 3MC6 | 0.78580
6 6 6 3 0 0] 3ECS 14.6586 | 15.3666( 24M2C5 | 0.99623
6 7 4 4 0 0] 24M2C5| 14.8368 | 16.3631| 3EC5 | 1.03608
6 7 6 2 0 0] 23M2C5| 14.8764 | 16.9492( 22M2C5 | 1.02187
6 8 4 3 0 0] 22M2C5| 15.0546 | 17.9498( 23M2C5 | 1.06819
6 8 6 1 0 0] 33M2C5| 15.0942 | 18.4853| 33M2C5 | 1.14982
6 9 6 0 0 0/(223M3C4| 15.3120 | 20.5470( 223M3C4| 1.34805
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Table 8.6. Distance Degree Sequence (DDS) of Octanes, Lexicographic (X.q) and Central

Ordering (Corg, cf. 1D-3D Criteria), Compared with the Indices X(L'W) , DM * and

C(L3DYS), Respectively.

DDS Xod | X(CW) [ DM” Cod | C(L3DS)
765432 1 C8 | 168391 | 1561028 | C8 0.44479
7 75432 0| 2MC7 |17.05950 | 17.02015 | 2MC7 | 0.56848
776431 0| 3MC7 |17.08148 | 17.56044 | 3MC7 | 0.6033¢
776521 0| 4MC7 |17.08346 | 17.56044 | 4MC7 | 0.6323€
777520 0| 3EC6 |17.10544 |17.91494 | 25M2C6 | 0.71165
7 85440 0| 25M2C6 |17.27968 | 18.60840 | 22M2C6 | 0.73761
7 86520 0| 24M2C6 |17.30344 | 19.20822 | 3EC6 | 0.75937
787 420 0| 23M2C6 |17.32324 | 19.60890 | 24M2C6 | 0.76325
788410 0| 34M2C6 |17.34502 | 20.00839 | 23M2C6 | 0.7677¢
7 88500 0| 3E2MC5 |17.34700 | 20.10744 | 34M2C6 | 0,81452
7 95430 0| 22M2C6 | 17.49946 | 2051561 | 33M2C6 | 0.82412
797410 0| 33M2C6 |17.54302 | 21.42983 | 224M3CE | 1.01891
7 98400 0|234M3CE |17.56480 | 22.07279 | 3E2MC5 | 1.04532
7 99300 0| 3E3MC5 |17.58460 | 2213693 | 234M3CE | 1.05845
7 15600 0|224M3CE|17.72320 | 2280578 | 3E3MC5 | 1.11623
7 18300 0 |223M3CE |17.78260 | 24.14856 | 223M3CE | 1.08177
7 19200 0|233M3CE |17.80240 | 24.49869 | 233M3CE | 1.13486
7 1900 0 0 |2233M4C4|18.23800 | 29.75000 | 2233M4C | 1.39893

8.5.2. Criteria of Centrocomplexity

8.5.2.1. X(LM) Descriptors

Descriptors of the type X(L°M) succeeded in separating pairs of recalcitrant
isomers (i.e., which can not be discriminated by classical spectral parameters).

In simple cases, the ordering induced by the matrix L*W and the corresponding
index X(L *W) is sufficient. The ordering supplied by the above descriptors is identical to
the lexicographic ordering of DDS (see als0™) in the sets of heptanes and octanes (Tables
8.5 and 8.6.), or to that induced by the super-index’* DM * (the same Tables).

There are graphs with pairs of vertices showing oscillating values of "W, ,(when e
increases) . In such cases, higher elongation, e, is needed for discrimination . Figure 8.8
shows a pair of such graphs (Gs ;3 and Gg24) in which vertices: 3and 6'; 6 and 3'; 12 and
12 are isospectral . Using layer matrices L°W allows the discrimination of both the
mentioned vertices and the two graphs>
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(a)
10 10 12’
I I
4 6 8 1 L} 1 1
1~ N3~ N5~ N7~ 9 l'/2\3'/4\5|'/6\7'/8\9'
L b K
Gg23 Gg.24
W: 36: 3, 6,14, 29, 66, 136, 310, 633, 1449, 2937, 6747
6,3 : 2, 5 9 22 40, 92, 180, 432, 816, 1941, 3717
12; 12': 1, 3, 6, 14, 29, 66, 136, 310, 633, 1449, 2937
W: 11, 24, 49, 106, 222, 479, 1014, 2186, 4651, 10023, 21380
LW matrices:
L°W(Gg.23) L°W(Gg.24)
1 [3 5 9 9 5 8 4 3 2 34 85 6 9 8 3 2
2 |5 122 9 5 8 4 3 2 0 411 5 6 9 8 3 2 0
3 |6 1411 8 4 3 2 0 0 5 9 12 9 8 3 2 0 O
4 |6 11 16 10 3 2 0 0 O 511 13 14 3 2 0 0O O
5 |5 14 10 11 8 0 0 0 O 6 14 13 7 8 0 0 0 O
6 |5 9 12 8 8 6 0 0 O 6 14 11 7 4 6 0 0 O
7 14 8 7 9 6 8 6 0 0 5 9 11 8 5 4 6 0 0
8 |36 5 5 9 6 8 6 0 37 6 9 8 5 4 6 0
9 |2 3 4 5 5 9 6 8 6 2 3 5 6 9 8 5 8 6
03 5 9 9 5 8 4 3 2 34 85 6 9 8 3 2
1 |3 5 11 10 11 8 0 0 O 3 6 1113 7 8 0 0 O
2 |3 6 11 11 8 4 3 2 © 36 1111 7 4 6 0 O
X(LZV\/): 48.9915008066362410 48.9915008066421810
(b) Vertex ordering:
G 23 XLwy, [ 3 5 2 4 6 8 12 1 (1,10) 9
' X(L2wy), | 3 4 5 2 6 7 12 8 1 (110) 9
X(L*w) | 3 5 2 4 6 7 12 8 1 (110) 9
X(Lowy | 3 4 5 2 6 12 11 7 (110) 8 9
X(L2w) | 3 4 2 5 6 12 11 7 (110) 8 9
X(LBwy | 3 5 4 2 6 12 7 (110 11 8 9
XLy | 3 4 2 5 6 12 11 (110 7 8 9
eigenvector | 3 4 5 2 6 12 11 (1,10 7 8 9
Ggog | XW) [ 5 6 2 4 3 7 8 11 12 (110) 9
X(L2W), | 5 6 4 3 7 2 8 11 12 (1100 9
X(L3w), | 5 6 4 2 3 7 8 11 12 (1100 9
X(L*w), | 5 6 4 7 3 2 12 1 8 (1100 9
X(L*PwW) | 5 6 4 7 3 12 2 11 8 (1100 9
X(LBw), | 6 5 4 7 3 2 11 12 8 (1100 9
X(L*w), | 5 6 4 7 3 12 1 2 8 (1100 9
eigenvector| 5 6 4 7 3 11 12 2 8 (1100 9

Figure 8.8. () Isospectral graphs, "W and W sequences, matrices L*W;
(b) Vertex ordering of Gg 23 and Gg 24 cf. normalized NX(L°W);
and normalized first eigenvector values.
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It is useful that local values X(L*W); be normalized by dividing to the
corresponding global vaues (actualy NX(L®W); values - see Tables 8.7 and 8.8). At
large values of e, the NX values are superposed over the vertex weights (i.e., W, /2°W -
see’™) and a'so over the coefficients of normalized first eigenvector . Tables 8.7 and 8.8
offer NX data only for even values of e (for which the ordering is closer to that induced
by the normalized first eigenvector - see Figure 8.8(b)). This result is in agreement with
the suggestion of Bonchev et.al.®* to rather consider the closed walks (i.e., °SRW, values).
However, our results indicate a better correlation (0.995) with "W values (of even e
values) than with *SRW, values ( 0.977).%

Table 8. 7. Normalized NX(L%W); Values and Their Correlation with the
Coefficients of Normalized First Eigenvector, of Gg 3.

eigenvector | normalized NX(LSW); x 10°
el giq\gzecmr (L) (L2wW) (L) (L2SRW)
1 0.1847 5.9903 55734 5.6128 5.6477 35974
2 0.3966 12.8628 12.5986 12.8050 12.9548 15.7588
3 0.4823 15.6423 14.6547 14.7643 14.8401 21.3600
4 0.4145 13.4434 13.8359 13.8774 13.9006 15.0778
5 0.4078 13.2261 12.7587 12.7736 12.7670 16.1178
6 0.2712 8.7958 9.6846 9.5313 9.4184 8.4983
7 0.1747 5.6660 5.7881 5.6671 5.5935 4.6879
8 0.1039 3.3698 4.0015 3.8479 3.7435 2.3098
9 0.0484 1.5697 1.7165 1.6325 1.5862 0.6503
10 0.1847 5.9903 5.5734 5.6128 5.6477 3.5974
11 0.1899 6.1590 6.6061 6.5539 6.5110 3.6474
12 0.2246 7.2844 7.2298 7.3235 7.3896 4.7207
r = 0.99351 0.99492 0.99566 0.97727
s=0.08678 0.07389 0.19199 0.18375
Table 8. 8. Normalized NX(L®W), Vaues and Their Correlation with the
Coefficients of Normalized First Eigenvector, of Gg24.
eigenvector | normalized NX(LW); x 107
eigenvector
a0 (LW (L"*W) (LW  (LSRw)
1 0.1039 3.3699 4.0015 3.8479 3.7435 2.1647
2 0.2230 7.2327 7.3449 7.2302 7.1495 8.3657
3 0.2712 8.7961 9.6846 9.5313 9.4184 8.4982
4 0.3594 11.6567 11.2019 11.2105 11.2110 11.7223
5 0.5005 16.2331 16.4405 16.5834 16.6681 22.0785
6 0.4823 15.6423 14.6547 14.7643 14.8401 21.3601
7 0.3106 10.0739 9.9940 10.0990 10.1873 9.4761
8 0.1847 5.9903 55735 5.6128 5.6477 3.7423
9 0.0860 2.7893 2.7642 2.7755 2.7977 0.9095
10 0.1039 3.3699 4.0015 3.8479 3.7435 2.1645
1 0.2331 7.5603 7.1302 7.1759 7.2038 4.8208
12 0.2246 7.2844 7.2298 7.3235 7.3896 4.7207
r = 0.99351 0.99492 0.99566 0.97211
s=0.07084 0.03612 0.11162 1.16896
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8.5.2.2. "Wy Descriptors

Numbers "Wy (i.e., descriptors Wiener of higher rank)®® have proved a highly
discriminating capability. In this respect four graphs were selected: Gg1s @ Gsie:* and
Ge.s : Gszs,” (Figure 8.9). These graphs show degenerate DDS. Moreover these graphs
show identical sequences for several *W, numbers. The immediate consequence is the
degeneracy of the corresponding Wiener-type numbers. Results are listed in Table 8.9.

5\
57 4 3 v,
3 8 2 9/4 9—113—8' | A
| | f o | T 1 9—1Is—é1\ 1|3/6
R 1 7 2
4/\T/|\10/5\1 3/8\]:1/ ?\10/5\1 1/ \14/18\1 1w 1/7\14’18\17/]5<JD/2
9
6 7
s
Ggos Gs2s Gsis Gsis

Figure 8.9. Pairs of graphs with degenerate DDS. Ggas and Ggos : 11, 15, 16, 16, 5, 3
Gsisand Ggye : 17, 24, 29, 25, 26, 23,9

Table 8.9. Numbers ®Wy (of Rank 1 - 3) for the Graphs Ggos , Gg26, Gs.15and Ggis

e Ggos Gg26 Gg1s Gg16
YT 1] 1% 19 583 583
2 6692 6692 39173 39173
3| 227288 227252 2625203 2625299
Wie 1 196 196 583 583
2 10686 10686 70137 70097
3| 592184 592292 9051023 9066815
Whe 11 29.33333 | 29.35001 55.23572 55.23572
2 | 149.82250 | 150.01529 | 353.43560 353.43560
3| 762.56399 | 764.13899 | 2258.69928 | 2258.66741
Wop 1| 40 450 1638 1638
2 38171 38119 329089 329089
3| 3186855 3176484 65720352 65729760
W/vp 1 450 450 1638 1638
2 45940 45946 464101 463865
e\/\4_|p 1| 20.74287 | 20.76191 35.48334 35.48334
2| 79.35440 | 79.53998 | 154.70112 154.70112
3| 300.62484 | 301.76187 | 671.90912 671.89416
Winapepg 1| 3780 3491 33851 33396
2 | 2979036 2373482 | 155875988 | 155261932
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Pair Ggos : Gg2s and Ggis : Ggi1s show degeneracy among the topological
indices based on distances in graph (see Table 8.10. ). Numbers "W, are also degenerate
(even for some walk numbers of rank 2 : *Wpe and “Wie but not for *Wop and Wiy ).
The walk numbers of rank 3, *Wy, succeeded in separating both of these pairs of isomers.

Thewak numbers Wiy are constructed on any topological square matrix M. The
Schultz-type indices, particularly those path-calculated on the matrix combination: D, A,
M, (e.g., entries13 and 15 - Table 8.10) show good discriminating ability.

Table 8.10. Distance-Based Indices of the Graphs Gg 25, Gg2s, Gs1sand Ggis

Index Gg2s Gg26 Gsgis Gsa6
1 W 196 196 583 583
2 Hpe 29.33333 29.35 55.23571 55.23571
3 IP(CJD) 450 450 1638 1638
4 |E(CJD) 196 196 583 583
5 IP(RCJD) 26.47508 26.47508 54.26032 54.26245
6 IP(SZD) 1253 1310 7286 7264
7 |E(SZD) 196 196 583 583
8 IP(RXZD) 6.68064 6.48620 8.05156 7.74600
9| IP(SCHEAACID) 3833 3833 14438 14430
10 IE(SCH(aACID) 75 75 294 294
11| IP(SCH@ASD) 6369 6346 33499 33429
12| IE(SCHaASD) 75 75 294 294
13| IP(SCHpeacD) 514937 514001 7292966 7293518
14| 1E(SCHpeac) 42928 42841 416098 416098
15 IP(SCH (peaszD)) 1714455 1824190 38021230 38048434
16 |E(SCH (peaszD)) 216629 212995 3206482 3208168

8.5.3. Distance Measureby C- and X-Type Descriptors

Diudea™ evaluated the Manhattan distance, Dy, by using loca descriptors of
centrality and centrocomplexity (C- and X-type, respectively) derived on layer matrices
L°M. The set of testing graphs (Gs.27-Gs.30) iS that in Figure 8.10 (see also™). It can be
seen that these graphs are built from semi-hexes (denoted A and B) ranged in the
following sequence : (a) ABAB, (b) ABBA and (c) BAAB. It was proved (by circular
permutations>®) that there are only four distinct combinations: a-a, b-a, b-c and b-b.
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(@)

Gg27
LABAB:ABAB _
a a
G
828 I——ABBA:ABAB ]
a
Ge29 L ABBA:BAAB ]
b ¢
Gs30
LABBA:ABBAj
b b
(b)
e 1 2 3 4 5 6 7 8 9

2DDS(Gaz7-Gogg) 88 152 200 216 248 224 168 136 %

2 "WS(Gg27) 88 240 616 1648 4312 11440 30088 79592 209704
2 WS(Gg 28) 88 240 616 1648 4312 11440 30088 79592 209712
2 AWS(Gg 20) 88 240 616 1648 4312 11440 30088 79592 209712
2 "WS(Gg 20) 88 240 616 1648 4312 11440 30088 79592 209720

Figure 8.10. (a) Graphs with degenerate L C and L "W matrices.
(b) DDS and ®*WSof Gg27- Gg.30

Matrices LC and L*W (see Chap. Topological Matrices) degenerate in the set
Gs27 - Ggzp Which suggests that these graphs are very similar. Despite the fact that
matrices L°W are not more degenerated at e > 2, they only differ in the entries
corresponding to the remote vertices in graphs. Similar behavior shows the matrix LDS.
The X-type indices show little differences, with respect to these graphs. Better results
were obtained by using the C-type indices, when cal culating the Manhattan distance, Dy

.53

Dun =8 & (LM )iz - C(LM)ig](C(LOM)g +C(LM)i2) (8.44)
e |
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The results are listed in Table 8.11.

Table 8.11. Manhattan Distance Dy for the Graphs Gg 27 - Ggao.
(a) Dy Calculated with C(LDS); 10° (dsp = 20) Values.

graph Gso7 Gs2s Gs29 Gs30
Gozr 0 33760 55463 12136
Gpos 0 28633 34901
Gag.o9 0 5.8184
Gsao 0
(b) Dy, Calculated with C(L WS), 107 (dsp = 20; e = 2-6)
Mean Values.

graph Gsor Gsos Gso Gsa30
G2 0 11.8007 13.8506 11.0244
Ggos 0 6.6727 10.0055
Gs2o 0 11.0654
Gg30 0

The correlating arrays (a) and (b) (Table 8.11) show that the structure Ggo7 IS
closer to Gg3o and Ggog to Ggoo, the last pair being the closest among the whole set.
This result is confirmed by the sequences WS (Table 8.11(b)): they differ only at
elongation e = 9 thus demonstrating that al four structures are very similar. For the pair
Gsas : Ggzo the above sequences differ only for e = 13.

8.6. PATH, TERMINAL PATH AND CYCLE COMPLEXITY

In trees, path count superimposes on distance count: any two vertices in a
connected graph are joined by a path which is the shortest one and unique. In cycle-
containing graphs, more than one path may exist between two vertices. As the number of
paths increases as the complexity of structure increases.

In the above section, the Distance Degree Sequence, DDS, was considered in
comparing and ordering graphs. It was shown that graphs having degenerate (i.e.,
identical) DDS, provide degenerate topologica indices based on distances in graph. It is
conceivable that there exist graphs with degenerate All Path Sequence, APS The idea
may be extended to the detour degree sequence, DDS, dl Shortest Path Sequence, SPS, al
Longest Path Sequence, LPS, as well asto the Terminal Path Sequences, TPS, in graph.

All these six sequences give information on the graph complexity. They could
become criteria of smilarity, in comparing rather than ordering structures within a set of
molecules. None of them is unique for a certain structure, that is why they could not be
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criteria of isomorphism. In the following several selected structures are characterized by
the above sequences and similarity aspects are discussed.

8.6.1. Graphswith Degenerate Sequences. APS, TPS, DDSand/or DDS

The graphsin Figure 8.11 were published by Diudea et a.** and Dobrynin et a.>*
The pair Ggs; : Ggs, shows degenerate APS, DDS and DDS but different TPS. Clyj
indices calculated on it are degenerated excepting the corresponding reciprocal ones
(proving the degeneracy came out only at the operational level). Szeged indices solve the
degeneracy but only the path-calculated indices. Far more useful proved to be the
Schultz-type indices, as it can be seen in the bottom of Table 8.12.

The pair Gg 33 : Gg 34 iS reported to have not only the same APS but even the same
path sequence matrix.** However, the two graphs show different DDS Thisis reflected in
the different values of Harary index, Hp,, despite the degeneracy of the Wiener index
(i.e., the sum of al distances in graph). This pair aso shows degenerate DDS TPS Clyj
indices and the classical Szeged index, Sz = IE(SZD). Among the simple indices, only the
hyper-Szeged index, IP(&ZD), solves this pair. The Schultz-type indices |(SCH g1.am3),
are again more discriminating ones (boldface, in Table 8.12).

A 2

Gg.a1 Gsg.32

o

Ggz3 Ggz

Figure 8.11. Graphs with degenerate APS sequence.



The sequences of the graphs of Figure 8.11 are as follows:

Ggat:

TPS:
APS:
DDS

DDS:

Gg .

TPS.
APS:
DDS.
DDS

Gg33

TPS:

0.0.0.48.208.424.176.352.704.1408.2784.4912.8016.11216.13504.12992.6272.0...0

APS:

Symmetry and Similarity

5.14.18.22.22.8.0.0.0
10.17.19.19.14.4.0.0.0
10.17.14.4.0.0.0.0.0

5.2.5.15.14.4.0.0.0

5.14.18.22.24.8.0.0.0
10.17.19.19.14.4.0.0.0
10.17.14.4.0.0.0.0.0

5.2.5.15.14.4.0.0.0

269

93.186.348.576.848.1164.1680.2848.4672.3208.4080.4152.2544.3304.3200.2976.3136.0.
DDS: 93.118.84.132.200.274.316.358.248.68.0...0

DDS 13.18.20.24.44.140.48.96.96.192.192.0.0.144.0.288.576.0...0

Gg3z4
TPS:

0.0.0.48.208.424.176.352.704.1408.2784.4912.8016.11216.13504.12992.6272.0...0

APS:

93.186.348.576.848.1164.1680.2848.4672.3208.4080.4152.2544.3304.3200.2976.3136.0.
DDS 93.118.84.132.200.274.316.354.260.56.4.0...0

DDS: 13.18.20.24.44.140.48.96.96.192.192.0.0.144.0.288.576.0...0
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Table 8.12. Distance- and Path-Based Indices for the Graphs of Figure 8.11

| Gga1 Gg32 Ggz Ggz
wW 102 102 11741 11741
Hpe 24.1667 24.1667 422.9150 422.9120
w 178 178 23681 23681
Hpe 14.8833 14.8833 195.1464 195.1464
IP(CFD) 333 333 124897 124897
IP(RCFD) | 145401 | 145813 | 60.91107 60.91107
|E(CFD) 121 121 16917 16917
|P(CFD) 147 147 33491 33491
IP(RCFD) | 243000 | 245000 | 1182.963 1182.963
|E(CFD) 64 o4 7821 7821
IP(CJD) 297 297 120901 120901
IP(RCJD) 16.1472 16.1885 62.90328 62.90328
IE(CJD) 121 121 16917 16917
IP(CJD) 147 147 33491 33491
IP(RCJD) | 243000 | 245000 | 1182.963 1182.963
IE(CJD) 64 64 7821 7821
IP(SZD) 549 537 922067 929875
IE(SZD) 121 121 16917 16917
IP(SZD) 631 647 892955 802955
IE(SZD) 121 121 9781 9781
P(SCH A o) | 3255 3279 1504350 | 1504350
IP(SCHA  coy) | 2843 2847 1428474 | 1428474
IP(SCHpea crop | 177969 | 178041 | 20548161320 | 20553577720
IP(CHen cooy) | 133837 | 134529 | 10810608456 | 10812619902

8.6.2. Cycle Complexity

8.6.2.1. Cyclesin Graphs

By viditing the TP structure of agraph it is possible to count the cyclesin that
graph. The procedure works on a List of vertex neighborhood, (VN: Array[0..|V|,0..14] of

Integer) according to the construction Cg 1:
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Sear ching for Cycles:

Fori:=1, V| do
Foreachtp 1 TP (i) do {each termina path of vertex i}
For j:=1, VN[tp[0],0] do {all neighbors of the |last vertex}
If VN[tp[O] j]<> tp[tp[0] -1] then {vertex different from the last one}
For k:=1to tp[0] -2 execute { at least 3 verticesin acycle}
If tp[K]=VN]tp[Q],j] then { there exist cycles}
The vertex sequence tp[K].....tp[tp[O]] means a cycle
Endif;
EndFor;
Endif;
EndFor;
EndFor;
EndFor;

The above algorithm searches for cycles at the end of TP of a graph. It counts al
cycles, according to the observation that: “for any cycle there exists a termina path that
endsin that cycle”.

The list of cycles, provided by the algorithm, may be ordered cf. the cycle length
and then only the distinct cycles are listed, in increasing ring size order. A sequence of
cycle matrix SCy associated with the graph is thus constructed:

[SCyli; = No. of j-membered cycles traversing vertex i (8.45)

A global cycle sequence, CyS, isfinaly provided:

CySj =1/ )Q;ISCyl;; i =3 N (8.46)

The procedure is exemplified on the graph representing 2 Azabicyclo [ 2, 2, 1 — hept-5
en-3-one] (Figure 8.12):

Cycle counting as given by the above agorithm is an exact solution of the ring
perception problem very similar (but not identical) to the agorithm proposed by
Balducci and Pearlman.®®
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Figure 8.12. Cycle counting of 2 Azabicyclo[ 2, 2, 1 — hept-5-en-3-one], Gg.35
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(3) List of Distinct Cycles

4 5 3 6 7
1 3 5 4 2
1 3 6 7 4 2
(4) Sequence of Cycle Matrix, SCy:
0 0 0 0 1 1 0 0
0 0 0 0 1 1 0 0
0 0 0 0 2 1 0 0
0 0 0 0 2 1 0 0
0 0 0 0 2 0 0 0
0 0 0 0 1 1 0 0
0 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0
(5) Cycle Sequence, CyS: 0.0.0.0.2.1.0.0

Figure 8.12. (Continued)

Cycle counting can be used as a cycle complexity criterion, CyC: the increasing
lexicographic order of CyS shows the graph with the larger number of smallest rings,
which is the most complex and symmetrical among a set of isomeric graphs. A CyScan
be used as afirst fingerprint for a cycle-containing graph.

8.6.2.2. Cubic Graphs with Degenerate Sequences SPS, LPS, DDSand/or DDS
but Different Cycle-Count

Figure 8.13. presents a collection of 14 regular cubic graphs (i.e., graphs having
the degree 3 for al of their vertices) with N = 12 and degenerate sequences SPS, LPS,
DDSand/or DDS but different TPS, APSand CyS All these graphs show different cycle

sequences. The ordering of the graphs Ggmn , given by increasing lexicographic ordered
CysS, is shown in the following array:

CyS Lexicographic Ordering for the 14 Graphs of Figure 8.13

8.37. 0.0.0.1.6.12.10.11.22.20.8.1
8.36. 0.0.0.1.8.6.12.21.12.18.12.1
8.43. 0.0.0.3.0.20.0.24.0.24.0.1
8.42. 0.0.0.34.8.12.12.20.14.8.1
841. 0.0.0.34.8.12.13.22.14.12.1
8.40. 0.0.0.3.55.13.18.15.19.7.1
8.44. 0.0.0.4.0.16.0.29.0.36.0.1
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847. 0.0.04.28.14.9.26.10.12.1
848. 0.0.04.4.216.17.16.14.12.1
8.49. 0.0.04.4.4.12.16.20.16.12.1
8.45. 0.0.0.6.0.6.12.6.36.6.12.1
8.46. 0.0.0.6.0.8.0.36.0.36.0.1
8.39. 0.0.0.0.8.12.8.12.24.20.8.1
8.38. 0.0.0.0.9.9.9.18.18.18.12.1

All of them are Hamiltonian circuits. they can be drawn on a circle. Cycle

sequence can be aso used as a clustering criterion. Only three of the graphs in Figure
8.13 show all even-membered cycles (Gga3; Ggas and Ggue). Note also that Gg 46 and
Gg 45 are polyhedra (see als0™).

Half of the graphsin Figure 8.13 are full Hamiltonian detour graphs, FHD - (see

Chap. Cluj Indices) - property that could be another similarity criterion.

10 10 10
10 0
6//9 1 l517\ 6//9 12 L‘_]i\ \\%//3\ 6//9 2 L&
5~ T8 \s~ T8 =g St \ e TN
) ) LR Y
\ \ "\ \ 8~ / 5 N
Gsg.36 Gg 37 Gg.3s Gg.39
P 10 iy M=
1 / 6 712 57 103, LSSN
\ /| 83 N5l >27 7 2 7
7it—2 - A 11 [\? 11l
[ 3 \ 1 1\\ /> / // 3
12210 112 9 ~ 6—4
Gg.40 Gg.a1 Gg 42 Gg.as
12:10 9
3 3=
8_/\/\2\\_5 /8//’ 11/\\ 11/J/A./\\/ll
/ 10 4 7 6
\1 3—1//6 7\, /97 Y >10-1/
i £<9 \5%/6 12//
Gg.a4 Gg.as5 Gsg.46
7/1.0\ 1210 /12\\8
S 857 5% 5C, 105
8\ 5 \ 2/ 7
- W/ <, M
A a—9 0,/

Figure 8.13. Graphs with degenerate sequences SPS, LPS, DDS and/or DDS
but different TPS, APS, and CyS
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A simple similarity view indicates some clustering of these graphs, as shown

below:

SPS:

LPS:

DDS:

DDS:
DDS8. DDS;
FHD:

(8.37; 8.49); (8.40; 8.48)

(8.47; 8.49)

(8.36; 8.37);(8.38; 8.39);(8.40; 8.41; 8.42; 8.43)
(8.37; 8.42); (8.43; 8.44; 8.46)

(8.47; 8.48; 8.49)

(8.36; 8.39; 8.41; 8.45; 8.47; 8.48; 8.49)

The sequences and vertex orbits (identified according to the length of al terminal
paths starting from the vertex i, L(TPg(i))) for the graphs of Figure 8.13 are as follows:

Ggss: FHD

TPS:

APS;

SPS:

LPS:

DDS.

DDS

CyS

Vertex Orhits:

Ggar:

TPS:

APS;

SPS:

LPS:

DDS:

DDS:

CyS.

Vertex Orhits:

Ggas:

TPS:

APS;

SPS:

LPS:

DDS

DDS:

CyS.

Vertex Orhits:

0.0.0.0.0.16.88.184.384.736.464
18.36.72.140.236.388.560.676.704.600.232
18.36.28.0.0.0.0.0.0.0.0
0.0.0.0.0.0.0.0.0.0.232
18.34.14.0.0.0.0.0.0.0.0
0.0.0.0.0.0.0.0.0.0.66
0.0.0.1.86.12.21.12.18.12.1

{1,2,3,4}; {5,6,7,8}; {9,10,11,12}

0.0.0.0.0.8.56.216.468.648.488
18.36.72.140.246.382.546.698.738.568.244
18.36.38.0.0.0.0.0.0.0.0
0.0.0.0.0.0.0.0.0.20.244
18.34.14.0.0.0.0.0.0.0.0
0.0.0.0.0.0.0.0.0.2.64
0.0.0.1.6.12.10.11.22.20.8.1

{1234); {56,7,8}: {9,11}: {10, 12}

0.0.0.0.0.0.72.216.396.702.504
18.36.72.144.243.387.567.693.711.603.252
18.36.27.0.0.0.0.0.0.0.0
0.0.0.0.0.0.0.0.0.45.252
18.36.12.0.0.0.0.0.0.0.0
0.0.0.0.0.0.0.0.0.3.63
0.0.0.0.9.9.9.18.18.18.12.1
{1,2,35,6,89,10,11}; {4,7,12}
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Ggag: FHD

TPS.

APS:

SPS

LPS:

DDS

DDS.

CyS

Vertex Orhits,

Gsg.40:

TPS:

APS;

SPS:

LPS:

DDS

DDS:

CyS

Vertex Orhits:

Gga1: FHD

TPS:

APS:

SPS:

LPS:

DDS

DDS.

CyS

Vertex Orhits;

Gg42:

TPS:
APS:
SPS:
LPS:
DDS
DDS.
CyS
Vertex Orhits:

M. V. Diudeg, |. Gutman and L. Jantschi

0.0.0.0.0.0.48.240.432.688.496
18.36.72.144.248.384.560.704.728.592.248
18.36.32.0.0.0.0.0.0.0.0
0.0.0.0.0.0.0.0.0.0.248
18.36.12.0.0.0.0.0.0.0.0
0.0.0.0.0.0.0.0.0.0.66
0.0.0.0.8.12.8.12.24.20.8.1
{1,2,6,7,8,10,11,12}: {3,4,5,9}

0.0.0.0.4.28.88.210.420.564.496
18.36.72.132.227.375.543.673.690.530.248
18.36.36.0.0.0.0.0.0.0.0
0.0.0.0.0.0.0.0.0.42.248
18.30.18.0.0.0.0.0.0.0.0
0.0.0.0.0.0.0.0.0.4.62
0.0.0.35.5.13.18.15.19.7.1

{1,11}: {2,5,7,8}; {36} {4,9}; {10,12}

0.0.0.0.4.20.80.228.420.580.492
18.36.72.132.232.372.536.684.698.536.246
18.36.41.0.0.0.0.0.0.0.0
0.0.0.0.0.0.0.0.0.0.246
18.30.18.0.0.0.0.0.0.0.0
0.0.0.0.0.0.0.0.0.0.66
0.0.0.3.4.8.12.13.22.14.12.1

{12357.8}; {4,9): {6,11}: {10,12}

0.0.0.0.0.16.64.232.400.544.544
18.36.72.132.232.372.536.692.696.544.272
18.36.42.0.0.0.0.0.0.0.0
0.0.0.0.0.0.0.0.0.16.272
18.30.18.0.0.0.0.0.0.0.0
0.0.0.0.0.0.0.0.0.2.64
0.0.0.3.4.8.12.12.20.14.8.1
{1,2,34,56911}; {7,8,10,12}



Symmetry and Similarity

Ggas: H(12,5/5) =P©6,13)""

TPS:

APS;

SPS:

LPS:

DDS

DDS

CyS

Vertex Orhits,

Gga4:

TPS:

APS;

SPS:

LPS:

DDS:

DDS:

CyS.

Vertex Orhits:

Ggus: FHD

TPS:

APS;

SPS:

LPS:

DDS

DDS.

CyS

Vertex Orhits;

0.0.0.0.0.0.96.96.672.384.576
18.36.72.132.252.360.552.648.816.480.288
18.36.60.0.0.0.0.0.0.0.0
0.0.0.0.0.0.0.0.0.480.288
18.30.18.0.0.0.0.0.0.0.0
0.0.0.0.0.0.0.0.0.30.36
0.0.0.3.0.20.0.24.0.24.0.1
{1,2,3,4,5,6,7,8,9,10,11,12}

0.0.0.0.8.8.128.128.608.392.536
18.36.72.128.240.352.556.632.768.464.268
18.36.56.16.0.0.0.0.0.0.0
0.0.0.0.0.0.0.0.0.464.268
18.28.18.2.0.0.0.0.0.0.0
0.0.0.0.0.0.0.0.0.30.36
0.0.0.4.0.16.0.29.0.36.0.1
{1,2,356,7,8,11}; {4,9,10,12}

0.0.0.0.24.24.96.288.408.480.456
18.36.72.120.216.348.516.708.648.468.228
18.36.48.0.0.0.0.0.0.0.0
0.0.0.0.0.0.0.0.0.0.228
18.24.24.0.0.0.0.0.0.0.0
0.0.0.0.0.0.0.0.0.0.66
0.0.0.6.0.6.12.6.36.6.12.1
{1,2,34,5,6,7,89,10,11,12}

Gsas: H(12,3-3)

TPS:

APS;

SPS:

LPS:

DDS

DDS:

CyS

Vertex Orhits:

0.0.0.0.24.24.144.144.576.408.456
18.36.72.120.216.336.564.624.720.432.228
18.36.48.48.0.0.0.0.0.0.0
0.0.0.0.0.0.0.0.0.432.228
18.24.18.6.0.0.0.0.0.0.0
0.0.0.0.0.0.0.0.0.30.36
0.0.0.6.0.8.0.36.0.36.0.1
{1,2,345,6,7,8,9,10,11,12}
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Gga7: FHD

TPS: 0.0.0.0.8.32.80.252.428.492.504

APS: 18.36.72.128.230.370.522.694.680.498.252
SPS: 18.36.46.0.0.0.0.0.0.0.0

LPS: 0.0.0.0.0.0.0.0.0.0.252

DDS. 18.28.20.0.0.0.0.0.0.0.0

DDS. 0.0.0.0.0.0.0.0.0.0.66

CyS 0.0.04.2.8.14.9.26.10.12.1

Vertex Orbits. {1,3,6,11}: {2,5,7,8}, {49}, {10,12}

Ggag: FHD;, H(12,3623)

TPS: 0.0.0.0.8.56.80.232.416.520.472

APS: 18.36.72.128.220.376.536.672.664.496.236
SPS: 18.36.36.0.0.0.0.0.0.0.0

LPS: 0.0.0.0.0.0.0.0.0.0.236

DDS 18.28.20.0.0.0.0.0.0.0.0

DDS: 0.0.0.0.0.0.0.0.0.0.66

CysS 0.0.04.4.2.16.17.16.14.12.1

Vertex Orbits: {1,2,3,5,6,7,8,11} ; {4,9,10,12}

Ggs9. FHD

TPS. 0.0.0.0.8.24.88.224.416.520.504

APS; 18.36.72.128.220.364.540.676.680.512.252
SPS: 18.36.38.0.0.0.0.0.0.0.0

LPS: 0.0.0.0.0.0.0.0.0.0.252

DDS. 18.28.20.0.0.0.0.0.0.0.0

DDS. 0.0.0.0.0.0.0.0.0.0.66

CyS 0.0.04.4.4.12.16.20.16.12.1

Vertex Orbits: {1,2,3.4,5,6,9,11} ; {7,8,10,12}

* Hamiltonian circuit symbol (see Sect.8.7)
** Petersen generalized graph (see Sect.8.7)
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Table 8.13. Distance-and Path-Based Indices for the Graphs of Figure 8.13

I \G G8.36 GS.37 GS.38 G8.39 G8.40 GS.41 GS.42 G8.43 G8.44 GS.45 GS.46 G8.47 G8.48 GS.49

w 128 128 126 126 132 132 132 132 136 138 144 134 134 134
w 726 724 723 726 722 726 724 696 696 726 696 726 726 726

IP(CFD) 1282 1332 1218 1286 1381 1385 1376 1476 1582 1434 1578 139 1402 1410
IE(CFD) 358 456 369 418 403 452 476 648 640 450 648 472 374 416
IP(CFD) 66 72 75 66 78 66 72 15 156 66 156 66 66 66
IE(CFD) 18 18 18 18 18 18 18 18 18 18 18 18 18 18

[P(CJD) 1152 1168 1134 1146 1202 1210 1242 1338 1360 1242 1452 1238 1222 1226
IE(CJD) 358 456 369 418 403 452 476 648 640 450 648 472 374 416
IP(CJD) 66 72 75 66 78 66 72 156 156 66 156 66 66 66
IECJD) 18 18 18 18 18 18 18 18 18 18 18 18 18 18

IP(SD) 1258 1294 1218 1246 1358 1376 1408 1536 1572 1458 1696 1418 1394 1406
IE(SZD) 358 456 369 418 403 452 476 648 640 450 648 472 374 416
IP(SZD) 66 110 120 66 152 66 110 1326 1326 66 1326 66 66 66
IE(SZD) 18 34 36 18 46 18 32 648 648 18 648 18 18 18

From Figure 8.13 and Table 8.13 it can be seen that sequences SPS, LPS, ad
particularly DDSand DDS induce a clustering among the set of these structures. The
consequence is the degeneracy of indices based on distances and detours, respectively.
The cluster of full Hamiltonian detour graphs, FHD, show a minimal value for the

detour-based indices: IP(MD); M = CJ, CF and SZ: min IP(M?) =§;g. Also, the
a

corresponding edge-computed indices show a minimal vaue
min 1E(M?) =|E|=3N/2 in cubic graphs. The distance-based Cluj and Szeged
hyper indicesare all different: IP(CJD)* IP(CFD) ! IP(SZD).

8.6.3. Families of Graphswith Degenerate Sequences and Rearrangements

8.6.3.1. Spiro-Graphs with Degenerate Sequences

Figure 8.14 illustrates a set of spiro-graphs (i.e., graphs having two simple cycles
incident in a single collapsed atom). These graphs represent the spiro-copy of the graphs
Gs27-Gg 30. The two families show degenerate sequences, TPS, APS, DDS, DDS, and CyS
for the spirofamily being presented below. It is obvious that a calculation of some
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chemical distance by using such sequences is impossible. Obviously, the four spiro
structures are very similar. Moreover, a whole list of Tl based on these sequences are
degenerated (Table 8.14 includes only the distance- and detour-based indices which are
degenerated).

\ /22 21\ /22 23 n\ /22 23 22 23
P < P 3< A \ \2/_
6 6 6 _
35 % A 4 > / /E\ 4 5 A 25 6 SB 25
A N Nes? 2 Ny ~Npgql A0 N % N\
N36 26 % 5 1| 26 >3 287 N
34\1'71‘!3 A Ja AN 1|7 l 2 1 | 34\1|719 I10 L/zs 1'7 1I/36 =7 L =
o Tl ® 97 D " 3 Y o2 &7 Dz oz Ny @2 ¢ N
\14_16/ N\ B—167 N 15—16] \15— 17
B—12 13— B 12 2
o o Vo of o ‘» o\ 2 o o '\»
Ggso Ggs1 Ggs2 Ggs3

Figure 8.14. Spiro-graphs with degenerate TPS, APS, DDS, DDS, and CyS sequences
The degenerate sequences for the spiro-graphs of Figure 8.14 are as follows:

TPS:  16.40.80.136.200.244.416.496.536.912.1160.1200.1728.1328.448.0...0
APS:  40.76.128.188.264.356.488.592.768.1056.1248.1360.1408.832.224.0...0
DDS 40.76.116.132.120.82.48.16.0...0

DDS  16.4.0.0.0.2.0.0.4.32.72.104.176.164.56.0...0

CyS 0.0.0.0.0.4.0.0.0.0.0.15.0...0

Table 8.14. Topologica Indices for the Spiro-Graphs of Figure 8.14.

Index Gsso Gss1 Ggs2 Gss3 Similarity
1 W 2624 2624 2624 2624 degenerated
2 Hpe 196.190476 | 196.190476 | 196.190476 196.190476 | degenerated
3 w 7856 7856 7856 7856 degenerated
4 Hpe 66.175980 66.175980 66.175980 66.175980 degenerated
5[ IP(CFD) 56732 56736 56740 56732 | Ggeo- Goms
6 IP(RCFD) 132.450543 | 132.441500 | 132.432463 | 132.450531 |discriminated
7 IP(CFD) 6064 6064 6064 6064 degenerated
8| IP(RCFD) | 259.478160 | 250.367049 | 250.478160 | 259.033715 | Ggso- Gaso
9 IP(CJD) 45408 45408 45408 45408 | degenerated
10 IP(RCJD) 139.544074 | 139.544098 | 139.544095 | 139.544126 |discriminated
1|  IPCID) 5752 5752 5752 5752 | degenerated
12| IP(RCID) | 250.858843 | 250.747732 | 250.858843 | 250.414398 | Ggso- Gesa
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Table 8.14 (Continued)
13| IP(SCHpaAcFp)) | 717320 717516 717712 717320 Gs.s0- Ggs53
14 IP(SCHaACFD)) 79984 79984 79984 79984 degenerated
15| IP(SCH@aacip)) | 498708 498712 498712 498716 Ggsi- Gss2
16| |P(SCHAACID) 74216 74216 74216 74216 degenerated
17| IP(SCHpaasD)) | 795024 795032 795032 795040 Gas1- Gas2
18| IP(SCHpaagD) | 682600 682612 682600 682648 Gs.50- G52
191 P(SCH(pen cro)) | 1842206288 | 1843228300 | 1844250520 | 1842206400 |discriminated
20| |P(SCH(pencrDy) | 140244912 | 140244732 | 140244672 | 140244672 | Ggsp- Ggss
21| 1P(SCH(pea.cop)) | 1021397364 | 1021397421 | 1021396876 | 1021398568 |discriminated
22| |P(SCH(peacipy) | 135360880 | 135360700 | 135360640 | 135360640 | Ggsp- Gess
23 I P(SCH (Dea crp)) 17815556248 | 17825108344 | 17834666560 | 17815549848 |discriminated
24| |P(SCH(peacr D)) | 1322993536 | 1322992844 | 1322993536 | 1322990768 | Ggso- Gese
25 IP(SCH (De.cip)) 10099587348 | 10099580053 | 10099581748 | 10099569368 |discriminated
26| |P(SCH(Denci)) | 1271920544 | 1271919852 | 1271920544 | 1271917776 | Ggso- Gese
27 IP(SCH(Dea sz0)) 3169720572 | 3169684668 | 3169689676 | 3169638748 |discriminated
28| | P(SCH (Dea szy) | 2484822748 | 2484806956 | 2484852940 | 2484699196 (discriminated
29 IP(SCH (Deas70)) 28437624492 | 28437008460 | 28437077836 | 28436253676 |discriminated
30| |P(SCH(pe ) | 22416183548 | 22415626044 | 22416183548 | 22413953532 | Ggso- Gase

A very interesting behavior is shown the Cluj and Szeged indices, both as basic
indices and as Schultz-type composite indices (Table 8.14). Indices induce different
clustering within this set (indicated in the last column of Table 8.14). Only the reciprocal
Cluj-distance indices, among the basic indices, discriminated the whole set (boldface
values). Among the composite indices, those constructed on distance were more
discriminating than those based on detours or adjacency. Since different indices induce
different clustering, the occurrence of one or another cluster may be used in drawing the
similarity in a set of structures, anyhow, very related.
Despite the degeneracy of TPS, the length of al terminal paths starting from the
vertex i, L(TPg(i)), (as LTP descriptor, in Table 8.15) succeeded in separating the orbits
of equivalent vertices in al these structures.




282 M. V. Diudeg, |. Gutman and L. Jantschi

Table 8.15. Vertex Orbits VO's, of the Graphs of Figure 8.14 and Their LTP Values.

Gg 0 Ggs1 Ggsp Ggs3

VO LTP VO LTP VO LTP VO LTP
{14914y 1817 {4 1724 4 1752 {414} 1696
{14} 1789 {19 1817 (1,9} 1938

(1} 1845 {14} 1882

{99 1910

(2712177 2598 {2} 2578 2.8 2578  {2.8,12,18] 2590
(3813180 2701 {8 2500 {1317} 2610 {37317} 2709
(5101520} 2914 {17} 2598 (37} 2689 {511,15,19}) 2922
(611,16,19) 2932 {12} 2610 {1218} 2721 {6,10,1620} 2924

(3} 2689 (511 2902

(18} 2701 (6,10} 2912

{7+ 2709  {16,20} 2934
{13}y 2721 {1519} 2944

{58 2902
{68 2912
{20} 2914
{1} 2922
{10y 2924
{19y 2932
{15} 2934
{16} 2944

(21222526, 2840 {2122) 2818 {2122,2627} 2818 {21,22,2627, 2832
20303334} 2952 {2627} 2832 {30313334} 2854 29,30,3435 2960
(23273135 G182 {3334 2840 {2325 2938 (p3053; gy 3190
{24,28,32,36) {2930 2854 {2935} 2974 (545835 36)

{36} 2914 {2428} 3168

{23} 2938 {3236} 3204

{35} 2952
{250 2960
{31} 2974
{244 3168
{28} 3190
{32} 3204

8.6.3.2. Spiro-Graphs with Degenerate Rearrangements

Again the terminal paths proved to be useful descriptors in separating the vertex
orbits and again the spiro-graphs (Figure 8.15) show interesting properties. Thus, the
graph Ggss.o Mmay be viewed as a knot in 3D optimized geometry Ggsap). IN @ 3D
configuration, Ggss , 100ks like Ggss ¢ (atrue catenand).
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By crossing two edges, say Gsss-a {(2,5); (9,12)} results in Ggs5(a) {(5,20);
(2,19)}. Thislast graph, by afurther crossing process: Ggss a{(7,9); (16,15)}
Ggss b {(7,15); (9,16)} lead to the isomorphic graph Ggss b. The renumbering of Ggss b
offers alabeling (asin Ggss ¢) that preserves the connectivity in Ggss a. Thus Ggss ¢ is

automorphic with Ggss a. In other words, the crossing process Ggss a Ggss b
represents a degenerate rearrangement.
4——3
/A
(R
L 15 17
ﬂ\\lo W
\19— 207
12——13
Gg54 a Gg-55_d
43 4 3 43
6/ \1 6/ \1
8//\ /]%18 8/\\7 162//\18 5/\\7 16//\2
5_ 2 | | 5.\/ 8\ /18 |
| | 16720 s | 19%20 | | 17711
1 / \/17 LR P 20 1579 \ 19
g /1 4 ¢ S T T
\12_13 12_13/ \13_12
Gg.s5 a Gg.s5 p Gg.5 ¢

Figure 8.15. Spiro-graphs and a degenerate rearrangement
Ggss a {(7,9);(16,15)} Gess b {(7,15);(9,16)}

The sequences and vertex orbits (identified according to the length of al terminal

paths starting from the vertex i, L(TPg(i))) for the spiro-graphs of Figure 8.15 are as
follows:

Ggm4
TPS: 0.0.0.0.16.16.16.16.48.48.160.224.224.0.0.0.0.0.0
APS: 24.40.56.72.120.144.160.240.320.336.480.448.224.0...0
DDS 24.40.44.32.32.18.0.0.0.0.0.0.0.0.0.0.0.0.0
DDS. 0.0.0.0.0.2.0.0.4.32.40.56.56.0.0.0.0.0.0
CyS 0.0.0.0.0.4.0.0.0.0.0.16.0.0.0.0.0.0.0.0

Vertex Orbits.  {1,6,10,14}; (2,3,4,5,7,8,9,11,12,13,15,16,17,18,19,20}
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Ggss

TPS: 0.0.0.0.8.8.8.56.72.72.120.216.216.0.0.0.0.0.0
APS: 24.40.56.72.120.156.188.300.340.324.420.432.216
DDS: 24.40.50.52.24.0.0.0.0.0.0.0.0.0.0.0.0.0.0

DDS. 0.0.0.0.0.0.0.0.6.16.56.28.84.0.0.0.0.0.0

CyS 0.0.0.0.0.2.0.0.8.0.0.9.0.0.0.0.0.0.0.0

Vertex Orbits: {1,6,10,14} {2,3,4,5,12,13,19,20} ; { 7,8,9,11,15,16,17,18}

8.6.3.3. A Family of FHD Cubic Graphs

Figure 8.16 illustrates a collection of cubic graphs, (in projection, 8.16 (a) and as
3D view, 8.16 (b)) whose point molecular symmetry is Cay (the first three) and C, (the
last two). Note that the structure Ggs;, was published by Diudea et. a.” in the Gg 57
representation (Figure 8.17). Also note that Gg ¢ is a polyhedron (see Gg s, andalso™).

\11
Ggs6a Ggs7-a Ggsga
1615 16 15
710 7=<10
/e(\ \ 7 | N
9 _6
814 | N1~ 12 14 \ll/g\\12

Figure 8.16.a. A family of FHD cubic graphs ( projection )
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V\/

16—1 /
8/\\/ Wi

5——1

Ggsg b

Ggeo-b

Figure 8.16.b. A family of FHD cubic graphs (3D view)

The sequences and vertex orbits (identified according to the length of al terminal
paths starting from the vertex i, L(TPg(i))) for the spiro-graphs of Figure 8.16 are as

follows:

Ggse

TPS:  0.0.0.0.0.36.84.156.396.708.1332.2166.2364.2544.1212

APS:  24.48.96.180.318.576.975.1569.277.973.1519.1573.844.1878.606
SPS.  24.48.54.42.0.0.0.0.0.0.0.0.0.0.0

LPS: 0.0.0.0.0.0.0.0.0.0.0.0.0.0.606

DDS 24.42.39.15.0.0.0.0.0.0.0.0.0.0.0

DDS:  0.0.0.0.0.0.0.0.0.0.0.0.0.0.120

CyS 0.0.0.3.6.1.9.18.31.48.39.46.54.30.16.1
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Ggsr

TPS.
APS:
SPS
LPS:
DDS.
DDS.
CyS

Ggss

TPS.
APS:
SPS
LPS:
DDS.
DDS.
CyS

Ggso

TPS.
APS;
SPS
LPS:
DDS.
DDS.
CyS

Gseo

TPS:
APS:
SPS:
LPS:
DDS
DDS.
CyS.
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0.0.0.0.0.0.36.108.216.696.1560.2220.2820.3132.1308
24.48.96.192.354.636.1086.1668.352.1288.1936.1784.1336.172.654
24.48.66.0.0.0.0.0.0.0.0.0.0.0.0

0.0.0.0.0.0.0.0.0.0.0.0.0.0.654

24.48.48.0.0.0.0.0.0.0.0.0.0.0.0

0.0.0.0.0.0.0.0.0.0.0.0.0.0.120
0.0.0.0.6.7.12.27.28.24.54.76.54.36.16.1

0.0.0.0.0.12.36.108.384.654.1404.2370.2328.2808.1380
24.48.96.180.333.621.1011.1557.280.1066.1780.1724.1018.430.690
24.48.69.0.0.0.0.0.0.0.0.0.0.0.0

0.0.0.0.0.0.0.0.0.0.0.0.0.0.690

24.42.54.0.0.0.0.0.0.0.0.0.0.0.0

0.0.0.0.0.0.0.0.0.0.0.0.0.0.120
0.0.0.3.3.1.21.21.16.42.42.52.60.24.16.1

0.0.0.0.0.0.0.48.240.816.1572.2346.2796.2910.1548
24.48.96.192.369.657.1071.1683.430.1354.817.1151.1387.181.774
24.48.81.0.0.0.0.0.0.0.0.0.0.0.0

0.0.0.0.0.0.0.0.0.0.0.0.0.0.774

24.48.48.0.0.0.0.0.0.0.0.0.0.0.0

0.0.0.0.0.0.0.0.0.0.0.0.0.0.120
0.0.0.0.3.11.21.15.18.39.66.69.48.33.16.1

0.0.0.0.0.0.12.132.276.576.1344.2436.2928.2748.1512
24.48.96.192.354.612.1056.1716.370.1168.1822.1258.1366.210.756
24.48.66.48.0.0.0.0.0.0.0.0.0.0.0

0.0.0.0.0.0.0.0.0.0.0.0.0.0.756

24.48.36.12.0.0.0.0.0.0.0.0.0.0.0

0.0.0.0.0.0.0.0.0.0.0.0.0.0.120
0.0.0.0.6.11.6.15.48.33.30.69.72.36.16.1

Vertex Orbits {1}; {2,6,9}; {3,4,7,10,13,14} ; {5,8,11,12,15,16}



Symmetry and Similarity 287

All graphs shown in Figure 8.16 are well discriminated both by sequences (see
above) and topological (2D) indices (Table 8.16): IP(CJD) ! IP(CFD) * IP(&D). All
these graphs have the same vertex orbit structure (see above). The pair Ggs7 : Ggso SHOWS
degenerate DDS and, of course the corresponding Wiener and Harary degenerate indices.
For this pair, the SPS is not degenerated. This family represents a cluster among the cubic
cages with 16 vertices and girth® (i.e., the smallest circuit in a cage) 3 4: they al are FHD
graphs, with degenerate DDS and degenerate indices based on detours. The LPS fully
discriminates among these structures.

As shown above, the FHD graphs show a minimal value for the detour-based

: aN o
indices: IP(MD); M = CJ, CF and SZ, min IP(M?) = g 5 = and the corresponding edge-
4]

computed indices show a minima vaue, in these cubic graphs,
minlE(M?) =|E|=3N/2

Table 8.16. Topologica Indices for the Graphs of Figure 8.16.

| Gsse Ggs7 Gsss Ggs9 Gseo
W 285 264 270 264 276
Hpe 61.7500 64.0000 63.0000 64.0000 63.0000
w 1800 1800 1800 1800 1800
Hpe 7.9999 7.9999 7.9999 7.9999 7.9999
IP(CFD) 4692 4059 4035 4050 4476
IE(CFD) o2 804 981 981 1149
IP(CFD) 120 120 120 120 120
|E(CFD) 24 24 24 24 24
IP(CID) 4194 3558 3408 3576 4146
IE(CJD) o2 804 762 981 1149
IP(CJD) 120 120 120 120 120
IE(CJD) 24 24 24 24 24
IP(ZD) 4848 2098 4002 4104 4734
IE(SZD) A2 804 762 981 1149
IP(SZD) 120 120 120 120 120
|E(SZD) 24 24 24 24 24

As they represent a family is supported by the structure of their edge orbits of
automorphism (Table 8.17 - as given by MOLORD a gorithm).
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Table 8.17. Edge Orbits of Automorphism of the Graphs of Figure 8.16.

G A B C D E F
Gome | L2, | G, | 5G9, | G, 29, G10),
we). | @14). | @112, | 816) 2.4). (45),

19 | (710 | (1516) | (12.15) 6.7). (7.16),

(6,14), (8,14),

(9,10), (10,15),

9,13) (12,13)

G8.57 (1!2)1 (3713)1 (518)7 (5111)1 (213)1 (315)1
we), | 414), | au12), | (816), 2.4), (4,11),

(1,9) (7100 | (1516) | (12,15) 6.7), (7.8),

(6,14), (14,16),

(9,10), (10,12,

(9,13) (13.15).

Ggss (1,2), (3,13), (5,8), (5,11), (2,3), (3,12),
(1,6), (4,14), (11,12), (8,16), (2,9, (11,13),

19 | (710 | (1516) | (12,15) 6.7). 4.8),

(6,14), (5,14),

(9,10), (7,15),

(9,13) (10,16)

G8.59 (1!2)1 (518)7 (315)1 (2113)v (3112)1
(L6), 1L12), | (41), 39), (11,13),

(1,9) (1516) | (7.8), (2,14), 4.8),
(14,16) (4,6), (5,14),

(1012), | (6.10), (7.15),

(13.15) (7.9) (10,16)

GS_GO (112)1 (518)’ (213)’ (3112)1
(1,6), (11,12), (2,9, (11,13),

(1,9 (15,16) (6,7, (4,8),

(6,14), (5,14),

(9,10), (7,15),

(9,13) (10,16)

(3.9),

(4,12),

(7.9),

(14,16),

(10.12),

(13.15)

It can be seen that, for the first three graphs, Ggs6t0 Ggss, the orbits denoted by A
to E are identical. Only the orbit F is different. These three graphs may be called basic
members of the family.
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The two remaining graphs may be viewed as derivative members since Ggso
shows a combination of the F orbits of Ggs7 and Ggsg with a new orbit E, while Gggo
represent a different combination of the same F orbits but preserving the E orbit of the
basic members of family. The structure of edge orbits was confirmed by calculating the
Wiener index of rank 3 on the distance matrix of their line gaphs, 3\ND(|_1). Any other
mixing of the edge orbits (i.e., changing in their connectivity) provides graphs no more
belonging to the family of FHD graphswith girth 3 4.

Another nice property is encountered in Ggsy : the degenerate rearrangements
(Figure 8.17). Note that it is the unique member of this family showing such a property.
The crossing process herein considered was monocrossing (i.e., a par of edges
interchange one of the two endpoints while the other one remain as an aready existing
edge belonging to a different orbit — see below) and triplecrossing (i.e., three pairs of
edges are interchanged as above mentioned). The trivia full crossing (possiblein al basic
members of family) was not considered.

Ggs7 ¢ Ggs7 d Ggs7 e

Figure 8.17. Degenerate rearrangements of Ggs7

The degenerate rearrangements of Ggs;are asfollows:

(1) Monocrossing: Ggs7 (D/IC) —— Ggsy
(the boldface pairs are edges belonging to the C orbit)

(1) ® (81) (513 @ (512 12,15 ® (1216

@ g5 5160 © @219 ® aus) @ (816 ® (815
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(2) Triplecrossing:

(@) Ggs7 (FIB) —— Ggsy

(the boldface pairs are edges belonging to the B orbit)

B9 ® (513
(1315) ® (315)

(41) ® (1114 (7.8 ® (810
(141§ ® (416) (1012) ® (712)

(b) Ggs7 (E/B) —— Ggs7
(the boldface pairs are edges belonging to the B orbit)

(23 ® (213 (24 ® (219
(913 ® (39) (6149 ® (4,6)

(67) ® (610
910® (7.9

The graph Ggs7.q (Figure 8.17) represents the monocrossing rearrangement (1, c)
and Ggs7-e denotes the triplecrossing rearrangement (2, b).

When the Manhattan distance, Dy, was evduated by using the calculated
sequences, the dissimilarity (increasing) ordering was as follows:

Table 8.18. Dy of Structures of Figure 8.16, by TPS

Ggsy Ggss Gss9 Gs60
Gome | 873 265 1023 867
Gaor 0 708 732 678
Goms 0 672 582
Gss9 0 510

Increasing dissimilarity orderingis. (Ggs7- Gssg), (Gs.56- Gsss),
(Ges9- Ggen), (Gg.s8- Ggen), (Goss- Ggs9), (Ges7 - Gg.e0), (Ggs7 - Gess),
(Gss6- Geen), (Gas6- Gasr), (Gase - Ceiso).



Symmetry and Similarity

Table 8.19. D), of Structures of Figure 8.16, by APS

Ggsy Ggss Gss9 Gs60
Gomo | 3582 2302 4420 3558
Gasr 0 1356 2142 1050
Goe 0 2006 1580
Gags9 0 1534

Increasing dissimilarity ordering is: (Gg57 - Ggeo), (Gss7- Gs.59),
(Gss9- Ggeo), (Gs.58- Gseo), (Gas7- Ggso), (Gas6- Gass), (Gess - Ga.s9),
(Gss6- Geen), (Gas6- Gasr), (Gase - Ceis).

Table 8.20 Dy, of Structures of Figure 8.16, by SPS

Ggs7 Ggss Gsso Gse0
Gome | 4 57 69 18
Gesr | O 3 15 78
Ggss 0 12 51
Ggso 0 63

Increasing dissimilarity ordering is. (Ggs7 - Ggss), (Gsss- Gs.s9),
(Ggs7- Ggs9), (Gss6- Ggen), (Ggs7- Ggen), (Gsss- Gseo), (Gass - Gs.57),
(Ggs6- Gess), (Gaso - Gg.60), (Gase - Ggiso).

Table 8.21. Dy of Structures of Figure 8.16, by DDS

Ggs7 Gsss Gss9 Gs60
Gsss 30 30 30 12
Ggs7 0 12 0 24
Gsss 0 12 36
Gss59 0 24

Increasing dissimilarity ordering is. (Ggs7 = Ggso), (Ggs7- Gg.59),
(Ggss- Ggs9), (Gss6- Ggen), (Gas7- Ggen), (Gss9- Gseo), (Gass - Gs.57),
(Gss6- Gess), (Gas6- Geso), (Gass- Ceeo).-
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Table 8.22. Dy of Structures of Figure 8.16, by CyS

Ggs7 Ggss Gsso Gse0
Gome | 99 60 2 107
Gasr | O 111 81 100
Gass 0 86 131
Gsso 0 117

Increasing dissimilarity ordering is. (Ggs6.Gss8), (Gss7- Gsso),
(Gass- Ggsa), (Ga.s6- Ges7), (Ggs7- Ggen), (Gsse6- Geeo), (Ggs7- Gaisg),
(Ggs6- Ge9), (Ge59- Geen), (Gass- Ceeo)-

By following the occurrence of graphs within the above pair ordering, the most
dissmilar three graphs according to each sequence are: TPS (Ggse , Gs.57, Ggep); APS
(Gs:s6, Gass , Gas0); SPS (Gas6, G50, Gs.60); DDS (Ggs6 , Gaiss » Ge.60) and CyS(Gsss
Gs.59, Gg.60), With the most dissimilar three graphs cf. to all five criteria Gg 56, Ggs9 and
Gsg.eo - Conversdly, the most similar pair is Gg 57 -Ggsg. In alarger set of structures such
an analysis would be, of course, more reliable.

For other aspects about symmetry and similarity in molecular graphs, the reader
can consult refs %1%

8.7. HIGHLY SYMMETRIC STRUCTURES

A molecular structure having al substructures of a given dimension {.e., the
number of its edges ¢eg) equivaent is called a structure S, transitive. Thus, a transitive
structure shows a single orbit of the fragments of dimension ge¢.'®

The present section refers to the topological symmetry of some geometrical
structures, irrespectively they were already synthesized or are only paper molecules.

In the last two decades, the synthesists have made considerable efforts for
building, a molecular level, highly symmetric geometric structures, in the hope that the
Euclidean symmetry must induce unexpected molecular properties. Platonic polyhedra: **
194 tetrahedron, cube, prism and dodecahedron have been synthesized. In the last years,
the fullerenes (polyhedra having faces of five and six atoms) have opened awide field of
research. Many articles deal with the synthesis and functionalization of fullerenes, but
also with related theoretical aspects (quantum chemica or topological calculations).



Symmetry and Similarity 293

Dendrimers, hyper-branched structures, with spherical shape and strictly tailored
constitution represent another new field of interest for the scientists also referred to as
supramolecules. They can be functionalized and used for simulating enzymatic reactions
(i.e., host-guest reactions'®).

As a tool for the symmetry perception the MOLORD dgorithm™® >* *® was
chosen. The Layer matrices on which the indices are computed, are given (when needed)
in line form.

8.7.1. Cube Orbits of Automor phism

Cube is a polyhedron having 8 vertices and 12 edges dl equivaent (i.e.,
characterized by the same graph-theoretical parameter). Moreover, subgraphs of two
edges are topologicaly indistinguishable. Only the fragments of three edges (and larger)

can be separated. Thus, the cube isastructure S, S and S transitive. Figure 8.18 shows
the cube orbits of automorphism, with respect to three edge fragments: a{ 8}; b{24} and
c{24} (the number of equivalent fragments given in brackets). Representative fragments
are depicted by bold line.

Values of the indices C(LDS); and X(LDS); are written under the corresponding
structures. The ordering is here less important.

In opposition to the cube, the M6bius cube (Figure 8.18) isonly & transitive. Its
edges (n = 1) show two orbits : a{8} and b{4}. Fragments of two edges (n = 2) show two
orbits: a{ 8} and b{ 4} . Fragments of three edge (n = 3) show 6 orbits: a{8}; b{8}; c{16};
d{8}; e{8} andf{8}.

The values of indices for the fragments of three edges were derived from the Ly
line graph, since the index X(LDS); does not discriminate between the fragments of type
e and f. These fragments each represent only four distinct (i.e., real) fragmentsin Lg. Of
course, other layer matrices and other descriptors may be used for better discriminating of
fragments.
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Cubee n=3 m=3.

a{8} b{24} c{24}
C(LDS); 0.0913954 0.0353079 0.0942267
X(LDS); 0.1752666 0.0605440 0.1296610
Mobius cube;
n=1 m=1 n=2 m=2
a{8} b{4} a{8} b{16}
C(LDS; 0.2394121 0.1535427 0.0963721 0.0942267
X(LDS); 0.2213018 0.2097303 0.1325248 0.1296610
n=3 m=4
a8} b{8} c{16}

C(LDS);  0.1268254 0.0450731  0.0449867
X(LDS);  0.2165225 0.0774384  0.0773797

d{8} e{8} f{8}

C(LDS); 0.0403467 0.0394806 0.0394582
X(LDS); 0.0765613 0.0781188 0.0781098

Figure 8.18. Fragments of cube and M6bius cube and local values Siy(in)
cf. MOLORD dgorithm (fragment occurrence in brackets).
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8.7.2. Homeomor phic Transformsof Tetrahedron

An insertion of vertices of degree two on the edges of a graph is caled a
homeomorphic transform.*® In molecular graphs such a transformation can be achieved
by various fragments. -CH,- (methylene), -CH»-CH,- (ethylene) etc. and it results in the
lowering of the strain energy of smal rings. Figure 8.19 illustrates some possible
homeomorphic transforms of tetrahedron (another Platonic solid"**), which, completed by
additional connections, could lead to highly symmetric structures. Similar reactions are
suggested in Figure 8.20, starting from the Schlegel projection of tetrahedron.

Note that some of the intermediates appearing in Figures 8.19 and 8.20 are red
chemical compounds. Among these, adamantane is considered the stabilomere in the
series of C,, cyclic hydrocarbons.™®” Asamolecular graph, adamantane shows two vertex
orbits: a{4} and b{6} but its edges are all equivalent (see its line graph L1, in Figure
8.21), the graph being $; trangitive. On the other hand, adamantane is a bipartite graph, so
it is not surprising that its edges are equivalent whereas its vertices are not. The
equivalence of edges (.e., covaent bonds) in six member rings (practicaly without
tension), condensed by following the tetrahedron faces (see Figure 8.19) explains the
exceptiona stability of adamantane.

LDS: 12 [23,69,92,92]
L°SRW: 12[93,279,372,372]

Gse1

Figure 8.21. Line graph Ly of adamantane and its matrices L DS and L *SRW.

8. 7. 3. Other Routesfor Some Highly Symmetric Structures

Successive transforms of the Mdbius cube (Figure 8.22) could lead to the well
known, symmetric, graphs: Petersen'® and Heawood,'®® respectively. Their actua
pictoria representation is Mobius cube patterned.
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@ VYR @ % ¥5®

Maobius prisme

YT @ %Y@
Mobius cube

YTIR® %YTE®
Adamantane Petersen graph

Figure 8.19. Homeomorphic transforms of tetrahedron.

3x1 vertices, 1 vertex
3 edges

Tetrahedron

S @ 3 edges %

Triciclo[5.2.1.0"'% decane Petersen graph

3x3 vertices 1 vertex
3 edg&s

Heawood graph

Figure 8.20. Homeomorphic transforms of tetrahedron (Schlegel projections).
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. / .
Mobius cube
(
- .

Heawood graph

Figure 8.22. Homeomorphic transforms of Mobius cube.

Furthermore, the Heawood graph can be derived from the cube and the
diamantane, a hydrocarbure obtained by condensing two adamantane units, **° as shown
in Figure 8.23.

%=
=T T

Heawood graph
Diamantane Heawood graph

Figure 8.23. Synthesis of Heawood graph.

From Figures 8.19-8.23 it is obvious that the retrosynthesys of chemica
structures eventually based on the Peterson and Heawood graphs could follow various
ways and various inter mediates.
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Finaly, the célebre Desargues-Levi graph** used as a reaction graph®® is
presented. Diudea’’ proposed its derivation from a tetramantane. Figure 8.24 shows this
synthesis and the Desargues-Levi graph designed by Randic, as two interlocked
adamantanes.

4 edges

Tetramantane Desargues-Levi graph
Diudea representation Randic representation

Figure 8.24. Synthesis of Desargues-Levi graph from tetramantane.
Petersen and Heawood graphs, together with two of generalized Petersen graphs

(see below) are illustrated in Figure 8.25. Their characterization according to the
sequences (see Sect. 8.6) and vertex orbitsis further presented.

6— 1 10— 3
\ /
12/

Petersen Graph Heawood Graph P72 = P75
Ps2) = Psp) H(45,5) = P(7,3= P79
(@ (b) (c)
Desargues-Levi Graph (a-c) = Puog)

Figure 8.25. Highly symmetric graphs.
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The sequences of the graphs shown in Figure 8.25 are as follows:

Petersen Graph = P2) = P(s3)

TPS: 0.0.0.0.0.0.120.360.240

APS: 15.30.60.120.180.240.300.300.120
DDS 15.30.0.0.0.0.0.0.0

DDS: 0.0.0.0.0.0.0.15.30

CyS 0.0.0.0.12.10.0.15.10.0

Vertex Orbits: {all vertices}

Heawood Graph = H145_5)

TPS: 0.0.0.0.0.0.0.0.672.672.1680.1008.1008

APS: 21.42.84.168.336.504.840.1176.1680.1680.56.1008.504
DDS 21.42.28.0.0.0.0.0.0.0.0.0.0

DDS: 0.0.0.0.0.0.0.0.0.0.0.42.49

CyS. 0.0.0.0.0.28.0.21.0.84.0.28.0.1

Vertex Orbits: {all vertices}

Generalized Petersen Graph, P(72) = Pzs) = P7,3 = P74
H(14,6,-4,5,7-54,-6,-54,4,-7,4-4,5)

TPS: 0.0.0.0.0.0.56.84.392.826.1120.1512.840

APS: 21.42.84.168.301.525.826.1148.1582.868.1596.1176.420
DDS 21.42.28.0.0.0.0.0.0.0.0.0.0

DDS 0.0.0.0.0.0.0.0.0.0.0.0.91

CyS 0.0.0.0.7.7.16.21.14.35.42.28.14.1

Vertex Orbits: {1,2,3/4,5,6,7}; {8,9,10,11,12,13,14}

Desargues-Levi Graph = P103)

TPS:

0.0.0.0.0.0.0.0.240.240.1440.1200.6240.6480.14160.10080.17760.7440.4560

APS:
30.60.120.240.480.840.1560.80.2000.1600.80.520.680.2000.1720.2160.2080.880.2280

DDS 30.60.60.30.10.0.0.0.0.0.0.0.0.0.0.0.0.0.0
DDS 0.0.0.0.0.0.0.0.0.0.0.0.0.0.0.0.0.90.100
CyS 0.0.0.0.0.20.0.30.0.132.0.150.0.420.0.300.0.100.0.1

Vertex Orbits: {al vertices}
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A generalized Petersen graph,"'® *** denoted Ppnj), is a cyclic comb graph,
composed of acycle C,, and n branches of unit length. By joining all the termina vertices
of the comb graph with their (clockwise) j'h neighbors one obtains the P(nj) graph. In this
notation, the original Petersen graph is P(s2) = P3). Itisa S transtive graph, showing
various geometric symmetries, function of its pictorial representation.™* For example, the
representation in Figure 8.25 the apparent symmetry is Dsp. It is neither a FHD graph,
nor a Hamiltonian circuit graph (see below).

A Hamiltonian whedl graph, denoted Hnj),™ is constructed by periodic joining
of n points of a cycle graph, Cp, clockwise or anticlockwise. In this notation, the
Heawood graph is H(14, 5.5. Some Petersen generalized graphs, such as P75 (= Pgs) =
P73 = Pz4)), ae a the same time Hamiltonian whedl graphs (possess N-membered
circuits - see CyS, in Figure 8.25), such as they may be symbolized like the Heawood
graph. However, in many cases, as in the case of P72, such a symbol is cumbersome.
This graph isthe single FHD graph in Figure 8.25.

The Desargues-Levi Graph'™ (Figure 8.25, a - c) is another example of
generalized Petersen graph, symbolized as Pop). It is dso an Ss transitive graph. Its
cyclesare al everrmembered ones.

For these graphs, Table 8.23 includes the values of most important topological
indices used in this book.

Table 8.23. Topologica Indices of Some Highly Symmetric Graphs

I Petersen Heawood Pw.2) Desargues-Levi
w IS 189 189 500
Hpe 30.0000 51.3334 51.3334 89.5000
w 390 1141 1183 3520
Hpe 5.2083 7.2692 7.0000 10.2632
IP(CFD) 405 2415 2499 11740
|E(CFD) 135 1029 602 3000
|P(CFD) 90 217 91 460
|E(CFD) 60 60 21 30
IP(CJD) 405 2415 2177 11410
IE(CJID) 135 1029 602 3000
IP(CJID) 90 217 91 460
IE(CJID) 60 60 21 30
IP(SZD) 405 2779 2429 13240
|E(SZD) 135 1029 602 3000
IP(SZD) 405 2443 91 10090

|E(SZD) 135 1029 21 3000
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Chapter 9

ELEMENTS OF STATISTICS

The design of molecular structures with desired physico-chemica or biologica
properties is the major target of the molecular topology. An insight of a set of molecules
could reveal the crucia factors involved in the structure-property relationship.

This is performed by the aid of some molecular descriptors €.g., topologica
indices) and/or the regression analysis, within various models §.e., algorithms). The
results of this analysis have a diagnostic meaning (e.g., the partitioning of a molecular
property into fragmental contributions to a computed global property) and a prognostic
one (e.g., the estimation of a molecular property from some fragmental mathematical or
physico-chemical properties). The topologica characterization of the chemical structures
allows their classification according to some similarity criteria. The regression analysisis
based on some basic statistics.

9.1. ELEMENTARY CONCEPTS

Elementary statistical concepts providing the necessary foundations® for more
specific expertise in any area of dtatistical data analysis are briefly discussed.

Because of gpace limitations, the reader is invited to consult more detailed
textbooks.””

9.1.1 Mean values

Let X beastring of n values X1, Xo, ..., X3. The following main indicators are
most used:

Arithmetic mean AM (X) is the number calculated by:

én. X
AM (X) = ‘:1n (9.2)
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Geometric mean GM(X) is obtained by:

GM(X) = n/é X; = exp(AM(n(X)) 92)
i 7

Note that for n = 2k, k integer, the expression for GM can be indeterminate if the product
P X; is negative.
Harmonic mean HM (X)) is the number given by:

HM(X) = —

=1/ AM (1/ X) 9.9
g 1
a
i=1
Eulerian Mean EM (X) is calculated as:

X;

949
Median value m(X) is the number given by:
Iee 0
'lgx n+tX n T/2, for neven
mx)=i§ PG PGD ©95)
X et for n odd ’ '
I p(=9)
| 2
p suchthat Xp is ordered
9.1.2. Indicatorsof Spreading
Hereafter, M(X) denotes any mean vaue (9.1-9.5).
Dispersion D is the number given by:
Dm(X) = EM(X - M(X)) (9.6)

and is ameasure of spreading of X values around the mean value M(X). The subscript M
isthe label for the type of mean around the statistical indicator considered. If the label is
missing, the arithmetic mean AM is assumed.

Sandard deviation s is the number calculated as:

su(X) = /n/(n- 1) Dm(X) (9.7)
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Absolute mean deviation am is the quantity:
amu(X) = AM(abs(X - M(X))) (9.8)

It is called variance (s, ant, D% the square of any deviation (s, am, D).

O0.2. CORRELATIONS

Correlation is a measure of the relation between two or more variables. The
correlation coefficient is a measure of linear dependencies of two or more series of data
and is not dependent on the measurement scales of series.® Correlation coefficients range
from -1.00 to +1.00. The value of -1.00 or +1.00 represents a perfect linear correlation
while a value of 0.00 represents a lack of linear correlation.

The most widely used correlation coefficient is that of Pearson, r, also called
linear or product-moment correlation.”

9.2.1. Pearson Correlation, r

Let X and Y be two series of data
The quantity defined by:

m(X,Y) = AM (XY) - AM (X)AM (Y) 9.9)

is called the second degree moment or covariance or correlation of the two data through
the numeric series before considered.

The Pearson correlation coefficient, r is given by:

_ m(X.Y)
r(x,Y) = (9.10)
Am(X, X)xm(Y,Y)
The quantity n(X, X) provides the same values as the square dispersion of X:
D*(X) = (X, X) (9.11)

Among all these quantities, the correlation coefficient is more often used for the Statistical
characterization of the correlation between two series of data.

The higher is n{X, Y) the greater is the functional dependence between Xand Y,
and r becomes higher too. When r = 1 the correlation reaches the maximum, and X and Y
become directly proportional.

The smdler is (X, Y), the stronger is the functional dependence between X and
Y, but this time Y decreases with increasing X. When r = -1, the correlation is at the
minimum value, X and Y are changing in an inversely proportional manner. The above
relations are true, of course, for alinear correlation.
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9.2.2. Rank Correlation. Spearmanr and Kendall t

The rank correlation is used especially when the series of inputs do not have
rigorous values, being affected by systematic errors. In such a case, the only useful
parameter is the position of measurement in the ordered string (file) of these ones.

We now introduce the notion of rank: the rank is the position of a measured value
in the string of the measured values ordered in an increasing manner. Consider the series
X1, Xa . .., % and the permutation

p{L...n}® {1,.,n}: Xp@iy £ Xp(+y » LEIENL 9.12)

that put into increasing order the measurements, namely the rank of X is X, (j) (see dlso
thesamep ineq 9.5).

Let bethe series Xg, Xo, ..., Xqpand Y1, Y, . . ., Y and (according to 9.12) p1, p2
permutations that put in order X and Y, respectively:

Xp1@) £ Xpy(i+): Ypo() EVpy(ivy. 1EIEN-L (9.13)
and let be
d =p1(K)- Po(K), LEkEN,and d=S |dy. (9.14)

If d = O then the considered series are on the same order and there is a perfect
correspondence of ranks.
Taking into account that:

AM(p,) = AM (p,) = ”7” ©.15)

the Spearman correlation coefficient r (correlation of rank), is obtained by performing
the Pearson r calculations for p, and p, variables:

n
68 df
r(X,Y)=1(p1p2)=1- ——>— (9.16)
n(n< - 1)

Detailed discussions upon the Spearman r statistic can be found in refs.*® ™

In order to define the Kendall correlation coefficient we need to introduce the
functions K1 and K2 according to:

Ky()=[kp2(K) <p2 @), py(k)<py() k<i} (9.17)

that is the number of ranksin Y smaller than the rank i from Y and in the series of X the
ranksfrom 1toi;
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Ko@) =l{kb o (k) >p5(0), pi(k)<pi(), k<i] (9.18)

that is the number of ranks from Y larger than the rank i from Y and in the series of X, the
ranksfrom 1 to i. The quantities:

P= 1-py()+Ka(); Q=n-pa(i)-KeD); S=Pi+ Q; S=(S)gen (929
once caculated, the Kendall correlation coefficientt is obtained as:

t(X,Y) = ﬁ AM (S) (9.20)

Note that: (i) k = 1 when both series are in the same order p; = p,; (ii) k = -1 when both
series are in the opposite order p1 op » =1y . Therank correlation is successfully used at
Genetic Programming. ™"

Kendall t and Spearman r statistics are comparable in terms of their statistical
power. However, the two statistics are usualy not identica in magnitude because their
underlying logic, as well as their computational formulas are very different. Siegel and
Castellan™ express the relationship of the two measures in terms of the inequality:

1E3t-2x £1 (9.21)

More importantly, they imply different interpretations: While Spearman r can be
thought as the regular Pear son product-moment correlation coefficient as computed from
ranks, Kendall t rather represents a probability. Specificaly, it is the difference between
the probability that the observed data are in the same order for the two variable vs the
probability that the observed data are in different orders for the two variables. For details
see the refs, **°

9.2.3. Corréationsin Non-Homogeneous Groups

A lack of homogeneity in the sample from which a correlation was calculated can
be another factor that biases the value of the corrdation. Imagine a case where a
correlation coefficient is calculated from data points coming from two different
experimental groups but this fact is ignored when the correlation is calculated. Let us
assume that the experimental manipulation in one of the groups increased the values of
both correlated variables and thus the data from each group form a distinctive cluster in
the scatterplot.

In such cases, a high correlation may result that is entirely due to the arrangement
of the two groups, but which does not represent the true relation between the two
variables. If you suspect the influence of such a phenomenon on your correlations and
know how to identify such subsets of data, try to run the correlations separately in each
subset of observations.
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9.3. REGRESSION MODELS

Regardless of their type, two or more variables are related if in a sample of
observations the values of those variables are distributed in a consistent manner. In other
words, variables are related if their values systematically correspond to each other for
these observations.

The general purpose of multiple regression (the term was first used by Pearson,'®
1908) is to learn more about the relationship between several independent (or predictor)
variables and adependent (or criterion) variable.

In general, multiple regression alows the researcher to ask (and hopefully answer)
the genera question what is the best predictor of ...

The most frequently used multiple regression is multiple linear regression because
this type of regression offers maximum capability in prediction.”” Firgt of dl, it is
assumed that the relationship between variablesislinear. In practice this assumption can
virtualy never be confirmed; fortunately, multiple regression procedures are not greatly
affected by minor deviations from the linearity. However, it is prudent to always look at
bivariate scatterplot of the variables of interest. If curvature in the relationshipsis evident,
one may consider either transforming the variables, or explicitly alowing for nonlinear
components.

Once this so-called regression line has been determined, the analyst can now easily
construct a graph of the expected (predicted) values and the actual values of dependent
variable. Thus, the researcher is able to determine which position is below the regression
line, above the regression line, or at the regression line.

9.3.1 Loss Function in Regression Models

The loss function (the term loss was first used by Wald™® in 1939) is the function
that is minimized in the process of fitting a model, and it represents a selected measure of
the discrepancy between the observed data and data predicted by the fitted function.

For example, in many traditional linear model techniques, the loss function
(commonly known as least squares) is the sum of squared deviations from the fitted line.
One of the properties of that common loss function is that it is very sensitive to outliers.
A common aternative to the least squares loss function isto maximize the likelihood or
log-likelihood function.

Let Y be a string of measured data and Y a string of predicted Y vaues. The loss
function is of the form:

los(,Y)= § f (Y- Y) (9.22)

wheref isapositive function (f : A ® A,).
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Mode parameters are determined by minimizing the loss function
loss(Y, Y) = min. (9.23)

Minimization of Risk. Least Squares Method

A well known estimation model for parameters is based™ on the minimization of
risk defined as mean of square loss function, (promoted by Kolmogorov®®) best known as
the least squares method. Expression of loss function is

f(2)= 7 (9.29)

Many papers™?® have described different approaches of the estimation model
based on the loss function. Most used are presented in the following:

Fisher®* introduced the maximum likelihood method given by®

2
f(g=1- ¢ /2 (9.25)
Newman and Waad proposed the minimax method given by afunction
=14 (9.26)

Bayes (1750), was first that introduced maximum aposteriory probability method by
10, z<D(2)/2
“Iy s b2
where D isthe dispersion (see egs 9.6, 9.11).
In many variants of the least squares, weighted |oss functions are used
f1(2) = w¥(2 (9.28)

wherew is aweight dependent on values of dependent variable Y, independent variable(s)
X or predicted variable Y.

A widely used weighted function is (see ref.*® p. 168)

~\2
loss= loss(Y, Y, X)= § K%L (9.29)
i

f(2) (9.27)

This method will yield more stable estimates of the regression parameters (for
more details, see™®).

An interesting model is obtained if expression of regression mode is written in
implicit form

gy, V)=e (9.30)
when the loss function becomes
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loss(Y, Y) = é f (g(Y,Y)) (9.31)

This kind of modd is useful when both the predicted variable and the predictor variable
are affected by measurement errors?’

9.3.2. SimpleLinear M odel

Let X be an independent variable and Y a dependent variable (Y = Y(X)). The
linear model assumes that Xand Y are linked in a dependence of the form

Y=Ip+bbX Y=Y+e (9.32)

where e isthe residue of the estimate of Y.

The loss function for the mode is defined as in eq 9.24-9.28. The parameters b,
and b, are determined by eq 9.23.

For the most of the cases, the loss function is the minimization of risk and the
valuesfor parameters are:

_ AM(XY) - AM(X)AM(Y)

D= - AMEG T A —DiAM(9 (9.33)

9.3.3. MultipleLinear Model

Let Y be a dependent variable, and independent variables X2, ..., X° where p < n,

n being the number of experiments (Y1, Y2, ..., Yn). The mode for multiple linear
regression is
Y=bo+ X+ X2+ .+ bpXP; Y=Y+e (9.34)

The coefficients can be obtained by applying egs 9.22- 9.24 (for other cases, see egs
9.25-9.28) when results a system of linear equations

fam((ex - v)2))

0B =0, whereB' =[bo,bx, ...,by (9.35)
with solution (if exists): ‘
B=CZ% C=[AMX Y)ockep andZ= [AMX* )] oz kigp (9.36)

As aregression power measure the Pearson r, is used:

rpO¢, X2, X, V) = r(Y,Y) (9.37)

or multipler, namely ry :
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XL X2, XP YY) = JAM (- Am v))?) (9.39)
AM (Y - AM (Y))?)

9.3.4. Other Regression Models

In pharmacology, the following model is often used to describe the effects of
different dose levels of adrug

Y =by- by——*

_ 9.39
1+ (X /by) 59

In this model, X isthe dose level (X3 1) and Y is the responsiveness, in terms of
the percent of maximum possible responsiveness.

The parameter b, denotes the expected response at the level of dose saturation
while b, is the concentration that produces a half-maximal response; the parameter b,
determines the dope of the function.

For specific problems, non-linear regression models are used.?®*

9.4. REDUCTION TO LINEAR MODELS

According to the concept of linear dependence, a regression equation is linear if
the functiona dependence between the considered variables can be linearized.
Transforming the independent variables can be achieved following the procedures
described in ref.*® p. 560. The estimation of the u parameters for this procedure is not
iterative in nature, but is accomplished by expanding the terms of the regression model
for the transformed predictor variables in a first-order Taylor series. For example, the
following regression equations

Y=alog(X)+b; Y=a(WX)+b; Y=a(e)+b; log(l’Y)=aX+b (9.40)
can be linearized and the dependence can be associated with the linear model

Y=az+b (9.41)
where the new independent variable z is obtained by substitutions®”
Z=log(X); Z=UX; Z=€&"or Z=¢' (9.42)

We can minimize the residual sums of squares for the regresson model, after
transforming the dependent variableviaZ=Y" (ut 0), or, best known Z = log(Y) (see
log P calculations and correlating studies).®** Note that this kind of substitutions require
that all values of Y be greater than zero. For details see refs***>%

Another extension of linear regresson model can be obtained when the error
factor influences both variables involved in the regression. In this case, the formulas for
the validation of regression parameters have different form.?’
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9.5. FACTOR ANALYSIS AND PCA

Thurstone first introduced the term factor analysis®® The factor anadysis is

applied in connection with a variant of multiple linear regression, which applies
successively the simple linear model to the non-explicated data®

Sepl. Yi=a+bxh  yl=v-v!
Sep2. Y=z a,+b,X%  Y?P=Y!l-Y?

Sepp. YP=a,+bpXP; YP=YPl_yP e=YP (9.43)
which, in terms of multiple linear regression is:

SepS. YP=(a+ @+ ...+ g) + X+ boX2+ L+ bpXPre;
YP=y_yP (9.44)

Note that this technique of multiple linear regression leaves unchanged the values b; (1 £1i
< p). The values b are invariants at the application of any additiona step k = p of
regression. This technique is referred to as the Principal Component Analysis PCA.©*

The main applications of factor analysis techniques is to reduce the number of
variables p and to detect structure in the relationships between variables, that to classify
variables***® Therefore, factor analysis is applied as a data reduction or structure
detection method.*** Many excellent books on factor analysis dready exist.*®* The
interpretation of secondary factors in hierarchical factor analysis, as an alternative to
traditional oblique rotational strategies, is explained in detail in ref.>® At the heart of
factor analysis is the problem of regression coefficients by, evaluated usually via LS (least
sguares) procedures. In most of the cases, this problem is solved via the Householder
method.>*

9.6. DOMINANT COMPONENT ANALYSIS, DCA

It is a variant of linear multiple regression and/or PCA. The method starts with

the observation that in regression equations (9.34) and (9.44) the descriptars Xy, Xs,..., Xp
are intercorrelated.
DCA approach proposes a method of orthogonalization of independent variables

involved in the regression equation. In this way, a new set of non-correlated descriptors is
created. Note that in this type of multi-linear regression the best correlation score makes
the selection of the next descriptor from the set of descriptors. The agorithm of DCAis:

Sep 1. Makelinear regressions. Y'=a X'+ b ; Y'=Y=-Y'; i=1 ..p;
Letke  r(Y, X" = max {r(Y,X"),i=1, ... p};
Make 1-variate regressions. W'=a; X" +h; W' =X'-W'; it k.
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Sep2. Makelinear regressions: Y'= AW'+B;; Y =YX =Y it k;

Letk2:  r(Y*, W)= max {r(Y*W"),i? ki};
Make 2-variate regressions W' = a, X '+ by X2+ ¢; W =X'—W';

it ky,ko.

StepB.MakeIinearregrons:YizA@Wi+ Bi; YizYlQ—Yi; i1 ky ko

Letk3:  r(YPWR) = max{r(Ye W), it ki, ko};

Make 3-variate regressions. Wi =a; X+ b X+ ¢ x':

W =X"“W'; it ki ko

(9.45)

The orthogona descriptors are X k1 (Step 1), W k2 (Step 2), W k3 (Step 3), etc.
Coefficients in the regression equation

Y=ai X+ a, We+aswe+ . (9.46)

are obtained through substitutions in the algorithm equations (Step 1, ...) or making
multiple linear regression (eq 9.46).
The method was first reported by Randic™ and further in refs>>

* * %

In more genera terms, there are three types of multiple regression: standard
regression, forward stepwise regression and backward stepwise regression.®®*

In standard regression al variables will be entered into the regression egquation in
one single step. This is the most frequently used case, which is also described in (9.34-
9.36).

In forward stepwise regression the independent variables will be individualy
added or deleted from the model at each step of the regression, depending on the choice
based on the statistical significance of the regression equation, until the best mode is
obtained. This is the case both in PCA and DCA, aso described in egs 9.43, 9.44 and
9.45, 9.46.

In backward stepwise regression the independent variables will be removed from
the regression equation one at a time, depending on the researcher choice, until the best
regression model is obtained. This last procedure is more flexible, it could be made at an
equation of the form (9.34-9.36), (9.43, 9.44) and (9.45, 9.46).

For the cases when the independent variables are highly intercorrelated, and
stable estimates for the regression coefficients cannot be obtained via ordinary least
squares methods, the ridge regression analysis™®® is used.
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O.7. TESTS FOR VALIDATION

We can test differences between groups (independent samples), differences
between variables (dependent samples), and relationships between variables. For
regression equations, tests are called significance tests.

9.7.1. Differences Between | ndependent Groups

Usually, when we have two samples that we want to compare concerning their
mean value for some variable of interest, we would use the ttest for independent
samples; alternatives for this test are the Wald-Wolfowitz runs test, the Mann-Whitney U
test, and the Kolmogorov-Smirnov two-sample test.

9.7.1.1. Thet-Test for Independent Samples

The t-test is the most commonly used method to evaluate the differences in mean
values between two groups. Theoretically, the t-test can be used even if the sample sizeis
very smdl (< 10).

The normality assumption can be evaluated by looking at the distribution of the
data or by performing a normality test. The equality of variances assumption can be
verified by the F test, or by using the Levene test. If these conditions are not met, then the
differences in means between two groups can be evauated by using one of the
alternatives to the t-test.

The p-level included in t-test represents the probability of error involved in
accepting the research hypothesis about the existence of a difference. Technicaly
speaking, thisis the probability of error associated with the rejecting of the hypothesis of
no difference between the two group populations when, in fact, the hypothesisis true.

Some researchers suggest that if the difference is in the predicted direction, you
can consider only one half (one tail) of the probability distribution and thus divide the
standard p-level reported with at-test by two (a two-tailed probability).

9.7.1.2. Wald-Wolfowitz Runs Test

This test assumes that the variable under consideration is continuous, and that it
was measured on at least an ordinal scale (i.e., rank order).

The Wald-Wolfowitz runs test assesses the hypothesis that two independent
samples were drawn from two populations that differ in some respect, i.e., not just with
respect to the mean, but also with respect to the general shape of the distribution. The
null hypothesis is that the two samples were drawn from the same population. In this
respect, thistest is different from the parametric t-test, which strictly tests for differences
in locations (means) of two samples.
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9.7.1.3. Mann-Whitney U Test

The Mann-Whitney U test is a nonparametric dternative to the t-test for
independent samples. The procedure expects the data to be arranged in the same way as
for the t-test for independent samples.

Specificaly, the data file should contain a coding variable (independent variable)
with at least two distinct codes that uniquely identify the group membership of each case
in the data.

The Mann-Whitney U test assumes that the variable under consideration was
measured on at least an ordina (rank order) scale. The interpretation of the test is
essentially identical to the interpretation of the result of at-test for independent samples,
except that the U test is computed based on rank sums rather than means (it is a measure
of differencesin averageranks. TheU test isthe most powerful (or sensitive) aternative
to the t-test; in fact, in some instances it may offer even a greater power to reject the null
hypothesis than the t-test.

With samples larger than 20, the sampling distribution of the U statistics rapidly
approaches the normal distribution.®* Hence, the U dtatistics (adjusted for ties) will be
accompanied by a z value (normal distribution variate value), and the respective p value.

9.7.1.4. Kolmogorov-Smirnov Test

The Kolmogorov-Smirnov test assesses the hypothesis that two samples were
drawn from different populations. Unlike the parametric t-test for independent samples
or the Mann-Whitney U test, which test for differences in the location of two samples
(differences in means, differences in average ranks, respectively), the Kolmogorow-
Smirnov test is also sengitive to differences in the general shapes of the distributions in
the two samples, i.e., to differences in dispersion, skewness, etc.

9.7.2. Differences Between Dependent Groups

If we want to compare two variables measured in the same sample we would use
the t-test for dependent samples. Alternatives to this test are the Sign test and Wilcoxon's
matched pairs test. If the variables of interest are dichotomous in nature (i.e., pass vs. no
pass) then McNemar's Chi-square test is appropriate.

9.7.2.1. The t-test for Dependent Samples

The t-test for dependent samples helps us to take advantage of one specific type
of design in which an important source of within-group variation (or so-called, error) can
be easly identified and excluded from the anaysis.

Specificaly, if two groups of observations (that are to be compared) are based on
the same sample which was tested twice €g., before and after a treatment), then a
considerable part of the within-group variation in both groups of scores can be attributed
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to theinitial individua differences between samples. Note that, in a sense, this fact is not
much different than in cases when the two groups are entirely independent (see the t-test
for independent samples), where individual differences also contribute to the error
variance. Note that in the case of independent samples, we cannot do anything about it
because we cannot identify (or subtract) the variation due to individua differences in
subjects. However, if the same sample was tested twice, then we can easily identify (or
subtract) this variation.

Specificaly, instead of treating each group separately, and analyzing raw scores,
we can look only at the differences between the two measures (e.g., pre-test and post test)
in each sample.

By subtracting the first score from the second one for each sample and then
analyzing only those pure (paired) differences, we will exclude the entire part of the
variation in our data set that results from unequal base levels of individual subjects. This
is precisely what is being done in the t-test for dependent samples, and, as compared to
the t-test for independent samples, it always produces better results (i.e., it is dways more
sengitive).

Paired differences

Let Y1 and Y 2 be two variables, which estimate the same measured property.
Then, let be

D=Y!-Yv?2 (9.47)

Variable D (paired differences) provides the mean AM(D) and next the standard deviation
isobtained as

(D) = \/ﬁ(AM(DZ) - AMZ(D)) (9.49)

In this case, the associate (calculated from experimenta data) t-vaue will be

{2 AM(D) Jn-1
S(D) AM(D?) |
AM?(D)

(9.49)
1

9.7.2.2. Sgn Test

The sign test is an alternative to the t-test for dependent samples. The test is
applicable in situations when the researcher has two measures (under two conditions) for
each subject and wants to establish that the two measurements (or conditions) are
different. Each variable in the first list will be compared to each variable in the second
list.
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The only assumption required by this test is that the underlying distribution of the
variable of interest is continuous; no assumptions about the nature or shape of the
underlying distribution are required. The test simply computes the number of times
(across subjects) that the value of the first variable (Y ) is larger than that of the second
variable (Y ?). Under the null hypothesis (stating that the two variables are not different
from each other) we expect this to be the case about 50% of the time. Based on the
binomia distribution we can compute a z value for the observed number of cases where
Y' > Y?, and compute the associated tail probability for that z value.

9.7.2.3. Wilcoxon Matched Pairs Test

This procedure assumes that the variables under consideration were measured on
a scale that allows the rank ordering of observations based on each variable and that
allows rank ordering of the differences between variables (this type of scale is sometimes
referred to as an ordered metric scale® Thus, the required assumptions for this test are
more stringent than those for the Sgn test.

However, if they are met, that is, if the magnitudes of differences (e.g., different
ratings by the same individual) contain meaningful information, then this test is more
powerful than the Sgn test.

In fact, if the assumptions for the parametric t-test for dependent samples
(interval scal€e) are met, then this test is amost as powerful asthe t-test.

9.7.2.4. McNemar Chi-square
Thistest is gpplicable in situations where the frequencies in the table in form
& BO
ic D;
represent dependent samples. Two Chi-square values can be computed: A/D and
B/C. The Chi-square A/D tests the hypothesis that the frequencies in cells A and

D areidentical. The Chi-square B/C tests the hypothesis that the frequencies in
cellsB and C areidentical.

(9.50)

9.7.3. Relationships between variables

To express a relationship between two variables one usually computes the
correlation coefficient r. Equivalents to the standard correlation coefficient are

Spearmanr and Kendall t. I the two variables of interest are categorica in nature,
appropriate statistics for testing the relationship between the two variables are the Chi-
sguare test, the Phi square coefficient, and the Fisher exact test.
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9.7.3.1. Variance of the Error, s

Let p be the number of independent variables in equation of regression (see eq
9.34). Variance of error e is estimated by s in formula

2 _ n
% n- p-1

AM ((Y - \?)2) (9.52)

9.7.3.2. F-Value Associated with the Multiplery
Let Y beastring of valuesand Y an estimation for Y. F-vaue is given by
AM((Y - Am(Y)?)

Av(Y - V)2 659

F=(n-p-1

9.7.3.3. Thet-Valuefor the Sope

The estimator sé( of error in calculus of by coefficient is calculated by using eq

9.52 and further
2 7\ 2
, 1 2 1 am (v - ¥)2)
== ; N = i A 954
M "1 am (X - am(x¥))2) n- p-1amix* - am(x¥)?) 659
Thet-valuefor by is
th, _ absby) (9.55)

Sy

9.7.3.4. Confidence Interval

Let a be the probability of error involved in accepting our research hypothesis

that by is coefficient of X ¥,
Theoretical value for t, t is of the form t (a, np-1) that is obtained through
inversion of the function

(9.56)

when is obtained:
t (a,d)= xwhich obeys X }(xd) = a. (9.57)

with d being the degrees of freedom (n-p-1), X isarea number and a a probability.
The hypothesis that by is the coefficient of X Kis accepted if
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tp, >t @,n-p-1) (9.58)

With the value for t (a/2, n-p-1) and Sp, We can calculate confidence interval for by

bkt (@ /2 np-1)ey (9.59)
and the confidence interval for Y values (see eq 9.34)
Y:bo+§$%ktt*(3,n- p—l)xstkg (9.60)
k=1® 2 e
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Graphical Bond Order, 49, 51, 147

Graphs with Degenerate Sequences, 268,

273, 279
Gutman Tree, 83
Gutman-Klavzar Algorithm, 161

H

Hadamard, 25, 34, 37, 179, 301

Hamiltonian, 6, 7, 33, 53, 54, 55, 60, 178,
274, 278, 279, 300

Harary Index, 49, 144

Heawood Graph, 298, 299

Highly Symmetric Structures, 295

Homeomorphic Transforms, 295

Hosoya Index, 127

Hosoya Matrix, 49, 146

Householder, 316

Huckel, 54, 60, 82, 83, 84, 91, 93, 94, 95

Hydrogen-Bond Potential, 230

Hyper-Wiener Index, 48, 143, 194

ID Numbers, 139, 149, 306
Immanantal Polynomial, 71, 82
Independence Polynomial, 80, 88, 98
Independent Variables, 325
Indices of ZAGREB Group, 104
Information Indices, 147, 148
Intramolecular Ordering, 245
Invariant, 48, 144, 167, 169, 231, 241
Isomorphism, 9, 233, 235, 301, 302

K

Kier and Hall Extensions, 105
Kolmogorov-Smirnov, 318, 319
Kuratowski, 3, 9

L

Laplacian Matrix, 47, 85, 146

Laplacian Polynomial, 47, 98

Layer Matrices, 47, 50, 134, 141, 246, 303,
304

Lennard-Jones, 197

Lexicographic Ordering, 273

Line Graph, 96, 98, 238, 303

Local Vertex Invariants, 49, 126, 144, 146

M

Manhattan Distance, 267

Mann-Whitney U Test, 319

Mapping, 305

Matching, 64, 82, 86, 87, 88, 89, 90, 98,
306

Matching Polynomial 82, 86, 87, 88, 89,
90, 98

Matrix Multiplication Table, 236

Metric, 7, 50

Minimization of Risk, 313

Minkowski, 259

Mobius, 95, 178, 293, 294, 295, 297

Mode Degeneration, 210

Molecular Graph, 47, 48, 49, 50, 88, 90,
92, 93, 94, 98, 141, 142, 144, 145, 146,
148, 149, 301, 302, 303, 304, 305

Molecular Orbital Field, 230

Molecular Similarity, 141, 301, 304, 305

Molecular Topology, 47, 49, 84, 141, 147,
148, 194, 232, 301, 303

MOPAC, 138, 197

Morgan Algorithm, 238, 302

Multigraph, 91

N

Newton, 59, 232

Non-Homogeneous Groups, 311

Non-Uniform Electrostatic Field, 208

Non-Uniform Field Electrogtatic, 209

Non-Uniform Field-Type Gravitational,
209



Introduction to Molecular Topology

Normalized First Eigenvector, 263
Number of Spanning Trees, 92

o)
Octane Isomers, 125, 181

P

Partia Ordering, 95

Path, 19, 25, 26, 42, 48, 49, 50, 112, 144,
146, 174, 267, 270, 279, 305

Path Degree Sequence, 42

Path Graph, 174

Path Number, 49, 146

Pearson Correlation, 309

Periphery Orbita Population, 189

Petersen Graph, 298, 299, 306

Pharmacophore, 229, 230

Potential, 209, 231

Principa Component Analysis, 259, 316,
325

Proximity, 258

Q
Quatranes, 187, 190

R

Randic Index, 104

Rare Geometric Model, 203

Rare Topological Model, 202
Razinger Extension, 106

Reaction Graph, 9, 301

Reciproca Distance Matrix, 49, 144
Reduced Graph, 99

Regression Analysis, 324

Regular Dendrimers, 183, 186

Ring Perception Problem, 305

S

Sachs Graph, 85

Sdf Returning Walk, 13

Similarity, 141, 229, 233, 257, 258, 259,
280, 304, 306

Spiro-Graph, 114, 143, 279, 280, 282

Star Polynomial, 98, 99

Stereochemical Descriptors, 138

Strips, 178

Subgraph, 132, 194, 303

Superpendentic Index, 144

SYBYL, 197

Symmetry, 94, 148, 233, 238, 301, 302,
303, 306

Szeged Index, 48, 152, 161, 167, 168, 169

Szeged Matrices, 48, 143, 168

T

Terminal Path, 267

Terminal Path Sequence, 267
Tetrahedron, 83, 99, 295, 296, 306
Topological Symmetry, 301, 302, 306
Tree, 92, 93, 100, 112, 143, 195
Triangulanes, 143, 178, 187, 190
Triplecrossing, 289

t-Test, 318

U

Uniform Field Coulombian Potential , 209
Uniform Field Gravitational Potentidl,

208

\Y

Variance, 322, 324

Vertex, 50, 142, 147, 170, 232, 262, 275,
276, 277, 278, 282, 283, 284, 286, 299,
301, 302, 303, 306

w

Wad-Wolfowitz Runs Test, 318

walk, 6, 9, 37, 41, 42, 44, 47, 50, 51, 87,
117, 118, 141, 142, 143, 144, 147, 149,
194, 304, 305

Walk Degree, 47, 51, 141, 147, 304

Walk Sequence, 42

Wiener Index, 47, 48, 49, 98, 118, 142,
143, 144, 145, 146, 167, 168, 169, 170,
171

Wiener Polynomial 100, 144, 194

Wiener-Type Indices, 109, 111












